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Abstract 



This article provides a pedagogical introduction to the basic concepts of chi- 
ral perturbation theory and is designed as a text for a two-semester course 
on that topic. Chapter 1 serves as a general introduction to the empirical 
and theoretical foundations which led to the development of chiral pertur- 
bation theory. Chapter 2 deals with QCD and its global symmetries in the 
chiral limit; the concept of Green functions and Ward identities reflecting 
the underlying chiral symmetry is elaborated. In Chap. 3 the idea of a spon- 
taneous breakdown of a global symmetry is discussed and its consequences 
in terms of the Goldstone theorem are demonstrated. Chapter 4 deals with 
mesonic chiral perturbation theory and the principles entering the construc- 
tion of the chiral Lagrangian are outlined. Various examples with increasing 
chiral orders and complexity are given. Finally, in Chap. 5 the methods are 
extended to include the interaction between Goldstone bosons and baryons 
in the single-baryon sector, with the main emphasis put on the heavy-baryon 
formulation. At the end, the method of infrared regularization in the rela- 
tivistic framework is discussed. 
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Chapter 1 
Introduction 



1.1 Scope and Aim of the Review 

The present review has evolved from two courses I have taught several times 
at the Johannes Gutenberg-Universitat, Mainz. The first course was an intro- 
duction to chiral perturbation theory (ChPT) which only covered the purely 
mesonic sector of the theory. In the second course the methods were extended 
to also include baryons. I have tried to preserve the spirit of those lectures 
in this article in the sense that it is meant to be a pedagogical introduction to 
the basic concepts of chiral perturbation theory. By this I do not mean that 
the material covered is trivial, but that rather I have deliberately also worked 
out those pieces which by the "experts" are considered as well known. In 
particular, I have often included intermediate steps in derivations in order to 
facilitate the understanding of the origin of the final results. My intention 
was to keep a balance between mathematical rigor and illustrations by means 
of (numerous) simple examples. 

This article addresses both experimentalists and theorists! Ideally, it 
would help a graduate student interested in theoretical physics getting started 
in the field of chiral perturbation theory. However, it is also written for an 
experimental graduate student with the purpose of conveying some ideas 
why the experiment she/he is performing is important for our theoretical 
understanding of the strong interactions. My precedent in this context is the 
review by A. W. Thomas [p?ho 84|| which appeared in this series many years 



ago and served for me as an introduction to the cloudy bag model. 

Finally, this article clearly is not intended to be a comprehensive overview 
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of the numerous results which have been obtained over the past two decades. 
For obvious reasons, I would, right at the beginning, like to apologize to all 
the researchers who have made important contributions to the field that have 
not been mentioned in this work. Readers interested in the present status of 
applications are referred to lecture notes and review articles [[Leu 92[ [Bij 93| , 
|Mei 931 , |Leu 95| , |Ber+ 95 b| , |Kaf 95| , |Fic 95| , |Eck 95| , |lVlan 96| , |Fic 99| , |Bur Oq 
as well as conference proceedings |PH 95| , Per+ 98a| , Per+ 02a[] . 

The present article is organized as follows. Chapter 1 contains a gen- 
eral introduction to the empirical and theoretical foundations which led to 
the development of chiral perturbation theory. Many of the technical as- 
pects mentioned in the introduction will be treated in great detail later on. 
Chapter 2 deals with QCD and its global symmetries in the chiral limit and 
the concept of Green functions and Ward identities refiecting the underlying 
chiral symmetry is elaborated. In Chap. 3 the idea of a spontaneous break- 
down of a global symmetry is discussed and its consequences in terms of the 
Goldstone theorem are demonstrated. Chapter 4 deals with mesonic chiral 
perturbation theory and the principles entering the construction of the chiral 
Lagrangian are outlined. Various examples with increasing chiral orders and 
complexity are given. Finally, in Chap. 5 the methods are extended to include 
the interaction between Goldstone bosons and baryons in the single-baryon 
sector with the main emphasis put on the heavy-baryon formulation. At the 
end, the method of infrared regularization in the relativistic framework is 
discussed. Some technical details and simple illustrations are relegated to 
the Appendices. 



1.2 Introduction to Chiral Symmetry and Its 
Application to Mesons and Single Baryons 

In the 1950's a description of the strong interactions in the framework of 
quantum field theory seemed to fail due to an ever increasing number of ob- 
served hadrons as well as a coupling constant which was too large to allow 
for a sensible application of perturbation theory ||Gro 99| ]. The rich spec- 



trum of hadrons together with their finite sizes (i.e., non-point-like behavior 
showing up, e.g., in elastic electron-proton scattering through the existence 
of form factors) were the first hints pointing to a substructure in terms 
of more fundamental constituents. A calculation of the anomalous mag- 
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netic moments of protons and neutrons in the framework of a pseudoscalar 
pion-nucleon interaction gave rise to values which were far off the empirical 
ones (see, e.g., |[BH 55|| ). On the other hand, a simple quark model analysis 
Peg+ 64 |Mor 65|| gave a prediction —3/2 for the ratio which is very 

close to the empirical value of —1.46. Nevertheless, the existence of quarks 
was hotly debated for a long time, since these elementary building blocks, in 
contrast to the constituents of atomic or nuclear physics, could not be iso- 
lated as free particles, no matter what amount of energy was supplied to, say, 
the proton. Until the early 1970's it was common to talk about "fictitious" 
constituents allowing for a simplified group-theoretical classification of the 
hadron spectrum [ Gel 64a , Zwe 64 1, which, however, could not be interpreted 
as dynamical degrees of freedom in the context of quantum field theory. 

In our present understanding, hadrons are highly complex objects built 
from more fundamental degrees of freedom. These are on the one hand matter 
fields with spin 1/2 (quarks) and on the other hand massless spin-1 fields (glu- 
ons) mediating the strong interactions. Many empirical results of medium- 
and high-energy physics [[Alt 89|| such as, e.g., deep- inelastic lepton-hadron 
scattering, hadron production in electron-positron annihilation, and lepton- 
pair production in Drell-Yan processes may successfully be described using 
perturbative methods in the framework of an SU(3) gauge theory, which is 
referred to as quantum chromodynamics (QCD) | |GW 734 |Wei 73| , |b'ri+ 73 



Of particular importance in this context is the concept of asymptotic freedom 
|GW 734 |GW 734 [Pol 73|| , referring to the fact that the coupling strength 
decreases for increasing momentum transfer Q^, providing an explanation 
of (approximate) Bjorken scaling in deep inelastic scattering and allowing 
more generally for a perturbative approach at high energies. Sometimes 
perturbative QCD is used as a synonym for asymptotic freedom. In Refs. 
GG 73| , [Zee 73|] it was shown that Yang-Mills theories, i.e., gauge theories 



based on non-Abelian Lie groups, provide the only possibility for asymptot- 
ically free theories in four dimensions. At present, QCD is compatible with 
all empirical phenomena of the strong interactions in the asymptotic region. 
However, one should also keep in mind that many phenomena cannot be 
treated by perturbation theory. For example, simple (static) properties of 
hadrons cannot yet be described by ab initio calculations from QCD and this 
remains one of the largest challenges in theoretical particle physics [pro 99 1. 



In this context it is interesting to note that, of the three open problems of 
QCD at the quantum level, namely, the "gap problem," "quark confinement," 
and (spontaneous) "chiral symmetry breaking" [ JW 00 [, the Yang-Mills exis- 
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tence of a mass gap has been chosen as one of the Millennium Prize Problems 
||CM1|] of the Clay Mathematics Institute. From a physical point of view this 
problem relates to the fact that nuclear forces are strong and short-ranged. 

One distinguishes among six quark flavors u (up), d (down), s (strange), 
c (charm), b (bottom), and t (top), each of which coming in three different 
color degrees of freedom and transforming as a triplet under the fundamen- 
tal representation of color SU(3). The interaction between the quarks and 
the eight gauge bosons does not depend on flavor, i.e., gluons themselves 
are flavor neutral. On the other hand, due to the non-Abelian character 
of the group SU(3), also gluons carry "color charges" such that the QCD 
Lagrangian contains gluon self interactions involving vertices with three and 
four gluon fields. As a result, the structure of QCD is much more com- 
plicated than that of Quantum Electrodynamics (QED) which is based on a 
local, Abelian U(l) invariance. However, it is exactly the non-Abelian nature 
of the theory which provides an anti-screening due to gluons that prevails 
over the screening due to qq pairs, leading to an asymptotically free theory 
Nie 81||. Since neither quarks nor gluons have been observed as free, asymp- 



totic states, one assumes that any observable hadron must be in a so-called 
color singlet state, i.e., a physically observable state is invariant under SU(3) 
color transformations. The strong increase of the running coupling for large 
distances possibly provides a mechanism for color confinement ||GW 73b| . 



In the framework of lattice QCD this can be shown in the so-called strong 



coupling limit |[Wil 74|| . However, one has to keep in mind that the contin- 
uum limit of lattice gauge theory is approached for a weak coupling and a 
mathematical proof for color confinement is still missing | JW OOj . 



There still exists no analytical method for the description of QCD at 
large distances, i.e., at low energies. For example, how the asymptotically 
observed hadrons, including their rich resonance spectrum, are created from 
QCD dynamics is still insufficiently understood.]^ This is one of the reasons 
why, for many practical purposes, one makes use of phenomenological, more- 
or-less QCD-inspired, models of hadrons (see, e.g., |[l'ho 84| , |HS 86| , |MZ 86| , 



ZB86| , |CW 8q , |Bha 8^ , |Mos 89| , |Gia QQ , |VW 91| , Pon+ 92| , |TW 01|| ) 



Besides the local SU(3) color symmetry, QCD exhibits further global sym- 
metries. For example, in a strong interaction process, a given quark cannot 
change its flavor, and if quark- ant iquark pairs are created or annihilated 



^ For a prediction of hadron masses in the framework of lattice QCD see, e.g., Refs. 



[|But+ 94 |Ah+ 02|] 
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during the interaction, these pairs must be flavor neutral. In other words, 
for each flavor the difference in the number of quarks and antiquarks (flavor 
number) is a constant of the motion. This symmetry originates in a global 
invariance under a direct product of U(l) transformations for each quark fla- 
vor and is an exact symmetry of QCD independent of the value of the quark 
masses. Other symmetries are more or less satisfied. It is well known that the 
hadron spectrum may be organized in terms of (approximately) degenerate 
basis states carrying irreducible representations of isospin SU(2). Neglect- 
ing electromagnetic effects, such a symmetry in QCD results from equal u- 
and (i-quark (current) masses. The extension including the s quark leads 
to the famous flavor SU(3) symmetry | GN 64| | which, however, is already 



significantly broken due to the larger s-quark mass. 

The masses of the three light quarks u, d, and s are small in compar- 
ison with the masses of "typical" light hadrons such as, e.g., the p meson 
(770 MeV) or the proton (938 MeV). On the other hand, the eight lightest 
pseudoscalar mesons are distinguished by their comparatively small masses.0 
Within the pseudoscalar octet, the isospin triplet of pions has a significantly 
smaller mass (135 MeV) than the mesons containing strange quarks. One 
finds a relatively large mass gap of about 630 MeV between the isospin 
triplets of the pseudoscalar and the vector mesons, with the gap between the 
corresponding multiplets involving strange mesons being somewhat smaller. 

In the limit in which the masses of the light quarks go to zero, the 
left-handed and right-handed quark fields are decoupled from each other in 
the QCD Lagrangian. At the "classical" level QCD then exhibits a global 
U(3)j;^ X U(3)^ symmetry. However, at the quantum level (including loops) 
the singlet axial- vector current develops an anomaly [|Adl 69| , |AB 69| , [Bar 69| , 



BJ 69| , [Adl 70|| such that the difference in left-handed and right-handed quark 



numbers is not a constant of the motion. In other words, in the so-called 
chiral limit, the QCD-Hamiltonian has a SU(3)^ x SU(3)^ x U(l)^^ symmetry. 

Naturally the question arises, whether the hadron spectrum is, at least 
approximately, in accordance with such a symmetry of the Hamiltonian. The 
U(l)y symmetry is connected to baryon number conservation, where quarks 
and antiquarks are assigned the baryon numbers -6 = 1/3 and B = —1/3, 
respectively. Mesons and baryons differ by their respective baryon numbers 
B = and B = 1. Since baryon number is additive, a nucleus containing A 

^They are not considered as "typical" hadrons due to their special role as the (approx- 
imate) Goldstone bosons of spontaneous chiral symmetry breaking. 



8 



nucleons has baryon number B = A. 

On the other hand, the SU(3)^ x SU(3)j:j symmetry is not even approx- 
imately reahzed by the low-energy spectrum. If one constructs from the 
16 generators of the group G = 811(3)^;^ x SU(3)^ the hnear combinations 
= Q« + Ql and Q'X = Q% - Ql, a = I, ■ ■ ■ , 8, the generators form 
a Lie algebra corresponding to a SU(3)v subgroup H of G. It was shown in 
Ref. ||VW 84|| that, in the chiral limit, the ground state is necessarily invari- 
ant under the group H, i.e., the eight generators Qy annihilate the ground 
state. The symmetry with respect to H is said to be realized in the so-called 
Wigner-Weyl mode. As a consequence of Coleman's theorem [pol 66|| , the 
symmetry pattern of the spectrum follows the symmetry of the ground state. 
Applying one of the axial generators Q'^ to an arbitrary state of a given mul- 
tiplet of well-defined parity, one would obtain a degenerate state of opposite 
parity, since Q'\ has negative parity and, by definition, commutes with the 
Hamiltonian in the chiral limit. However, due to Coleman's theorem such a 
conclusion tacitly assumes that the ground state is annihilated by the Q'\. 
Since such a parity doubling is not observed in the spectrum one reaches the 
conclusion that the do not annihilate the ground state. In other words, 
the ground state is not invariant under the full symmetry group of the Hamil- 
tonian, a situation which is referred to as spontaneous symmetry breaking or 
the Nambu-Goldstone realization of a symmetry | [Nam 60| , [IN J 61a| , [IN J 61b| . 
As a consequence of the Goldstone theorem |[Gol 61[ pol+ 62[| , each generator 
which commutes with the Hamiltonian but does not annihilate the ground 
state is associated with a massless Goldstone boson, whose properties are 
tightly connected with the generator in question. 

The eight generators Q'\ have negative parity, baryon number zero, and 
transform as an octet under the subgroup SU(3)y leaving the vacuum in- 
variant. Thus one expects the same properties of the Goldstone bosons, and 
the light pseudoscalar octet (vr, K, rf) qualifies as candidates for these Gold- 
stone bosons. The finite masses of the physical multiplet are interpreted as 
a consequence of the explicit symmetry breaking due to the finite m-, (i-, and 
s-quark masses in the QCD Lagrangian [ [GL 



Of course, the above (global) symmetry considerations were long known 
before the formulation of QCD. In the 1960's they were the cornerstones 
of the description of low-energy interactions of hadrons in the framework of 
various techniques, such as the current-algebra approach in combination with 
the hypothesis of a partially conserved axial-vector current (PCAC) [pel 64b[ , 
AD 68| , P?rei+ 72 , Alf-|- 73 1, the application of phenomenological Lagrangians 
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Wei 67, 


Sch 67, 


Wei 68, 


Col+ 69, 


(Jal+ 69, 


aa 69 



about a symmetry realized in the Nambu-Goldstone mode [Pas 69| , PW 69| , 
[LP 71| , [Pag 75|| . All these methods were equivalent in the sense that they 



produced the same results for "soft" pions ||DW 69[ 



Although QCD is widely accepted as the fundamental gauge theory un- 
derlying the strong interactions, we still lack the analytical tools for ab initio 
descriptions of low-energy properties and processes. However, new tech- 
niques have been developed to extend the results of the current-algebra days 
and systematically explore corrections to the soft-pion predictions based on 
symmetry properties of QCD Green functions. The method is called chi- 
ral perturbation theory (ChPT) |[Wei 79 , GL 84 , GL 85a and describes the 
dynamics of Goldstone bosons in the framework of an effective field theory. 
Although one returns to a field theory in terms of non-elementary hadrons, 
there is an important distinction between the early quantum field theories 
of the strong interactions and the new approach in the sense that, now, one 
is dealing with a so-called effective field theory. Such a theory allows for a 
perturbative treatment in terms of a momentum — as opposed to a coupling- 
constant — expansion. 

The starting point is a theorem of Weinberg stating that a perturbative 
description in terms of the most general effective Lagrangian containing all 
possible terms compatible with assumed symmetry principles yields the most 
general S matrix consistent with the fundamental principles of quantum field 
theory and the assumed symmetry principles ||Wei 7!j| ]. The proof of the 
theorem relies on Lorentz invariance and the absence of anomalies |[Leu 94] , 



HW 94[] and starts from the observation that the Ward identities satisfied by 



the Green functions of the symmetry currents are equivalent to an invariance 
of the generating functional under local transformations |[Leu 94[| . For that 
reason, one considers a locally invariant, effective Lagrangian although the 
symmetries of the underlying theory may originate in a global symmetry. If 
the Ward identities contain anomalies, they show up as a modification of 
the generating functional, which can explicitly be incorporated through the 
Wess-Zumino-Witten construction | [WZ 71[ , [Wit 83[ |. All other terms of the 
effective Lagrangian remain locally invariant. 

In the present case, the assumed symmetry is the SU(3)^ xSU(3)^xU(l)y 
symmetry of the QCD Hamilton operator in the chiral limit, in combination 
with a restricted SU(3)y x U(l)y symmetry of the ground state. For center- 
of-mass energies below the p-meson mass, the only asymptotic states which 
can explicitly be produced are the Goldstone bosons. For the description 
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of processes in this energy regime one organizes the most general, chirally 
invariant Lagrangian for the pseudoscalar meson octet in an expansion in 
terms of momenta and quark masses. Such an ansatz is naturally suggested 
by the fact that the interactions of Goldstone bosons are known to vanish 
in the zero-energy limit. Since the effective Lagrangian by construction con- 
tains an infinite number of interaction terms, one needs for any practical 
purpose an organization scheme allowing one to compare the importance of, 
say, two given diagrams. To that end, for a given diagram, one analyzes its 
behavior under a linear rescaling of the external momenta, pi — ^ tpi, and a 
quadratic rescaling of the light quark masses, rrii t'^rrii. Applying Wein- 
berg's power counting scheme |[Wei 79|| , one finds that any given diagram 



behaves as t^, where D > 2 is determined by the structure of the vertices 
and the topology of the diagram in question. For a given D, Weinberg's for- 
mula unambiguously determines to which order in the momentum and quark 
mass expansion the Lagrangian needs to be known. Furthermore, the number 
of loops is restricted to be smaller than or equal to D/2 — 1, i.e., Weinberg's 
power counting establishes a relation between the momentum expansion and 
the loop expansion.0 

Effective field theories are not renormalizable in the usual sense. However, 
this is no longer regarded as a serious problem, since by means of Weinberg's 
counting scheme the infinities arising from loops may be identified order by 
order in the momentum expansion and then absorbed in a renormalization of 
the coefficients of the most general Lagrangian. Thus, in any arbitrary order 
the results are finite. Of course, there is a price to pay: the rapid increase in 
the number of possible terms as the order increases. Practical applications 
will hence be restricted to low orders. 

The lowest-order mesonic Lagrangian, C2, is given by the nonlinear a 
model coupled to external fields ||GL 84| , |GL 85a|| . It contains two free pa- 



rameters: the pion-decay constant and the scalar quark condensate, both in 
the chiral limit. The specific values are not determined by chiral symmetry 
and must, ultimately, be explained from QCD dynamics. When calculating 
processes in the phenomenological approximation to C2, i.e., considering only 
tree-level diagrams, one reproduces the results of current algebra |[Wei 79| . 



Since tree-level diagrams involving vertices derived from a Hermitian La- 
grangian are always real, one has to go beyond the tree level in order not 



■^Thc counting refers to ordinary chiral perturbation theory in the mesonic sector, where 
D is an even number. 



11 



to violate the unitarity of the S matrix. A calculation of one-loop diagrams 
with C2, on the one hand, leads to infinities which are not of the original 
type, but also contributes to a perturbative restoration of unitarity. Due 
to Weinberg's power counting, the divergent terms are of order O(p^) and 
can thus be compensated by means of a renormalization of the most general 
Lagrangian at 0{p'^). 

The most general, effective Lagrangian at was first constructed by 

Gasser and Leutwyler ||GL 85a|| and contains 10 physical low-energy constants 
as well as two additional terms containing only external fields. Out of the 
ten physically relevant structures, eight are required for the renormalization 
of the infinities due to the one- loop diagrams involving £2- The finite parts 
of the constants represent free parameters, reflecting our ignorance regarding 
the underlying theory, namely QCD, in this order of the momentum expan- 
sion. These parameters may be fixed phenomenologically by comparison with 
experimental data |pL 84| , |GL 85a| , pij-|- 95a| . There are also theoretical ap- 



proaches for estimating the low-energy constants in the framework of QCD- 
inspired models |[ER 86| , pi)sp+ 90] , pi)be+ 93| , [Bij+ 93|] , meson- resonance sat- 
uration ||Eck+ 894 |Eck+ 89b| , |Don+ 89| , |KN 01| , [Leu 01b|| and lattice QCD 
|[MC 94| , P3r02| . 

Without external fields (i.e., pure QCD) or including electromagnetic pro- 
cesses only, the effective Lagrangians £2 and £4 have an additional symmetry: 
they contain interaction terms involving exclusively an even number of Gold- 
stone bosons. This property is often referred to as normal or even intrinsic 
parity, but is obviously not a symmetry of QCD, because it would exclude re- 
actions of the type 7r° 



77 or K+K- 7r+7r-7r°. In Ref. |[Wit 83|| , Witten 
discussed how to remove this symmetry from the effective Lagrangian and 
essentially re-derived the Wess-Zumino anomalous effective action which de- 
scribes the chiral anomaly ||WZ 71 1. The corresponding Lagrangian, which is 
of 0{p'^), cannot be written as a standard local effective Lagrangian in terms 
of the usual chiral matrix U but can be expressed directly in terms of the 
Goldstone boson fields. In particular, for the above case, by construction 
it contains interaction terms with an odd number of Goldstone bosons (odd 
intrinsic parity). In contrast to the Lagrangian of Gasser and Leutwyler, 
the Wess-Zumino- Witten (WZW) effective action does not contain any free 
parameter apart from the number of colors. The excellent description of the 
neutral pion decay tt^ 77 for A^c = 3 is regarded as a key evidence for the 
existence of three color degrees of freedom. 

Chiral perturbation theory to O(p^) has become a well-established method 
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for describing the low-energy interactions of the pseudoscalar octet. For an 
overview of its many successful applications the interested reader is referred 
to Refs. IILeu 9'2[ PTfOal , |Mei 93| , |Leu 95| , |BH 95| , |Ber+ 95 b| , |Raf 95| , |Pic 95| , 



Kck 951 , |Man 96| , lBer+ 98ai [Pic 99| , |Bur 00| , |Ber+ 02a|| . In general, due to 



the relatively large mass of the s quark, the convergence in the SU(3) sec- 
tor is somewhat slower as compared with the SU(2) version. Nevertheless, 
ChPT in the SU(3) sector has significantly contributed to our understanding 
of previously open questions. A prime example is the decay rate of t] ^ irnir 
which current algebra predicts to be much too small. In Ref. [pL 85c|| it was 
shown that one-loop corrections substantially increase the theoretical value 
and remove the previous discrepancy between theory and experiment. 

For obvious reasons, the question of convergence of the method is of ut- 
most importance. The so-called chiral symmetry breaking scale Acsb is the 
dimensional parameter which characterizes the convergence of the momen- 
tum expansion ||MG 84| , [Geo 84|| . A "naive" dimensional analysis of loop dia- 
grams suggests that this scale is given by Acsb ~ 47rFo, where Fq ^ 93 MeV 
denotes the pion-decay constant in the chiral limit and the factor An orig- 
inates from a geometric factor in the calculation of loop diagrams in four 
dimensions. A second dimensional scale is provided by the masses of the 
lightest excitations which have been "integrated out" as explicit dynamical 
degrees of freedom of the theory — in the present case, typically the lightest 
vector mesons. In a phenomenological approach the exchange of such parti- 
cles leads to a propagator of the type (g^ — M^)~-^ ^ — M~^(l + g^/M^H ), 

where the expansion only converges for < M^. The corresponding scale 
is approximately of the same size as AttFq. Assuming a reasonable behavior 
of the coefficients of the momentum expansion leads to the expectation that 
ChPT converges for center-of-mass energies sufficiently below the p-meson 
mass. Of course, the validity of such a statement depends on the specific 
process under consideration and the quantum numbers of the intermediate 
states. 

Clearly, for a given process, it would be desirable to have an idea about 
the size of the next-to-leading-order corrections. In the odd-intrinsic-parity 
sector such a calculation is at least of order 0{p^), because the WZW ac- 
tion itself is already of order O(p^). Thus, according to Weinberg's power 
counting, one-loop diagrams involving exactly one WZW vertex and an ar- 
bitrary number of C2 vertices result in corrections of 0{p^). Several authors 
have shown that quantum corrections to the Wess-Zumino-Witten classical 
action do not renormalize the coefficient of the Wess-Zumino-Witten term 
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UWm, [Tirgq, [Blj+ 90|, |AA 9l|, |Ebe Ol|, |Bij+ 0:^1 . Furthermore, the one 



loop counter terms lead to conventional chirally invariant structures at 0{p ) 
PW 89| , |lss 901 , [Bij+ 90| , |AA 91| , |Ebe 01| , |Bij+ 02|| . There have been several 
attempts to construct the most general odd-intrinsic-parity Lagrangian at 
0{p^) and only recently two independent calculations have found the same 
number of 23 independent structures in the SU(3) sector ||Ebe+ 02| , |Bij+ 02 |. 
For an overview of the application of ChPT to anomalous processes, the in- 
terested reader is referred to Ref. pij 93 . 

In general, next-to-leading-order corrections to processes in the even- 
intrinsic-parity sector are of 0{p'^). However, there are also processes which 
receive their leading-order contributions at 0{p'^). In particular, the re- 



actions 77 
and r] — >• 



71*^77 



ttOttO IPP 9l| , prraj |Bel+ 94 |Kne+ 9^ |Bel+ 96| 

Ame+ 92| , |BB 95| , ^^o95| , |Bel+ 96| , |Jet 96|| have received 
considerable attention, because the predictions at C(p^) | |BC 88| , pon-|- 88[ 
and ||Ame+ 9"2| , respectively, were in disagreement with experimental results 
( [|Mar+ 9q] and [|Gro+ Oq| , respectively). In the case of 77 tt^tt^ loop cor- 



rections at 0{p^) lead to a considerably improved description, with the result 
only little sensitive to the tree-level diagrams at 0{p^) Pel-|- 94}] . The oppo- 
site picture emerges for the decay rj 7r°77, where the tree-level diagrams 
at 0{p^) play an important role. 

A second class of 0{p^) calculations includes processes which already re- 
ceive contributions at 0{p^) such as tttt scattering ||Bij+ 9(: 



or 77 



TT ' TT 



mi m 



Here, 0{p^) calculations may be viewed as precision tests of ChPT. 
The first process is of fundamental importance because it provides informa- 
tion on the mechanism of spontaneous symmetry breaking in QCD [|Bii + 



The second reaction is of particular interest because an old current-algebra 
low-energy theorem |P?er 72|| relates the electromagnetic polarizabilities a and 
P of the charged pion at 0{p'^) to radiative pion decay tt"*" e^Vel- Cor- 
rections at 0{p^) were shown to be 12% and 24% of the 0{p'^) values for a 
and /3, respectively ||Biir 96|| . On the other hand, experimental results for the 
polarizabilities scatter substantially and still have large uncertainties (see, 
e.g., Ref. ||Unk+ 02[ ) and new experimental data are clearly needed to test 
the accuracy of the chiral predictions. 

In the SU(3) sector, the first construction of the most general even- 
intrinsic parity Lagrangian at 0{p^) was performed in Ref. ||FS 96|| . Although 
it was later shown that the original list of terms contained redundant struc- 
tures [ [Bij-|- 99| , even the final number of 90 + 4 free parameters is very large, 
such that, in contrast to the Lagrangian £4 of Gasser and Leutwyler, it seems 
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unlikely that all parameters can be fixed through comparison with experi- 
mental data. However, chiral symmetry relates different processes to each 
other, such that groups of interaction terms may be connected with each 
other and through comparison with experiment the consistency conditions of 
chiral symmetry may be tested. Furthermore, the same theoretical methods 
which have been applied to predict the coefficients of 0{p'^) may be extended 
to the next order [Pel-|- 95|| which, however, involves much more work. 

Chiral perturbation theory has proven to be highly successful in the 
mesonic sector and, for obvious reasons, one would like to have a gener- 
alization including the interaction of Goldstone bosons with baryons. The 
group-theoretical foundations for a nonlinear realization of chiral symmetry 
were developed in Refs. | |Wei 68| , fJol+ 69| , |Cal+ 69| ], which also included the 
coupling of Goldstone bosons to other isospin or, for the more general case, 
SU(A^)-flavor multiplets. Numerous low-energy theorems involving the pion- 
nucleon interaction and its SU(3) extension were derived in the 1960's by 
use of current-algebra methods and PCAC However, a systematic study of 
chiral corrections to the low-energy theorems has only become possible when 
the methods of mesonic ChPT were extended to processes with one exter- 
nal nucleon line ||Gas+ 88| . The situation turned out to be more involved 
than in the pure mesonic sector because the loops have a more complicated 
structure due to the nucleon mass which, in contrast to the Goldstone bo- 
son masses, does not vanish in the chiral limit. This introduces a third 
scale into the problem beyond the pion decay constant and the scalar quark 
condensate. In particular, it was shown that the relativistic formulation, 
at first sight, does not provide such a simple connection between the chiral 
expansion and the loop expansion as in the mesonic sector [pas+ l 



I.e. 



higher-order loop diagrams also contribute to lower orders in the chiral ex- 
pansion of a physical quantity. This observation was taken as evidence for a 
breakdown of power counting in the relativistic formulation. Subsequently, 
techniques borrowed from heavy-quark physics were applied to the baryon 
sector ||JM 91| , Per+ 92^ , providing a heavy-baryon formulation of ChPT 
(HBChPT), where the Lagrangian is not only expanded in the number of 
derivatives and quark masses but also in powers of inverse nucleon masses. 
The technique is very similar to the Foldy-Wouthuysen method ||1:''W I 



There have been many successful applications of HBChPT to "tradi- 
tional" current-algebra processes such as pion photoproduction Per+ 92a| , 
Ber+ 96a| and radiative pion capture [Fea+~0O], pion electroproduction 



Ber+_92c, Ber+_94, Ber+_95a, Ber+_00|, pion-nucleon scattering | Ber+ 95^ , 
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Moj 9^ , bet+ 9^ , h'M. 01 ], to name just a few (for an extensive overview, see 
Ref. |Per+ 95"E|] ). In all these cases, CliPT has allowed one to either system- 
atically calculate corrections to the old current-algebra results or to obtain 
new predictions which are beyond the scope of the old techniques. Other ap- 
plications include the calculation of static properties such as masses [|Jen 92| , 
[Ber+ 93a , |LL 94 , BM 97 , MB 9£ ] and various form factors of baryons 
Ber+ 924 Per+ 96b| , |Fea+ 97| , |Kub+ 99| . The role of the pionic degrees of 



freedom has been extensively discussed for real Compton scattering off the 
nucleon in terms of the electromagnetic polarizabilities ||Ber+ 92"d| , Per+ 93b| , 
Gel+ Oq, 1MB 001, [Kum+ Oq, |GH 02||. The new frontier of virtual Compton 



scattering off the nucleon [|Gui+ 95|, |Dre+ 97|, |Roc+ 00| has also been ad- 



dressed in the framework of ChPT | |Hem+ iJTa] , |Hem+ 9TE| , |Hem+ Ol]| , [Lvo+ Olj ] . 
As in the mesonic sector, the most general chiral Lagrangian in the single- 
baryon sector is needed which, due to the spin degree of freedom, is more 
complicated ||Gas+ 88| , |Kra 90| , |EM 9q , |Fet+ 01|] . 

In the baryonic sector, the A (1232) resonance plays a prominent role 
because its excitation energy is only about two times the pion mass and its 
(almost) 100 % branching ratio to the decay mode Nn. In Ref. |[Hem+ 97c|| , 
the formalism of the so-called small scale expansion was developed, which 
also treats the nucleon-delta mass splitting as a "small" quantity like the 
pion mass. Subsequently, the formalism was applied to Compton scattering 
[Hem+ 98| , baryon form factors Per+ 98"B[| , the A^A transition [|Gel+ 99| 
and virtual Compton scattering |hlem+ 00 1. 

While the heavy-baryon formulation provided a useful low-energy expan- 
sion scheme, it was realized in the context of the isovector spectral function 
entering the calculation of the nucleon electromagnetic form factor that the 
corresponding perturbation series fails to converge in part of the low-energy 
region ||Ber-|- 96^ . Various methods have been suggested to generate a power 
counting which is also valid for the relativistic approach and which respects 
the singularity structure of Green functions [[Ian 9q , [E'l' 98| , |BL 99| , |GJ 99| , 
Geg+ 99] , [Lut 00| , |LK 02|| . The so-called "infrared regularization" of Ref. 
|BL 99| ] decomposes one-loop diagrams into singular and regular parts. The 
singular parts satisfy power counting, whereas the regular parts can be ab- 
sorbed into local counter terms of the Lagrangian. This technique solves the 
power counting problem of relativistic baryon chiral perturbation theory at 
the one-loop level and has already been applied to the calculation of baryon 
masses in SU(3) ChPT [ |h;'l' OOj , of form factors ||K1V1 OI4 |Zhu+ 01| , |KM 01b|| , 
pion-nucleon scattering [pL 01|| as well as the generalized Gerasimov-Drell- 
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Hearn sum rule [ Ber+ O'JB^ . At present, the procedure has not yet been 



generahzed to higher-order loop diagrams. In Ref. |peg+ 99| another ap- 
proach, based on choosing appropriate renormalization conditions, was pro- 
posed, leading to the correct analyticity structure and a consistent power 
counting, which can also be extended to higher loops. 

Finally, the techniques of effective field theory have also been applied to 
the nucleon-nucleon interaction (see, e.g., Refs. |[Wei 91| , |Ord+ 96| , |Kai+ 97| , 
Kol 99| , |Epe+ OCi| , Pea+ 02| , |Fin+ 02|| ). Clearly this is a very important topic 
in its own right but is beyond the scope of the present work. 
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Chapter 2 

QCD and Chiral Symmetry 



Chiral perturbation theory (ChPT) provides a systematic framework for in- 
vestigating strong-interaction processes at low energies, as opposed to a per- 
turbative treatment of quantum chromodynamics (QCD) at high momentum 
transfers in terms of the "running couphng constant." The basis of ChPT is 
the global SU(3)^ x SU(3)j:j x U(l)y symmetry of the QCD Lagrangian in 
the limit of massless u, d, and s quarks. This symmetry is assumed to be 
spontaneously broken down to 811(3)^ x 11(1)^ giving rise to eight massless 
Goldstone bosons. In this chapter we will describe in detail one of the foun- 
dations of ChPT, namely the symmetries of QCD and their consequences in 
terms of QCD Green functions. 



2.1 Some Remarks on SU(3) 



The group SU(3) plays an important role in the context of strong interactions, 
because on the one hand it is the gauge group of QCD and, on the other hand, 
flavor SU(3) is approximately realized as a global symmetry of the hadron 
spectrum (Eightfold Way ||Nee 61| , |Gel 62| , |GN 64|| ), so that the observed 
(low-mass) hadrons can be organized in approximately degenerate multiplets 
fitting the dimensionalities of irreducible representations of SU(3). Finally, as 
will be discussed later in this chapter, the direct product SU(3)^ x SU(3)j:j is 
the chiral-symmetry group of QCD for vanishing u-, d-, and s-quark masses. 
Thus, it is appropriate to first recall a few basic properties of SU(3) and its 
Lie algebra su(3) ||BT 84| , |0'Ra 86| , |Jon 90|| . 

The group SU(3) is defined as the set of all unitary, unimodular, 3x3 
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matrices U, i.e. WU = and det{U) = 1. In mathematical terms, SU(3) 
is an eight-parameter, simply connected, compact Lie group. This implies 
that any group element can be parameterized by a set of eight independent 
real parameters B = (Bi, ■ ■ ■ , Bs) varying over a continuous range. The Lie- 
group property refers to the fact that the group multiplication of two elements 
[/(B) and Ui^"^) is expressed in terms of eight analytic functions $j(B;\E'), 
i.e. U{Q)U{'^) = f/($), where $ = $(B; \E'). It is simply connected because 
every element can be connected to the identity by a continuous path in the 
parameter space and compactness requires the parameters to be confined in 
a finite volume. Finally, for compact Lie groups, every finite-dimensional 
representation is equivalent to a unitary one and can be decomposed into a 
direct sum of irreducible representations (Clebsch-Gordan series). 

Elements of SU(3) are conveniently written in terms of the exponential 
representation]^ 



f/(B) = exp 



(2.1) 



with Ba real numbers, and where the eight linearly independent matrices Xa 
are the so-called Gell-Mann matrices, satisfying 





. dU 


2 




Xa 


= Al, 


Tr(AA) 




Tr(A„) 


= 0. 



(o,---,o). 



:2.2) 
:2.3) 

[2A) 
[2.5) 



An explicit representation of the Gell-Mann matrices is given by 



Ai 





A, 



/ 1 












1 

















(" 





1 


\ 


1 






^In this report we often adopt the convention that 1 stands for the unit matrix in n 
dimensions. It should be clear from the respective context which dimensionality actually 
applies. 

^In our notation, the indices denoting group parameters and generators will appear as 
subscripts or superscripts depending on what is notationally convenient. We do not dis- 
tinguish between upper and lower indices, i.e., we abandon the methods of tensor analysis. 
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abc 


123 


147 


156 


246 


257 


345 


367 


458 


678 


fabc 


1 


1 

2 


1 

2 


1 

2 


1 

2 


1 

2 


1 

2 


173 


ix/3 



Table 2.1: Totally antisymmetric non-vanishing structure constants of SU(3). 


















—i 





i 







(2.6) 



The set {iXa} constitutes a basis of the Lie algebra su(3) of SU(3), i.e., the 
set of all complex traceless skew Hermitian 3x3 matrices. The Lie product is 
then defined in terms of ordinary matrix multiplication as the commutator of 
two elements of su(3). Such a definition naturally satisfies the Lie properties 
of anti-commutativity 

[A,B] = -[B,A] (2.7) 



as well as the Jacobi identity 

[A,[B,C]] + [B,[C,A]] + [C, [AB]] = 0. 



(2.8) 



In accordance with Eqs. ( p.l|) and (|2.2| ), elements of su(3) can be interpreted 
as tangent vectors in the identity of SU(3). 

The structure of the Lie group is encoded in the commutation relations 
of the Gell-Mann matrices, 



Aa Afc 



^f, 



Xr 



abc' 



(2.9) 



where the totally antisymmetric real structure constants fabc are obtained 

1 



from Eq. (2~i) as 



fabc — ^'^'^([•^a, Xb]Xc). 



(2.10) 



The independent non- vanishing values are explicitly summarized in the scheme 
of Table ^]T|. Roughly speaking, these structure constants are a measure of 
the non-commutativity of the group SU(3). 
The anticommutation relations read 



4 

{Aa, Xb} = -Sab 



'^dabcXci 



(2.11) 
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abc 


118 


146 


157 


228 


247 


256 


338 


344 


dabc 


1 


1 

2 


1 

2 


1 

^/3 


1 
2 


1 

2 


1 

^/3 


1 

2 


abc 


355 


366 


377 


448 


558 


668 


778 


888 


dabc 


1 

2 


1 

2 


1 

2 


_ 1 

2V3 


_ 1 
2V3 


_ 1 
2V3 


1 

2\/3 


1 

^/3 



Table 2.2: Totally symmetric non- vanishing d symbols of SU(3). 



where the totally symmetric dabc are given by 



dabc = ^TT{{Xa,Xb}Xc), (2.12) 



and are summarized in Table p.2| . Clearly, the anticommutator of two Gell- 
Mann matrices is not necessarily a Gell-Mann matrix. For example, the 
square of a (nontrivial) skew-Hermitian matrix is not skew Hermitian. 
Moreover, it is convenient to introduce as a ninth matrix 

Ao = y273diag(l,l,l). 



such that Eqs. (|2.3| ) and (2^) are still satisfied by the nine matrices A^. In 



particular, the set {iXala = 0, ■ ■ ■ , 8} constitutes a basis of the Lie algebra 
u(3) of U(3), i.e., the set of all complex skew Hermitian 3x3 matrices. 
Finally, an arbitrary 3x3 matrix M can then be written as 

8 

M = J2^aMa, (2.13) 
a=0 

where Ma are complex numbers given by 

= ^Tr(A,M). 

2.2 The QCD Lagrangian 

The gauge principle has proven to be a tremendously successful method in 
elementary particle physics to generate interactions between matter fields 
through the exchange of massless gauge bosons (for a detailed account see. 



e.g., ||AL 731 , lO'Ra 861 ). The best-known example is, of course, quantum 
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electrodynamics (QED) which is obtained from promoting the global U(l) 
symmetry of the Lagrangian describing a free electron,^ 

^ ^ exp(-ze)^ : £free = ^{tYd^ - ^ (2.14) 

to a local symmetry. In this process the parameter < G < 27r describing 
an element of U(l) is allowed to vary smoothly in space-time, G — > G(x), 
which is referred to as gauging the U(l) group. To keep the invariance of 
the Lagrangian under local transformations one introduces a four-potential 
Afj, into the theory which transforms under the gauge transformation A/j, ^ 
Afj, — d^Q/e. The method is referred to as gauging the Lagrangian with 
respect to U(l): 

/:qed = ^^r{d^ - leA^) - m]m - (2.15) 

where T^^y = d^A^ — d^A^^ The covariant derivative of \E', 

D^^> = {d^ - leA^)^, 

is defined such that under a so-called gauge transformation of the second 
kind 

m{x) ^ exp[-iG(x)]^(x), A^{x) A^{x) - d^e{x)/e, (2.16) 
it transforms in the same way as \& itself: 

D^^(x) ^^exp[-iG(x)]L>^^(x). (2.17) 



In Eq. ( p. 15 ), the term containing the squared field strength makes the gauge 



potential a dynamical degree of freedom as opposed to a pure external field. 
A mass term M'^A'^/2 is not included since it would violate gauge invari- 
ance and thus the gauge principle requires massless gauge bosons.^ In the 
present case we identify the A^ with the electromagnetic four-potential and 
JF^jy with the field strength tensor containing the electric and magnetic fields. 
The gauge principle has (naturally) generated the interaction of the electro- 
magnetic field with matter. If the underlying gauge group is non-Abelian, the 



■^We use the standard representation for the Dirac matrices (see, e.g., Ref. [ BP 64a |). 
^ We use natural units, i.e., h — c — l,e > 0, and a — e^/47r « 1/137. 
^Masses of gauge fields can be induced through a spontaneous breakdown of the gauge 
symmetry. 
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gauge principle associates an independent gauge field with each independent 
continuous parameter of the gauge group. 



QCD is the gauge theory of the strong interactions 
Fri+ 73|| with color SU(3) as the underlying gauge group.0 The matter 
fields of QCD are the so-called quarks which are spin-1/2 fermions, with 



six different flavors in addition to their three possible colors (see Table p.3|) . 
Since quarks have not been observed as asymptotically free states, the mean- 
ing of quark masses and their numerical values are tightly connected with 
the method by which they are extracted from hadronic properties (see Ref. 
Man 00|| for a thorough discussion). Regarding the so-called current- quark- 



mass values of the light quarks, one should view the quark mass terms merely 
as symmetry breaking parameters with their magnitude providing a measure 
for the extent to which chiral symmetry is broken | Sch 96 |. For example. 



ratios of the light quark masses can be inferred from the masses of the light 



pseudoscalar octet (see Ref. ||Leu 



Comparing the proton mass. 



938 MeV, with the sum of two up and one down current-quark masses (see 
Table PI), 



m„ > 2m„ + TJid, 



(2.18) 



shows that an interpretation of the proton mass in terms of current-quark 
mass parameters must be very different from, say, the situation in the hy- 
drogen atom, where the mass is essentially given by the sum of the electron 
and proton masses, corrected by a small amount of binding energy. 



The QCD Lagrangian obtained from the gauge principle reads [|MP 78| , 
Alt 82|| 

^QCD= J2 (lfi^iP-mf)qf-\g,.,agr. (2.19) 



_ u,d,s, 
c.h.t 



A' 



For each quark flavor / the quark fleld g/ consists of a color triplet (subscripts 
r, and h standing for "red," "green," and "blue"). 




(2.20) 



^Historically, the color degree of freedom was introduced into the quark model to 
account for the Pauli principle in the description of baryons as three-quark states 



Pre 64 |HN 65 
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flavor 


u 


d 


s 


charge [e] 


2/3 


-1/3 


-1/3 


mass [MeV] 


5.1 ±0.9 


9.3 ± 1.4 


175 ± 25 




Leu 96 






Leu 96 1 


1 


Bii± 95b 1 


flavor 


c 


b 


t 


charge [e] 


2/3 


-1/3 


2/3 


mass [GeV] 


1.15-1.35 


4.0-4.4 


174.3 ±3.2 ±4.0 




Man 00 




[ 


Man 00 1 




Man 00] 



Table 2.3: Quark flavors and their charges and masses. The absolute mag- 
nitude of rris is determined using QCD sum rules. The result is given for 
the MS running mass at scale fJ^ = 1 GeV. The light quark masses are ob- 
tained from the mass ratios found using chiral perturbation theory, using 
the strange quark mass as input. The heavy-quark masses rric and rrib are 
determined by the charmonium and D masses, and the bottomium and B 
masses, respectively. The top quark mass rrit results from the measurement 
of lepton ± jets and dilepton ± jets channels in the D0 and CDF experiments 
at Fermilab. 



which transforms under a gauge transformation g{x) described by the set of 
parameters 9(x) = [6i(x), ■ ■ ■ , 68(a;)] according toQ 



(lf^(lf = exp 



a=l 



If = U[g{x)]qf. 



(2.21) 



Technically speaking, each quark fleld qj transforms according to the funda- 
mental representation of color SU(3). Because SU(3) is an eight-parameter 
group, the covariant derivative of Eq. ( |2.19| ) contains eight independent gauge 
potentials ^^,a, 






(2.22) 



We note that the interaction between quarks and gluons is independent of the 
quark flavors. Demanding gauge invariance of Cqqb imposes the following 

''For the sake of clarity, the GeU-Mann matrices contain a superscript C, indicating the 
action in color space. 
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transformation property of the gauge fields 



^A,,a{^) ^ U[g{x)]^A,,a{^)U^[9{^)] - '-d,U[gix)]Ungix)]. (2.23) 

Again, with this requirement the covariant derivative transforms as qf, 
i.e. D^q i— >• D'^q' = U{g)D^q. Under a gauge transformation of the first kind, 
i.e., a global SU(3) transformation, the second term on the right-hand side 
of Eq. ( |2.23| ) would vanish and the gauge fields would transform according 
to the adjoint representation. 

So far we have only considered the matter-field part of £qcd including 
its interaction with the gauge fields. Equation (|2.19|) also contains the gen- 



eralization of the field strength tensor to the non-Abelian case, 

Qfj,i>,a d^Au^a di/A^^a ~l~ g fabcA^^hAu^ci (2.24) 



with the SU(3) structure constants given in Table ^]T] and a summation 



over repeated indices implied. Given Eq. ( p.23|) the field strength tensor 
transforms under SU(3) as 

g^, = ^g,.,a ^ u[gix)]g^MH9ix)]. (2.25) 

Using Eq. ( p.4|) the purely gluonic part of £qcd can be written as 

-lTTc{g,.gn, 

which, using the cyclic property of traces, Tt{AB) = Tt{BA), together with 
UW = 1, is easily seen to be invariant under the transformation of Eq. ( |2.25| ). 

In contradistinction to the Abelian case of QED, the squared field strength 
tensor gives rise to gauge-field self interactions involving vertices with three 
and four gauge fields of strength g and g"^, respectively. Such interaction 
terms are characteristic of non-Abelian gauge theories and make them much 
more complicated than Abelian theories. 

From the point of view of gauge invariance the strong-interaction La- 
grangian could also involve a term of the type 

a=l 
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where e^^p^ denotes the totally antisymmetric Levi-Civita tensor.[] The so- 
called 9 term of Eq. (|2.26| ) implies an explicit P and CP violation of the 
strong interactions which, for example, would give rise to an electric dipole 
moment of the neutron (for an upper limit, see Ref. |[Har+ 99| ). The present 
empirical information indicates that the 9 term is small and, in the following, 
we will omit Eq. (|2.26|) from our discussion and refer the interested reader 



to Refs. jPR 911, |Bor Oq, |KL Oq|. 



2.3 Accidental, Global Symmetries of /^qcd 
2.3.1 Light and Heavy Quarks 

The six quark flavors are commonly divided into the three light quarks u, d, 
and s and the three heavy flavors c, b, and t, 

m„ = 0.005 GeV\ / m, = (1.15 - 1.35) GeV 

rrid = 0.009 GeV < 1 GeV < rrib = (4.0 - 4.4) GeV | , (2.27) 
= 0.175 GeV / \ rrit = 17 A GeV 

where the scale of 1 GeV is associated with the masses of the lightest hadrons 
containing light quarks, e.g., mp= 770 MeV, which are not Goldstone bosons 
resulting from spontaneous symmetry breaking. The scale associated with 
spontaneous symmetry breaking, AttFt^ ^ 1170 MeV, is of the same order of 
magnitude |[Fag 75| , |1V1G 84| , |Geo 84 . 



The masses of the lightest meson and baryon containing a charmed quark, 
D+ = cd and A+ = udc, are (1869.4 ± 0.5) MeV and (2284.9 ± 0.6) MeV, 
respectively ||Gro+ Od[ ]. The threshold center-of-mass energy to produce, say, 
a D^D~ pair in e^e~ collisions is approximately 3.74 GeV, and thus way 
beyond the low-energy regime which we are interested in. In the following, 
we will approximate the full QCD Lagrangian by its light-flavor version, i.e., 
we will ignore effects due to (virtual) heavy quark-antiquark pairs hh. In 
particular, Eq. ( p.l8| ) suggests that the Lagrangian /^q^^j^, containing only 
the light-flavor quarks in the so-called chiral limit m„, m^^, 0, might be 



-1 if {/X, V, p, cr} is an even permutation of {0, 1, 2, 3} 
-1 if V, p, cr} is an odd permutation of {0, 1, 2, 3} 
otherwise 
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a good starting point in the discussion of low-energy QCD: 

-^QCD = E ^^'9 - \'3,^,aQ'a''- (2.28) 

l=u,d,s 

We repeat that the covariant derivative Ip qi acts on color and Dirac indices 
only, but is independent of flavor. 



2.3.2 Left-Handed and Right-Handed Quark Fields 

In order to fully exhibit the global symmetries of Eq. ( p.28[ ), we consider the 
chirality matrix 75 = 7^ = Z7°7^7^7^, {7^,75} = 0, 75 = l,f\ and introduce 
projection operators 

Pr = ^{1 + 1,) = pI P^ = i(l-75)=Pl, (2.29) 

where the indices R and L refer to right-handed and left-handed, respectively, 
as will become more clear below. Obviously, the 4x4 matrices Pr and Pl 
satisfy a completeness relation, 

Pr + Pl = 1, (2.30) 

are idempotent, i.e., 

P'n = PR, PI = Pl, (2.31) 
and respect the orthogonality relations 

PrPl = PlPr = 0. (2.32) 

The combined properties of Eqs. ( p.30| ) - ( p.32| ) guarantee that Pr and Pl 
are indeed projection operators which project from the Dirac field variable q 
to its chiral components g^j and qi, 

Qr = PrQ, Ql = Piq- (2.33) 

We recall in this context that a chiral (field) variable is one which under parity 
is transformed into neither the original variable nor its negative |Pou 9CI|| .P'1 
Under parity, the quark field is transformed into its parity conjugate, 

P : q{x,t) t-> 7og(-x,t), 



^Unless stated otherwise, we use the convention of Rcf. ||BD 64a |. 
"'^"In case of fields, a transformation of the argument x —^ ~x is imphed. 
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and hence 



qR{x,t) = PRq{x,t) ^ PR-foq{-x,t) = -foPLq{-x,t) ^ ±gjj(-f,t), 
and similarly for 

The terminology right-handed and left-handed fields can easily be visu- 
alized in terms of the solution to the free Dirac equation. For that purpose, 
let us consider an extreme relativistic positive-energy solution with three- 
momentum 

±) = -jetm ( ) ^ ^ ( ) = "if!?). 

where we assume that the spin in the rest frame is either parallel or antipar- 
allel to the direction of momentum 

In the standard representation of Dirac matrices we find 

p _ ^ f l2x2 l2x2 \ p _ ^ ( ^2x2 — l2x2 \ 
2 \ l2x2 l2x2 / ' 2 \ — l2x2 l2x2 / ' 

such that 
and similarly 

Plu+ = 0, PrU- = 0, PlU- = U-. 

In the extreme relativistic limit (or better, in the zero-mass limit), the op- 
erators Pr and Pr project to the positive and negative helicity eigenstates, 
i.e., in this limit chirality equals helicity. 

Our goal is to analyze the symmetry of the QCD Lagrangian with respect 
to independent global transformations of the left- and right-handed fields. In 

^^Note that in the above sense, also g is a chiral variable. However, the assignment of 
handedness does not have such an intuitive meaning as in the case of ql and qn. 

^^Here we adopt a covariant normalization of the spinors, u'-°'^^p)u^^\p ) = 2ESaf3, etc. 
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order to decompose the 16 quadratic forms into their respective projections 
to right- and left-handed fields, we make use of ||Gas 89 



QR^iqR + qL^iQL for Ti G {7^, 7^75} 
qR^2qL + qL^2qR for 12 G {1, 75, CT>"'] 



(2.34) 



where qr = qPi and qi = qPR- Equation ( p.34| ) is easily proven by inserting 
the completeness relation of Eq. ( p.SOj ) both to the left and the right of Fj, 

qV,q = q{Pn + PL)ri{PR + Pl)?, 

and by noting {Fi, 75} = and [F2, 75] = 0. Together with the orthogonality 
relations of Eq. ( p.32|) we then obtain 



PRT^Pn = V.PlP, 



R 



and similarly 



PlViPl = 0, PrT2Pl = 0, PlT2Pr 



0. 



We stress that the validity of Eq. (|2.34| ) is general and does not refer to 
"massless" quark fields. 

We now apply Eq. ( |2.34D to the term containing the contraction of the 
covariant derivative with 'j^. This quadratic quark form decouples into the 
sum of two terms which connect only left-handed with left-handed and right- 
handed with right-handed quark fields. The QCD Lagrangian in the chiral 
limit can then be written as 

^QCD = J2 (^^.''^ ^^'^ + ^^'^'^ ^^'') - I^A^-.-^r- (2.35) 



l = U,d,! 



Due to the flavor independence of the covariant derivative /^qcd invariant 
under 



ul y 




f Ul 






dL 


SL } 






Ur \ 




( Ur 


dR 


^Ur I 


dR 


sr I 




{ Sr 



exp -z^e^ 



a=l 



exp 



a=l 




(2.36) 



29 



where Ul and Un are independent unitary 3x3 matrices. Note that the 
Gell-Mann matrices act in flavor space. 

Cqqy) is said to have a classical global U(3)^ x U(3)^ symmetry. Ap- 
plying Noether's theorem (see, for example, ||Hil 51| , |Alf+ 73| |) from such an 



invariance one would expect a total of 2 x (8 + 1) = 18 conserved currents. 



2.3.3 Noether's Theorem 

In order to identify the conserved currents associated with this invariance, 
we briefly recall the method of Ref. | GL 6C ] and consider the variation of 
Eq. ( |2.35| ) under a local infinitesimal transformation.^ For simplicity we 
consider only internal symmetries. To that end we start with a Lagrangian 
jC depending on n independent fields and their first partial derivatives, 

£ = £($,,9^$,), (2.37) 

from which one obtains n equations of motion: 

For each of the r generators of infinitesimal transformations representing the 
underlying symmetry group, we consider a local infinitesimal transformation 
of the fields [ mi 601 ,n 

<l>i(s) ^ <l>',(x) = <^i{x) + 6<i>i{x) = <l>i(x) - iea{x)Ft[<!>j{x)], (2.39) 

and obtain, neglecting terms of order e^, as the variation of the Lagrangian, 

sc = £(<i>:,9^<i>:)-/:(<i>„9^<i>o 



Ca{x)d^J^-' + dMx)J''-'- (2.40) 



^^By exponentiating elements of the Lie algebra u(-/V) any element of U(Af) can be 
obtained. 

-'^^Note that the transformation need not be realized linearly on the fields. 
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According to this equation we define for eacli infinitesimal transformation a 
four-current density as 

dC 

JA'''^ = -i-^^F^. (2.41) 



By calculating the divergence 9^ J^'" of Eq. ( p.41[ ) 



where we made use of the equations of motion, Eq. (p.38|) , we explicitly verify 



the consistency with the definition of S^J'^''^ according to Eq. ( ^.4(J| ). From 
Eq. ( p.40|) it is straightforward to obtain the four-currents as well as their 



divergences as 



od^ea 



d5C 

dea 

For a conserved current, (9^ J^'" = 0, the charge 



d^J"'^ = (2.43) 



Q^t) = j d^xJ^{x,t) (2.44) 

is time independent, i.e., a constant of the motion, which is shown in the 
standard fashion by applying the divergence theorem for an infinite volume 
with appropriate boundary conditions for i? ^ oo. 

So far we have discussed Noether's theorem on the classical level, imply- 
ing that the charges Q"'{t) can have any continuous real value. However, 
we also need to discuss the implications of a transition to a quantum the- 
ory. After canonical quantization, the fields $j and their conjugate momenta 
Ilj = dC/d{do^i) are considered as linear operators acting on a Hilbert space 
which, in the Heisenberg picture, are subject to the equal-time commutation 
relations 



ij-i 



[$i(x,t),<l>,(y,t)] = 0, 

[n,(x,t),n,(y,t)] = 0. (2.45) 
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As a special case of Eq. (2.39) let us consider infinitesimal transformations 



which are linear in the fields, 

Mx) ^ $:(a;) = <l>i(x) - «e,(x)t^,.<l>,(x), (2.46) 



where the i"^- are constants generating a mixing of the fields. From Eq. ( |2.41| ) 
we then obtairQ 

djC 

J--(x) = (2.47) 



Q"(t) = y d^xniix)t^.^,ix), (2.48) 



where J^''^(x) and Q"(t) are now operators. In order to interpret the charge 
operators Q°'{t), let us make use of the equal-time commutation relations, 
Eqs. ( |2.45| ), and calculate their commutators with the field operators. 



[Q''{t),^k{y,t)] = -tf^j J d'x[U,{x,t)^,{x,t),^k{y,t)] 

= -t^^Mt)- (2.49) 

Note that we did not require the charge operators to be time independent. 
On the other hand, for the transformation behavior of the Hilbert space 
associated with a global infinitesimal transformation, we make an ansatz in 
terms of an infinitesimal unitary transformation]^ 

\a') = [l + itaG''{t)]\a), (2.50) 

with Hermitian operators G°^. Demanding 

{P\A\a) = {(3'\A!\a') V e,, (2.51) 

in combination with Eq. ( p.46| ) yields the condition 

(/3|$.(x)|a) = {P'W,{x)\a') 

= - itaG\t)][^i{x) - it,t%^,{x)][l + it,G'{t)]\a). 



^^Normal ordering symbols are suppressed. 

We have chosen to have the fields (field operators) rotate actively and thus must 



transform the states of Hilbert space in the opposite direction. 
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By comparing the terms linear in on both sides, 



= -2e„[G"^(t), <l>,(x)] -2eat-,$i(x 



[2.52) 



we see that the infinitesimal generators acting on the states of Hilbert space 
which are associated with the transformation of the fields are identical with 
the charge operators Q'^it) of Eq. ( |2.48| ). 

Finally, evaluating the commutation relations for the case of several gen- 
erators, 



[Q''it).Q\t)] 



-t{tt/jk - t\jt%) j d^'x n,(x , t)<l>fe(x , t), (2.53) 



we find the right-hand side of Eq. ( |2.53| ) to be again proportional to a charge 
operator, if 

iCabct-k, (2.54) 



,a ,b 



,b ,a 



i.e., in that case the charge operators Q'^(t) form a Lie algebra 

[Q''{t),Q\t)]=tCabcQ''{t) (2.55) 

with structure constants Cabc- The quantization of the charges (as opposed 
to continuous values in the classical case) can be understood in analogy to 
the algebraic construction of the angular momentum eigenvalues in quantum 
mechanics starting from the su(2) algebra. Of course, for conserved cur- 
rents, the charge operators are time independent, i.e., they commute with 
the Hamilton operator of the system. 

From now on we assume the validity of Eq. ( p.54|) and interpret the con- 
stants as the entries in the ith row and jth column of an n x n matrix 

f fa . . . fa \ 

''11 ''In. 



\ ^nl 



nn 



J 



Because of Eq. ( 2.54 ), these matrices form an n-dimensional representation 
of a Lie algebra, 

[T%T'']=lCabcT''. 
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The infinitesimal, linear transformations of the fields $j may then be written 
in a compact form, 



^ ^'{x) = (1 - ieaT'')^{x). 



(2.56) 



In general, through an appropriate unitary transformation, the matrices Ta 
may be decomposed into their irreducible components, i.e., brought into 
block- diagonal form, such that only fields belonging to the same multiplet 
transform into each other under the symmetry group. 



2.3.4 Global Symmetry Currents of the Light Quark 
Sector 

The method of Ref. |pL 60|| can now easily be applied to the QCD Lagrangian 
by calculating the variation under the infinitesimal, local form of Eqs. ( |2.36|) , 

(2.57) 

from which, by virtue of Eqs. ( p.42| ) and ( |2.43| ), one obtains the currents 
associated with the transformations of the left-handed or right-handed quarks 

R^'"" = QRl^Y'^R, d^R^''' = 0. (2.58) 

The eight currents L'^''^ transform under SU(3)^ x SU(3)^ as an (8, 1) mul- 
tiplet, i.e., as octet and singlet under transformations of the left- and right- 
handed fields, respectively. Similarly, the right-handed currents transform as 
a (1, 8) multiplet under SU(3)^ x SU(3)j:j. Instead of these chiral currents 
one often uses linear combinations, 

Yl^,a ^ ^/.,a ^ j^t,,a ^ g^ — q, (2.59) 
^/.,a _ _ = ^^M^^^^^ (2.60) 
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transforming under parity as vector and axial-vector current densities, re- 
spectively, 



P : 

P : K 



-X, t), 

-X, t). 



(2.61) 
(2.62) 



From Eqs. ( p^.42D and ( ^.431 ) one also obtains a conserved singlet vector 
current resulting from a transformation of all left-handed and right-handed 
quark fields by the same phase, 

(2.63) 



0. 



The singlet axial- vector current, 

= qRl^qR-qLl''qL = qPLl^PRq-qPRl^PLq 



q^PRq - qi^Piq 



qi^i^q^ 



(2.64) 



originates from a transformation of all left-handed quark fields with one phase 
and all right-handed with the opposite phase. However, such a singlet axial- 
vector current is only conserved on the classical level. This symmetry is 
not preserved by quantization and there will be extra terms, referred to as 
anomalies [|Adl 69| , |AB 69| , |Bar 69| , [BJ 69|, |Adl 70|| , resulting inQ 



rGrSa"^ ^0123 



where the factor of 3 originates from the number of flavors. 



(2.65) 



2.3.5 The Chiral Algebra 



The invariance of Cqq^^ under global SU(3)^ x SU(3)^ x U(l)y transforma- 
tions implies that also the QCD Hamilton operator in the chiral limit, -^qcd; 
exhibits a global SU(3)^ x SU(3)j:j x U(l)y symmetry. As usual, the "charge 
operators" are defined as the space integrals of the charge densities. 



Qlit) 

QUt) 
Qvit) 



d^x q\{x, t)'—qL{x, t), 
d'^xql^{x,t)—qR{x,t), a 



d^x 



?I(^, 't)qL{.x, t) + gjj(f, t)qR{x, i) 



(2.66) 
(2.67) 
(2.68) 



-'^^In the large Nc (number of colors) limit of Ref. [|Hoo 74 1 the singlet axial- vector current 
is conserved, because the strong coupling constant behaves as ^ 
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For conserved symmetry currents, these operators are time independent, i.e., 
they commute with the Hamiltonian, 

[Qh Kcd] = [Qr, Kcb] = [Qv, ^Scd] = 0. (2.69) 

The commutation relations of the charge operators with each other are ob- 
tained by using the equal-time commutation relations of the quark fields in 
the Heisenberg picture, 

{qa,rix,t),ql ,.{y,t)} = 5^{x - y)5ap5rs, (2.70) 
{W(^,i),g/3,^(y,i)} = 0, (2.71) 
{<llr{S^).<lis{y^)] = 0, (2.72) 

where a and (3 are Dirac indices and r and s flavor indices, respectively.^ 
The equal-time commutator of two quadratic quark forms is of the type 

[q\x, t)TiFiq{x, t), q\y, t)T2F2q{y, t)] = 

^l,a(S^2,'y5Fl,rsF2,tu[qi,ri^, t)q(3,si^, t), ql^tijj, t)qs,uiy, t)], (2.73) 

where and Fi are 4x4 Dirac matrices and 3x3 flavor matrices, respectively. 
Using 

[ab, cd] = a{b, c}d — ac{b, d} + {a, c}db — c{a, d}b, (2.74) 

we express the commutator of Fermi fields in terms of anticommutators and 
make use of the equal-time commutation relations of Eqs. ( p.70| ) - ( p.72| ) to 
obtain 

[qi^ri^, t)qf3,s{x, t), q\^t{y, t)qs,u{y, t)] = 

qi^ri^, t)qs,uiy, t)5^{x - y)5p^5st - q\,t{y, t)qp,s{x, t)5^{x - y)5a55ru- 

With this result Eq. (PT3| ) reads 

[q\x, t)FiFig(f, t), q\y, t)T2F2q{y, t)] = 

5\x-y) [q\x,t)V^V2FiF2q{y,t)-q\y,t)V2V^F2F^q{x,t)\ .(2.75) 

After inserting appropriate projectors Pl/r, Eq. (|2.75| ) is easily applied 
to the charge operators of Eqs. ( ^.66| ), ( |2.67| ), and ( ^.68| ), showing that these 

^^Strictly speaking, we should also include the color indices. However, since we are only 
discussing color-neutral quadratic forms a summation over such indices is always implied, 
with the net effect that one can completely omit them from the discussion. 
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operators indeed satisfy the commutation relations corresponding to the Lie 
algebra of SU(3)^ x SU(3)^ x U(l)^, 

[Q^Ql] = ^fabcQh (2.76) 

[Qr,Qr] = ^fabcQ'k, (2.77) 

[Ql,Ql] = 0, (2.78) 
[QhQv] = [Qr^Qv] = 0. (2.79) 

It should be stressed that, even without being able to explicitly solve the 
equation of motion of the quark fields entering the charge operators of Eqs. 
( 2.6(: ) - ( ^.68| ), we know from the equal-time commutation relations and the 



symmetry of the Lagrangian that these charge operators are the generators 
of infinitesimal transformations of the Hilbert space associated with Hqqj^. 
Furthermore, their commutation relations with a given operator specify the 
transformation behavior of the operator in question under the group SU(3)^ x 
SU(3)^ X U(l)^. 

2.3.6 Chiral Symmetry Breaking Due to Quark Masses 

The finite u-, d-, and s-quark masses in the QCD Lagrangian result in ex- 
plicit divergences of the symmetry currents. As a consequence, the charge 
operators are, in general, no longer time independent. However, as first 
pointed out by Gell-Mann, the equal-time-commutation relations still play 
an important role even if the symmetry is explicitly broken ||Gel 62|| . As will 
be discussed later on in more detail, the symmetry currents will give rise to 
chiral Ward identities relating various QCD Green functions to each other. 
Equation ( |2.43| ) allows one to discuss the divergences in the presence of quark 
masses. To that end, let us consider the quark-mass matrix of the three light 
quarks and project it on the nine A matrices of Eq. ( p. 13 ), 



m„ 
M = \ nid 
m, 

= Ao + As + ^^A3.(2.80) 

In particular, applying Eq. ( |2.34| ) we see that the quark mass term mixes 



left- and right-handed fields. 

Cm = -qMq = -{qnMqL + gxMg^). (2.81) 
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The symmetry-breaking term transforms under 811(3)^;^ x SU(3)^ as a member 
of a (3,3*) + (3*, 3) representation, i.e., 

qR,iMijqLj + qL,iMijqRj ^ UL,jkU*R,iiqR,iMijqL,k + (L ^ R), 

where {Ul,Ur) G SU(3)^ x SU(3)j:j. Such symmetry-breaking patterns were 
aheady discussed in the pre-QCD era in Refs. |pW 68| , pel+ 68|| . 

From Cm one obtains as the variation 6Cm under the transformations of 
Eqs. (|236| ), 



6C 



M 



,a=l ^ ' 

a=l ^ 



Mqji - qnM^qL ] + 6^ (g^Mg^ - g^jMg^) 



(2.82) 



which results in the following divergences 

d6CM 



d6C 



M 



dSC 



M 



-i {qRY^^L - qiM^QR 

-i {qiMqn - quMqi) , 
-i {qRMqi - qiMqn) . 



(2.83) 



The anomaly has not yet been considered. Applying Eq. ( p.34| ) to the case 
of the vector currents and inserting projection operators as in the derivation 
of Eq. (|2.64|) for the axial- vector current, the corresponding divergences read 



dpA^'"" = I (gL{y , M]qR - g-^{^, M}q^ = zg{^, M}^,q, 



2iqMj5q + 



^liupaQa'^Qa'^ , £0123 — 1, 
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(2.84) 



where the axial anomaly has also been taken into account. We are now 
in the position to summarize the various (approximate) symmetries of the 
strong interactions in combination with the corresponding currents and their 
divergences. 



• In the limit of massless quarks, the sixteen currents L'^'"' and R'^'"' or, 
alternatively, V^'"' and A^'"- are conserved. The same is true for the 
singlet vector current V^, whereas the singlet axial- vector current 
has an anomaly. 



• For any value of quark masses, the individual flavor currents U7^m, 
d^^d, and s'y'^s are always conserved in strong interactions reflecting 
the flavor independence of the strong coupling and the diagonality of 
the quark mass matrix. Of course, the singlet vector current V^, being 
the sum of the three flavor currents, is always conserved. 



• In addition to the anomaly, the singlet axial-vector current has an 
explicit divergence due to the quark masses. 



For equal quark masses, m„ = rrid = rUs, the eight vector currents V^'"" 
are conserved, because [Xa, 1] = 0. Such a scenario is the origin of 
the SU(3) symmetry originally proposed by Gell-Mann and Ne'eman 
GJN 64|| . The eight axial currents A^'" are not conserved. The diver- 



gences of the octet axial- vector currents of Eq. (|2.84| ) are proportional 
to pseudoscalar quadratic forms. This can be interpreted as the mi- 
croscopic origin of the PCAC relation (partially conserved axial-vector 
current) which states that the divergences of the axial-vector currents 
are proportional to renormalized fleld operators representing the lowest 
lying pseudoscalar octet (for a comprehensive discussion of the meaning 
of PCAC see Refs. ||Gel 64b| , |AD 68| , |Trei+ 72[ |Alf+ 73|| ). 



Various symmetry-breaking patterns are discussed in great detail in 
Ref. IPag 75|| . 
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2.4 Green Functions and Chiral Ward Iden- 
tities 



2.4.1 Chiral Green Functions 

For conserved currents, the spatial integrals of the charge densities are time 
independent, i.e., in a quantized theory the corresponding charge operators 
commute with the Hamilton operator. These operators are generators of 
infinitesimal transformations on the Hilbert space of the theory. The mass 
eigenstates should organize themselves in degenerate multiplets with dimen- 
sionalities corresponding to irreducible representations of the Lie group in 
question. Q Which irreducible representations ultimately appear, and what 
the actual energy eigenvalues are, is determined by the dynamics of the 
Hamiltonian. For example, SU(2) isospin symmetry of the strong interac- 
tions reflects itself in degenerate SU(2) multiplets such as the nucleon dou- 
blet, the pion triplet and so on. Ultimately, the actual masses of the nucleon 
and the pion should follow from QCD (for a prediction of hadron masses in 
lattice QCD see, e.g., Refs. ||But+ 94| , |Ali+ 02|| ). 



It is also well-known that symmetries imply relations between S'-matrix 
elements. For example, applying the Wigner-Eckart theorem to pion-nucleon 
scattering, assuming the strong-interaction Hamiltonian to be an isoscalar, 
it is sufficient to consider two isospin amplitudes describing transitions be- 
tween states of total isospin 1=1/2 or / = 3/2 (see, for example, [[EW 88|| ). 



All the dynamical information is contained in these isospin amplitudes and 
the results for physical processes can be expressed in terms of these am- 
plitudes together with geometrical coefficients, namely, the Clebsch-Gordan 
coefficients. 

In quantum field theory, the objects of interest are the Green func- 
tions which are vacuum expectation values of time-ordered products.|^ Pic- 
torially, these Green functions can be understood as vertices and are re- 
lated to physical scattering amplitudes through the Lehmann-Symanzik- 
Zimmermann (LSZ) reduction formalism [ [Leh-|- 55[] . Symmetries provide 
strong constraints not only for scattering amplitudes, i.e. their transforma- 



^^Here we assume that the dynamical system described by the Hamihonian does not 
lead to a spontaneous symmetry breakdown. We will come back to this point later. 

^"Later on, we will also refer to matrix elements of time-ordered products between states 
other than the vacuum as Green functions. 
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tion behavior, but, more generally speaking, also for Green functions and, in 
particular, among Green functions. The famous example in this context is, 
of course, the Ward identity of QED associated with U(l) gauge invariance 
War Sqi , 

T>'{p,p) = -j^np), (2.85) 

which relates the electromagnetic vertex of an electron at zero momentum 
transfer, 7^ + r^(p, p), to the electron self energy, S(p). 

Such symmetry relations can be extended to non-vanishing momentum 
transfer and also to more complicated groups and are referred to as Ward- 
Fradkin-Takahashi identities ||War 5CI| , P:'ra 55| , [lak 57|| (or Ward identities 



for short). Furthermore, even if a symmetry is broken, i.e., the infinitesimal 
generators are time dependent, conditions related to the symmetry breaking 
terms can still be obtained using equal-time commutation relations ||Gel 62| . 



At first, we are interested in time-ordered products of color-neutral, Her- 
mitian quadratic forms involving the light quark fields evaluated between the 
vacuum of QCD. Using the LSZ reduction formalism |Leh+_55, IZ 80 such 



Green functions can be related to physical processes involving mesons as well 
as their interactions with the electroweak gauge fields of the Standard Model. 
The interpretation depends on the transformation properties and quantum 
numbers of the quadratic forms, determining for which mesons they may 
serve as an interpolating field. In addition to the vector and axial-vector 
currents of Eqs. ( p.59| ), (|2.60| ), and (|2.63|) we want to investigate scalar and 



pseudoscalar densities,^ 

Sa{x) = q{x)\aq{x), Pa{x) = iq{x)j5\aq{x), a = 0,---,8, (2.86) 

which enter, for example, in Eqs. ( |2.84| ) as the divergences of the vector 
and axial-vector currents for nonzero quark masses. Whenever it is more 
convenient, we will also use 

S{x) = q{x)q{x), P{x) = iq{x)'j5q{x) , (2.87) 

instead of and Pq. 

Later on, we will also consider similar time-ordered products evaluated 
between a single nucleon in the initial and final states in addition to the 

^-•^The singlet axial- vector current involves an anomaly such that the Green functions 
involving this current operator are related to Green functions containing the contraction 
of the gluon field-strength tensor with its dual. 
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vacuum Green functions. This will allow us to discuss properties of the 
nucleon as well as dynamical processes involving a single nucleon. 

Generally speaking, a chiral Ward identity relates the divergence of a 
Green function containing at least one factor of V^'"' or A^'"- [see Eqs. ( |2.59| ) 



and (HoD] to some linear combination of other Green functions. The ter- 



minology chiral refers to the underlying SU(3)^ x SU(3)j:j group. To make 
this statement more precise, let us consider as a simple example the two- 
point Green function involving an axial-vector current and a pseudoscalar 
density,0 

GZ\x,y) = {0\T[A>^{x)P,{y)]\0) 

= e{xo - yo){0\A^,{x)P,{y)\0) + e(yo - xo)(0|n(y)A;^(x)|0), 

(2.88) 

and evaluate the divergence 

= 6{xo - yo)(0|AS(x)P6(i/)|0) - 6{xo - yo){0\P,{y)A-,{x)\0) 

+0(xo - yo){0\d;A^Ax)P,iym + 6(1/0 - xo)(0|n(|/)a^A;^(x)|0) 
= 5(xo-yo)(0|[AS(x),n(i/)]|0) + (0|T[9X(x)n(7/)]|0), 

where we made use of d^Q{xQ — yo) = 6{xo — yo)gofj. = —d^Q{yo — a;o). This 
simple example already shows the main features of (chiral) Ward identities. 
From the differentiation of the theta functions one obtains equal-time com- 
mutators between a charge density and the remaining quadratic forms. The 
results of such commutators are a reflection of the underlying symmetry, as 
will be shown below. As a second term, one obtains the divergence of the 
current operator in question. If the symmetry is perfect, such terms van- 
ish identically. For example, this is always true for the electromagnetic case 
with its U(l) symmetry. If the symmetry is only approximate, an additional 
term involving the symmetry breaking appears. For a soft breaking such a 
divergence can be treated as a perturbation. 

Via induction, the generalization of the above simple example to an 
{n + l)-point Green function is symbolically of the form 

a^(0|T{J^(x)Ai(xi)---A„(x„)}|0) = 



^^The time ordering of n points xi,---,Xn gives rise to nl distinct orderings, each 
involving products of n — 1 theta functions. 
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(o|r{[a^j'^(xpi(xi)---A„(x„)}|o) 

+6ix' - X?)(0|r{[Jo(x), Ai(xi)]A2(x2) ■ ■ ■ AniXn)}\0) 

- x°)(0|T{Ai(xi)[Jo(x), A2ix2)] ■ ■ ■ A„(x„,)}|0) 
+ ■ ■ ■ + 5(a;° - a;°)(0|T{A(a;i) ■ • ■ [Jo(a;), A„(a;„)]}|0), (2.89) 

where J'^ stands generically for any of the Noether currents. 



2.4.2 The Algebra of Currents 

In the above example, we have seen that chiral Ward identities depend on the 
equal-time commutation relations of the charge densities of the symmetry 
currents with the relevant quadratic quark forms. Unfortunately, a naive 
application of Eq. ( p.75|) may lead to erroneous results. Let us illustrate this 
by means of a simplified example, the equal-time commutator of the time 
and space components of the ordinary electromagnetic current in QED. A 
naive use of the canonical commutation relations leads to 

[Jo{x,t),Ji{y,t)] = [¥{x,t)^{x,t),¥{y,t)-foii^{y,t)] 

= S^ix-y)<^'\x,t)[l,Jo7^]'^ix,t) = 0, (2.90) 

where we made use of the delta function to evaluate the fields at x = y. It 
was noticed a long time ago by Schwinger that this result cannot be true 
Sch 59||. In order to see this, consider the commutator 



[Jo{x,t),Vy ■ J{y,t)] = -[Jo{x,t),dtJo{y,t)], 



where we made use of current conservation, S^J'^ = 0. If Eq. ( 2.901) were 
true, one would necessarily also have 

= [Jo{x,t),dtJo{y,t)], 

which we evaluate for x = y between the ground state, 

= (0|[Jo(f,t),9iJo(f,t)]|0) 

= Yl {{0\Mx,t)\n){n\dtJo{x,t)\0) - {0\dtMx,t)\n) {n\Joix,t)\0) 

n 

= 2tY,iEn-Eo)mMx,t)\n)\^. 
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Here, we inserted a complete set of states and made use of 



dtJo{x,t) = i[H, Jo{x,t)]. 

Since every individual term in the sum is non-negative, one would need 
(0| Jo(x, t)|r;,) = for any intermediate state which is obviously unphysi- 
cal. The solution is that the starting point, Eq. ( ^.901 ), is not true. The 
corrected version of Eq. (|2.9CI|) picks up an additional, so-called Schwinger 
term containing a derivative of the delta function. 

Quite generally, by evaluating commutation relations with the compo- 
nent e°° of the energy-momentum tensor one can show that the equal-time 
commutation relation between a charge density and a current density can be 



determined up to one derivative of the S function jJac 72 



[JSix, 0), J^{y, 0)] = tCabcJm 0)'5'(x -y) + S^j'iy, 0)d^%x - y), (2.91) 
where the Schwinger term possesses the symmetry 

s^^{y,o) = s'^tiy,o), 

and Cabc denote the structure constants of the group in question. 

However, in our above derivation of the chiral Ward identity, we also made 
use of the naive time-ordered product (T) as opposed to the covariant one 
(T*) which, typically, differ by another non-covariant term which is called a 



seagull. Feynman's conjecture [Jac 72 1 states that there is a cancelation be 



tween Schwinger terms and seagull terms such that a Ward identity obtained 
by using the naive T product and by simultaneously omitting Schwinger 
terms ultimately yields the correct result to be satisfied by the Green func- 
tion (involving the covariant T* product). Although this will not be true in 
general, a sufficient condition for it to happen is that the time component al- 
gebra of the full theory remains the same as the one derived canonically and 
does not possess a Schwinger term. For a detailed discussion, the interested 
reader is referred to Ref. [|Jac 72|| . 



Keeping the above discussion in mind, the complete list of equal-time 
commutation relations, omitting Schwinger terms, reads 

[Vo%x,t),V,^{y,t)] = S'ix-y)tfabcV,''ix,t), 

[V,%x,t),V^{y,t)] = 0, 

[V,^{x,t),A^,{y,t)] = 6%x-y)zfabcA^A^,t), 
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(f, t), Sb{y,t)] 


= ^3 


[x- 


y)ifahcSc{x,t), 


b = 


1, 


K 


[x,t),So{y,t)] 


= 0, 










K 


[x, t), Pb{y,t)] 


= 5^ 


[x- 


y)ifahcPc{,X, t), 


b = 


1, 


L U 


[x, t), Poiy, t)] 


= 0, 












x,t)X{yM 


= 5^ 


[x- 


y)ifabcA'^{x, t), 








x,t),V^{y,t)\ 


= 0, 














= 


[x- 


y)ifabcV^^{x, t), 








(x,t),5'fe(y,t)] 


= 5' 


[x- 


y)ifabcPcix, t), 


b = 


1, 




[x, t), 5*0 


= 0, 












[f, t),Pb(y,t)] 


= 5' 


[x- 


y)ifabcSc{x,t), 


b = 


1, 




;x,t),Po(y,i)] 


= 0. 











(2.92) 



2.4.3 Two Simple Examples 



We now return to our specific example, namely, the divergence of Eq. (^ 
Inserting the results of Eqs. ( |2.84| ) and ( p.92|) one obtains 



d;G^Ap\^,y) = 5\x - y)tfabMS,{xm 



+t{0\T[q{x){^,Mh,qix)P,iy)]\0). 



(2.93) 



The second term on the right-hand side of Eq. ( |2.93|) can be re-expressed 
using Eq. ( |2.8(J ) and the anti-commutation relations of Eq. ( |2.11| ) in combi- 
nation with the d coefficients of Table p]2| (no summation over a implied). 



-(m„ + mrf + m,) + — ^ 



■nis I da 



+ 



f niu + md 
-(m„ - md)da3 + [ 2 



Ja8 



Pa{x) 

Po{x) 



^da3cPc{x). 



c=l 



Equation ( p. 931 ) serves to illustrate two distinct features of chiral Ward iden- 
tities. The first term of Eq. ( |2.93 ) originates in the algebra of currents 
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and thus represents a consequence of the transformation properties of the 
quadratic quark forms entering the Green function. In general, depending 
on whether the appropriate equal-time commutation relation of Eq. ( p.92| ) 
vanishes or not, the resulting term in the divergence of an n-point Green 
function vanishes or is proportional to an {n — l)-point Green function. In 
our specific example, the divergence of the Green function involving the axial- 
vector current and the pseudoscalar density is related to the so-called scalar 



quark condensate which will be discussed in more detail in Sec. [4.1.2| . The 
second term of Eq. (|2.93| ) is due to an explicit symmetry breaking resulting 
from the quark masses. This shows the second property of chiral Ward iden- 
tities, namely, symmetry breaking terms give rise to another n-point Green 
function. To summarize, chiral Ward identities incorporate both transfor- 
mation properties of quadratic quark forms as well as symmetry breaking 
patterns. 

As another well-known and simple example, let us briefly consider, for 
the two- flavor case, the nucleon matrix element of the axial- vector current 
operatoif^ 

{Nipj)\A^^ix)\Nip,)) = {NipjMxh,^,^q{x)\N{p,)). (2.94) 

This matrix element serves as an illustration of chiral Ward identities which 
are taken between one-nucleon states instead of the vacuum. According to 
Eq. (|2.84|) , the divergence of Eq. ( p.94|) is related to the pseudoscalar density 



evaluated between one-nucleon states. Of course, in the chiral limit M = 
and the axial-vector current is conserved. 



2.4.4 QCD in the Presence of External Fields and the 
Generating Functional 

Here, we want to consider the consequences of Eqs. ( p. 921 ) for the Green 
functions of QCD (in particular, at low energies). In principle, using the 
techniques of the last section, for each Green function one can explicitly work 
out the chiral Ward identity which, however, becomes more and more tedious 
as the number n of quark quadratic forms increases. However, there exists 
an elegant way of formally combining all Green functions in a generating 
functional. The (infinite) set of all chiral Ward identities is encoded as an 



^^This matrix element will be dealt with in Sec. 5.3.1. 
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invariance property of that functional. To see this, one has to consider a 
couphng to external c-number fields such that through functional methods 
one can, in principle, obtain all Green functions from a generating functional. 
The rationale behind this approach is that, in the absence of anomalies, the 
Ward identities obeyed by the Green functions are equivalent to an invariance 
of the generating functional under a local transformation of the external 
fields ||Leu 94\\ . The use of local transformations allows one to also consider 
divergences of Green functions. For an illustration of this statement, the 
reader is referred to Appendix A. 

Following the procedure of Gasser and Leutwyler |pL 84| , |GL 85a|| , we 
introduce into the Lagrangian of QCD the couplings of the nine vector cur- 
rents and the eight axial- vector currents as well as the scalar and pseudoscalar 



quark densities to external c-number fields v^{x) 



Six) 



and p{x) 



^ — -^QCD + 



-Cqcd + (llM + o<) + 75a^)g - g(s - tl^vM- (2.95) 



The external fields are color-neutral, Hermitian 3x3 matrices, where the 
matrix character, with respect to the (suppressed) flavor indices m, d, and s 
of the quark fields, is0 



a=l 



A 



J2t<^ s = ^A,s„ p = ^A,p,. (2.96) 



a=l 



a=0 



a=0 



The ordinary three flavor QCD Lagrangian is recovered by setting v'^ = 



= p = and s = diag(m„, m^, m^) in Eq. ( p.95[ ). 
If one defines the generating functional]^ 



exp{iZ[v,a, s,p]) = (0|Texp 



d^xCcxtix) 



|0), 



(2.97) 



then any Green function consisting of the time-ordered product of color- 
neutral, Hermitian quadratic forms can be obtained from Eq. ( |2.97| ) through 



As in Refs. | GL 84| , |GL 85a| , wc omit the coupling to the singlet axial- vector current 



which has an anomaly, but include a singlet vector current v'^^-^ which is of some physical 

relevance in the two-flavor sector. 

25Many books on quantum field theory such as Refs. |IZ SOj |Col 84 |Ryd 85| , |Riv 87 1 



reserve the symbol Z[v, a, s,p\ for the generating functional of all Green functions as 
opposed to the argument of the exponential which denotes the generating functional of 
connected Green functions. 
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a functional derivative with respect to the external fields. The quark fields 
are operators in the Heisenberg picture and have to satisfy the equation of 
motion and the canonical anti-commutation relations. The actual value of the 
generating functional for a given configuration of external fields f , a, s, and 
p reflects the dynamics generated by the QCD Lagrangian. The generating 
functional is related to the vacuum-to-vacuum transition amplitude in the 
presence of external fields ||GL 84| , PL 85a|| , 



exp[iZ{v,a,s,p)] = (Oout|0in) 



v,a,s,pi 



(2.98) 



where the dynamics is determined by the Lagrangian of Eq. (|2.95| ). 

For example ,0 the uu component of the scalar quark condensate in the 
chiral limit, (0|mu|0)o, is given by 



{0\u{x)u{x)\0)o 



6 



+ 



+ 



6 



3 6so{x) 6s3{x) ^y3Sss{x 



exp{iZ[v, a, s,p]) 



v=a=s=p=0 



(2.99) 



where we made use of Eq. ( p.l3| ). Note that both the quark field operators 
and the ground state are considered in the chiral limit, which is denoted by 
the subscript 0. 

As another example, let us consider the two-point function of the axial- 
vector currents of Eq. ( |2.60| ) of the "real world," i.e., for s = diag(mu, m^, m^), 
and the "true vacuum" |0), 



(0|T[A^(x)4(0)]|0) 



5a^(x)5<(0) 



exp{iZ[v, a, s,p]) 



v=a=p=0,s=didig(mu ,m^,ms) 



(2.100) 



Requiring the total Lagrangian of Eq. ( p.95|) to be Hermitian and invari- 
ant under P, C, and T leads to constraints on the transformation behavior of 



^^In order to obtain Green functions from the generating functional the simple rule 

Sfix) 



S{x - y) 



is extremely useful. Furthermore, the functional derivative satisfies properties similar to 
the ordinary differentiation, namely linearity, the product and chain rules. 
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-7/.75 



Table 2.4: Transformation properties of the Dirac matrices T under parity. 



the external fields. In fact, it is sufficient to consider P and C, only, because 
T is then automatically incorporated owing to the CPT theorem. 
Under parity, the quark fields transform as 

qf{x,t)^-f\f{-x,t), (2.101) 
and the requirement of parity conservation, 

C{x,t) ^ C{~x,t), (2.102) 



leads, using the results of Table |2.4| , to the following constraints for the 
external fields. 



P P ( ) P P P 

v^\-*v^, "^fs) ^ ^A* ' 1-^ -a^, s 1-^ s, p -p. (2.103) 



In Eq. ( p.l03| ) it is understood that the arguments change from (x, t) to 
(-x,t). 

Similarly, under charge conjugation the quark fields transform as 

C C 
qaj ^ C^pqpj, q^j ^ -qpjC^l, (2.104) 

where the subscripts a and (3 are Dirac spinor indices, C = 27^7° = —C^^ = 
— = — is the usual charge conjugation matrix in the convention of 
Ref. pP 64a]| and / refers to fiavor. Using Eq. (p.l04|) in combination with 
Table |2.5| it is straightforward to show that invariance of Cext under charge 
conjugation requires the transformation properties^ 

v,^-vl v\:^^-v\:^\ a.^al s,p^s^,p^, (2.105) 
where the transposition refers to the fiavor space. 



^^In deriving these results we need to make use of Qjjqsj' = —Qsj'I'yj, since the quark 
fields are anti-commuting field operators. 
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Table 2.5: Transformation properties of the Dirac matrices T under charge 
conjugation. 

Finally, we need to discuss the requirements to be met by the external 
fields under local SU(3)^ xSU(3)j:jXU(l)v transformations. In a first step, we 
write Eq. ( |2.95|) in terms of the left- and right-handed quark fields. Besides 



the properties of Eqs. ( p.30|) - (|2.32|) we make use of the auxiliary formulae 

75PR = Pr15 = Pr, IbPh = Pl15 = -Pl, 

and 

^Pr = Pl^, I^Pl = PrI^ 

to obtain 

1 12 

^7^"^+ 3^^?^ +75a/.)g = 2^^^[^A' + ^M+ 3^M^+75(r^- W]g 



QRl^ ( + j QR + QLl^ + ) 9L, 



where ^ ^ 

v^ = -{rf, + l^), a^ = -(r^-/^). (2.106) 

Similarly, we rewrite the second part containing the external scalar and pseu- 
doscalar fields, 

g(s-i75p)g = q^s - ip)qR + qR^s + ip)qL, 
yielding for the Lagrangian of Eq. (|2.95|) 

-qnis + ip)qL - qiis - ip)qR. (2.107) 
Equation ( [^.107 ) remains invariant under local transformations 

qR ^ exp ( 1 VRi^jqR, 

qi ^ exp(-t^]vLix)qL, (2.108) 
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where Vr{x) and Vl(x) are independent space-time-dependent SU(3) matri- 
ces, provided the external fields are subject to the transformations 



s + ip H- » Vr{s + ip)V2 



VLis-tp)Vl (2.109) 



s — ip I 

The derivative terms in Eq. ( p.l09| ) serve the same purpose as in the con- 
struction of gauge theories, i.e., they cancel analogous terms originating from 
the kinetic part of the quark Lagrangian. 

There is another, yet, more practical aspect of the local invariance, namely: 
such a procedure allows one to also discuss a coupling to external gauge fields 
in the transition to the effective theory to be discussed later. For exam- 
ple, we have seen in Sec. 2.2 that a coupling of the electromagnetic field to 
point-like fundamental particles results from gauging a U(l) symmetry. Here, 
the corresponding U(l) group is to be understood as a subgroup of a local 
SU(3)^ X SU(3)^. Another example deals with the interaction of the light 
quarks with the charged and neutral gauge bosons of the weak interactions. 

Let us consider both examples explicitly. The coupling of quarks to an 
external electromagnetic field is given by 

r^. = l^ = -eQA^, (2.110) 

where Q = diag(2/3, —1/3,-1/3) is the quark charge matrix: 

= -eA^qQYq 

(2_ 1- 1_ 

= -eA^ ( -u-i^u - -d-i^d - -s-i^s 

cA^J^ . 

On the other hand, if one considers only the two-fiavor version of ChPT one 
has to insert for the external fields 

r, = l, = -e^A,, v\:^ = -^A,. (2.111) 
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In the description of semileptonic interactions such as vr^ fJ'~'^fj., tt~ 
7r°e~t'e5 or neutron decay n pe~Ue one needs the interaction of quarks with 
the massive charged weak bosons = (Wi^ =F ^VV2^)/v^, 



l, = -^{W;T^ + h.c.), 



(2.112) 



where h.c. refers to the Hermitian conjugate and 










Here, Vij denote the elements of the Cabibbo-Kobayashi-Maskawa quark- 
mixing matrix describing the transformation between the mass eigenstates 
of QCD and the weak eigenstates [|Gro+ 00|| , 



IK 



ud 



0.9735 ± 0.0008, |K 



0.2196 ±0.0023. 



At lowest order in perturbation theory, the Fermi constant is related to the 
gauge coupling g and the W mass as 



Making use of 



V2 



9' 



8M^ 



1.16639(1) X 10-"GeV~'. 



Ks 
W+(n d -s)Pr^^ I I Pi 


Vudd + VusS 



~2 






(u\ 
















we see that inserting Eq. (|2.112 ) into Eq. ( 2.107 ) leads to the standard 
charged-current weak interaction in the light quark sector. 



ext 



2^2 



{W;[KdM7'^(l - l,)d + KsW7^(l - 75)s] + h.c] . 
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The situation is slightly different for the neutral weak interaction. Here, 
the SU(3) version requires a coupling to the singlet axial-vector current 
which, because of the anomaly of Eq. ( |2.65| ), we have dropped from our 
discussion. On the other hand, in the SU(2) version the axial-vector current 
part is traceless and we have 

= etan{9w)—2f„ 
9 



eta.n( 6w) 



(2.113) 



where 9w is the weak angle. With these external fields, we obtain the stan- 
dard weak neutral-current interaction [Pro+ OCI|| 



ext 



2 COS( 



- - - sm [pw] 



- + - sm y^w) 



where we made use of e = 5^ sm{9w)- 



2 75 M 



2.4.5 PCAC in the Presence of an External Electro- 
magnetic Field 

Finally, the technique of coupling the QCD Lagrangian to external fields 
also allows us to determine the current divergences for rigid external fields, 
i.e., which are not simultaneously transformed. For the sake of simplicity we 
restrict ourselves to the SU(2) sector. (The generalization to the SU(3) case 
is straightforward.) If the external fields are not simultaneously transformed 
and one considers a global chiral transformation only, the divergences of the 
currents read [see Eq. (|2.43|)] 



d^^i = iqi^l5[^,Vf,]q + iqY[^,a^]q + iq-f5{^,s}q + q{^,p}q. 



(2.114) 

[q- 

(2.115) 
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As an example, let us consider the QCD Lagrangian for a finite light quark 
mass mq in combination with a coupling to an external electromagnetic field 
Afj, [see Eq. ( p.lll| ), = = p]. In this case the expressions for the 



divergence of the vector and axial-vector currents, respectively, read 

d^V,^ = -e3ye^^g7'^|g = -es^.eA^/, (2.116) 

d^A^ = m,P,-e^^e3.,A; + 5.3^W--^'''^'^ (2-117) 

where we have introduced the isovector pseudoscalar density 

Pi=zq7,Tiq, (2.118) 

and J^^i, = d^Au — d^A^ is the electromagnetic field strength tensor. The 
third component of the axial- vector current, Ag, has an anomaly [ Adl 69| , 



|AB 691 , |Bar 69| , |BJ 69| , |Adl 7U|| which is related to the decay 7r° 77. We 



emphasize the formal similarity of Eq. (|2.117|) to the (pre-QCD) PCAC re- 
lation obtained by Adler through the inclusion of the electromagnetic in- 
teractions with minimal electromagnetic coupling (see the Appendix of Ref. 
Adl 65|| ).p^ Since in QCD the quarks are taken as truly elementary, their 



interaction with an (external) electromagnetic field is of such a minimal type. 



In Adler's version, the right-hand side of Eq. ( 2.117| ) contains a renormahzed field 
operator creating and destroying pions instead of mqPi. From a modern po int of view, 



the combination mqPi/ [M^F.^) serves as an interpolati ng pion field (see Sec. 4.6.2 ). Fur- 



thermore, the anomaly term is not yet present in Ref. [Adl 65 1 
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Chapter 3 



Spontaneous Symmetry 
Breaking and the Goldstone 
Theorem 

So far we have concentrated on the chiral symmetry of the QCD Hamihonian 
and the explicit symmetry breaking through the quark masses. We have 
discussed the importance of chiral symmetry for the properties of Green 
functions with particular emphasis on the relations among different Green 
functions as expressed through the chiral Ward identities. Now it is time 
to address a second aspect which, for the low-energy structure of QCD, is 
equally important, namely, the concept of spontaneous symmetry breaking. 
A (continuous) symmetry is said to be spontaneously broken or hidden, if 
the ground state of the system is no longer invariant under the full symmetry 
group of the Hamiltonian. In this chapter we will first illustrate this by means 
of a discrete symmetry and then turn to the case of a spontaneously broken 
continuous global symmetry. 

3.1 Degenerate Ground States 

Before discussing the case of a continuous symmetry, we will first have a 
look at a field theory with a discrete internal symmetry. This will allow us 
to distinguish between two possibilities: a dynamical system with a unique 
groTind state or a system with a finite number of distinct degenerate ground 
states. In particular, we will see how, for the second case, an infinitesimal 
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Figure 3.1: Solid line: constant field configuration $o minimizing the poten- 
tial; dashed line: arbitrary field configuration $(a;). 



perturbation selects a particular vacuum state. 

To that end we consider the Lagrangian of a real scalar field ^(x) ||Geo 84 



1 Tfl^ A 

9^$) = -d^^&^^ - - -$^ (3.1) 

which is invariant under the discrete transformation i? : $ — > — $. The 
corresponding classical energy density reads 

1 • 1 ^ A 

7^ = n$-/: = -$2 + -(v$)2 + — <l>2 + -$^ (3.2) 

2 2 2 4 

V($) 

where one chooses A > so that H. is bounded from below. The field $o 
which minimizes the Hamilton density 7i must be constant and uniform since 
in that case the first two terms take everywhere their minimum values of zero. 
It must also minimize the potential since V($(x)) > V($o) (see Fig. p.l| ), 
from which we obtain the condition 

V'($) = $(m2 + A$2) = 0. 

We now distinguish two different cases: 



VP? > (see Fig. |3.2| ): In this case the potential V has its minimum for 
$ = 0. In the quantized theory we associate a unique ground state |0) 
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Figure 3.2: V{x) = x 



^/2 + x'^/A (Wigner-Weyl mode). 




Figure 3.3: V{x) = —x^jl + a;^/4 (Nambu-Goldstone mode). 



with this minimum. Later on, in the case of a continuous symmetry, 
this situation will be referred to as the Wigner-Weyl realization of the 
symmetry. 

• VP? < (see Fig. |3.3|) : Now the potential exhibits two distinct minima. 
(In the continuous symmetry case this will be referred to as the Nambu- 
Goldstone realization of the symmetry.) 

We will concentrate on the second situation, because this is the one which 
we would like to generalize to a continuous symmetry and which ultimately 
leads to the appearance of Goldstone bosons. In the present case, V($) has 
a maximum for $ = and two minima for 



As will be explained below, the quantized theory develops two degenerate 




(3.3) 
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vacua |0, +) and |0, — ) which are distinguished through their vacuum expec- 
tation values of the field 

(0, +Mx)\0, +) = (0, +|e'^-"$(0)e-'^-"|0, +) = (0, +|$(0)|0, +) = 
(0,-|$(x)|0,-) = -$0. (3.4) 

We made use of translational invariance, = e*'^'^$(0)e~*^'^, and the 

fact that the ground state is an eigenstate of energy and momentum. We 
associate with the transformation i?:$i-^$' = — $a unitary operator TZ 
acting on the Hilbert space of our model, with the properties 

7^2 = 1, 7^ = 7^-1 = T^t 

In accord with Eq. ( p. 41) the action of the operator TZ on the ground states 
is given by 

7^|0,±) = |0,t). (3.5) 

For the moment we select one of the two expectation values and expand 
the field with respect to ±$o:Q 

$ = ±$0 + 

= 9^$'. (3.6) 

A short calculation yields 

V($) = V($') = -^$o + ^(-2^')'^'"±^'^o$'^ + ^<^'", 
such that the Lagrangian in terms of the shifted dynamical variable reads 
£'($', 9^$') = ^9^<l>'9^$' - ^(-2m2)$'2 ^ A^o^'^' - + (3.7) 

In terms of the new dynamical variable the symmetry R is no longer 
manifest, i.e., it is hidden. Selecting one of the ground states has led to a 



^ The case of a quantum field theory with an infinite volume V has to be distinguished 
from, say, a nonrela tivis tic particle in a one-dimensional potential of a shape similar to 
the hmction of Fig. 3.3. For example, in the case of a symmetric double- well potential, 
the solutions with positive par ity hav e always lower energy eigenvalues than those with 
negative parity (see, e.g., Ref. | Gre 85 |). 

^The field $' instead of $ is assumed to vanish at infinity. 
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Figure 3.4: Potential with a small odd component: V(x) = x/10— a;^/2+x'^/4. 



spontaneous symmetry breaking which is always related to the existence of 
several degenerate vacua. 

At this stage it is not clear why the quantum mechanical ground state 
should be one or the other of |0,±) and not a superposition of both. For 
example, the linear combination 

-^(|0,+) + |0,-)) 

is invariant under TZ as is the original Lagrangian of Eq. However, this 

superposition is not stable against any infinitesimal external perturbation 
which is odd in $ (see Fig. p.4| ). 



Any such perturbation will drive the ground state into the vicinity of either 
|0, +) or |0, — ) rather than :^(|0, +) ± |0, — )). This can easily be seen in the 
framework of perturbation theory for degenerate states. Consider 

|i) = (|0'+) + 10'-))' |2) = 7f(lO'+) - 

such that 

7^|l) = |l) 7^|2) = -|2). 

The condition for the energy eigenvalues of the ground state, E = E^'^^ + 
eE^^^ + ■ ■ -, to first order in e results from 

{1\H'\2) 

' {2\H'\1) (2|iJ'|2)-E« ' 
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Figure 3.5: 

Dispersion relation E = a/1 + and asymptote E = \p 



Due to the symmetry properties of Eq. ( p.5|) , we obtain 

{i\H'\i) = {i\n-~^nH'n~^n\i) = (i| - h'\i) = o 

and similarly {2\H'\2) = 0. Setting (l|if'|2) = a > 0, which can always be 
achieved by multiplication of one of the two states by an appropriate phase, 
one finds 

{2\H'\1) "'=^'^ {l\H'\2y =a* =a = {l\H'\2), 

resulting in 



In other words, the degeneracy has been lifted and we get for the energy 
eigenvalues 

Ei/2 = E^^^ ± ea + ■ • • . (3.8) 

The corresponding eigenstates of zeroth order in e are |0, +) and |0, — ), re- 
spectively. We thus conclude that an arbitrarily small external perturbation 
which is odd with respect to R will push the ground state to either |0, +) or 

|o,-). 

In the above discussion, we have tacitly assumed that the Hamiltonian 
and the field $(a;) can simultaneously be diagonalized in the vacuum sector, 
i.e. (0, +|0, — ) = 0. Following Ref. ||Wei 96|| , we will justify this assumption 



which will also be crucial for the continuous case to be discussed later. 
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For an infinite volume, a general vacuum state \v) is defined as a state 
with momentum eigenvalue 0, 

P\v) = 0, 

where is a discrete eigenvalue as opposed to an eigenvalue of single- or 
many-particle states for which p = is an element of a continuous spectrum 
(see Fig. |375|) . We deal with the situation of several degenerate ground states 
which will be denoted by \u), \v), etc^ and start from the identity 

0= {u\[H,^x)]\v)y X, (3.9) 

from which we obtain for t = 

d'y{u\n{y,OMx,0)\v) = J d'y{umx,0)n{y,0)\v). (3.10) 
Let us consider the left-hand side, 

d^y{u\n{y,0)<!>{x,0)\v) = J](M|i/|u;)(w|$(0)|t;) 

w 

+ [d'y f d'pJ2Hny,0)\n,p){n,pmO)\v)e-'P^-'', 

n 

where we inserted a complete set of states which we split into the vacuum 
contribution and the rest, and made use of translational invariance. We now 
define 

UyJ) = {u\n{yMn,p){n,p\^{Q)\v) 

and assume /„ to be reasonably behaved such that one can apply the lemma 
of Riemann and Lebesgue, 

lim I d^pf{p)e-'^-^ = 0. 

|x|^oo J 

At this point the assumption of an infinite volume, |x| oo, is crucial. 
Repeating the argument for the right-hand side and taking the limit |x| —>■ oo, 
only the vacuum contributions survive in Eq. ( p.lO|) and we obtain 

^{u\H\w){w\^{0)\v) = ^{u\<^{0)\w){w\H\v) 



^For continuous symmetry groups one may have a non-countably infinite number of 
ground states. 
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for arbitrary ground states \u) and \v). In other words, the matrices (i?™) = 
{{u\H\v)) and = {{u\^{0)\v)) commute and can be diagonahzed simul- 

taneously. Choosing an appropriate basis, one can write 

{umo)\v) = 6uvV, V e R, 

where v denotes the expectation value of $ in the state \v). 

In the above example, the ground states |0,+) and |0, — ) with vacuum 
expectation values ±$o are thus indeed orthogonal and satisfy 

(0,+|if|0,-) = (0,-|if|0,+) = 0. 

3.2 Spontaneous Breakdown of a Global, Con- 
tinuous, Non-Abelian Symmetry 

We now extend the discussion to a system with a continuous, non-Abelian 
symmetry such as SO (3). To that end, we consider the Lagrangian 

C{$,d,$) = £($i,$2,<l>3,9^$l,9^$2,9^$3) 
1 TT)'^ \ 

= -a^<|.,9'^$, -($,<l>,)2, (3.11) 

where < 0, A > 0, with Hermitian fields $i. The Lagrangian of Eq. ( p.ll|) 
is invariant under a global "isospin" rotation]^ 

g e S0(3) : ^ = = (e'^^^'^'^ (3.12) 

For the to also be Hermitian, the Hermitian must be purely imaginary 
and thus antisymmetric. The iTk provide the basis of a representation of the 
so (3) Lie algebra and satisfy the commutation relations [Tj, Tj] = ieijkTk. We 
will use the representation with the matrix elements given by fjj^ = —ieijk- 
As in Sec. 3.1, we now look for a minimum of the potential which does not 
depend on x and find 

|$min| = y^=^, |$| = ^$? + $i + $i. (3.13) 

*0f course, the Lagrangian is invariant under the full group 0(3) which can be decom- 
posed into its two components: the proper rotations connected to the identity, SO (3), and 
the rotation-reflections. For our purposes it is sufficient to discuss S0(3). 



62 



Since $min can point in any direction in isospin space we now have a non- 
countably infinite number of degenerate vacua. In analogy to the discussion 
of the last section, any infinitesimal external perturbation which is not invari- 
ant under SO (3) will select a particular direction which, by an appropriate 
orientation of the internal coordinate frame, we denote as the 3 direction, 

^min = ves. (3.14) 



Clearly, ^rnin of Eq. ( p.l4|) is not invariant under the full group G = SO (3) 



since rotations about the 1 and 2 axis change $min-Q To be specific, if 




we obtain 





Tl^min = V\ -I , T2$^i„ = , Tg^^;, = 0. (3.15) 



Note that the set of transformations which do not leave $min invariant does 
not form a group, because it does not contain the identity. On the other hand, 
$min is invariant under a subgroup H of G, namely, the rotations about the 
3 axis: 

h^H: $' = D(/i)$ = 6-*"=^^=^$, D(/i)$^i, = (3.16) 

In analogy to Eq. ( |3.6| ), we expand $3 with respect to f , 

^^ = v + Ti, (3.17) 

where ri{x) is a new field replacing $3(x), and obtain the new expression for 
the potential 



(3.18) 



^We say, somewhat loosely, that Ti and T2 do not annihilate the ground state or, 
equivalently, finite group elements generated by Ti and T2 do not leave the ground state 
invariant. This should become clearer later on. 
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Figure 3.6: 

Two-dimensional rotationally invariant potential: 
V(a;,y) = -(x2 + y2) + (^^. 



Upon inspection of the terms quadratic in the fields, one finds after sponta- 
neous symmetry breaking two massless Goldstone bosons and one massive 
boson: 

= ml^ = 0, 



m. 



\ = -2ml (3.19) 



The model-independent feature of the above example is given by the fact 
that for each of the two generators Ti and T2 which do not annihilate the 
ground state one obtains a massless Goldstone boson. By means of a two- 
dimensional simplification (see the "Mexican hat" potential shown in Fig. 
|3.6| ) the mechanism at hand can easily be visualized. Infinitesimal variations 
orthogonal to the circle of the minimum of the potential generate quadratic 
terms, i.e., "restoring forces linear in the displacement," whereas tangential 
variations experience restoring forces only of higher orders. 

Now let us generalize the model to the case of an arbitrary compact Lie 
group G of order resulting in hq infinitesimal generators.^ Once again, 
we start from a Lagrangian of the form ||Gol+ 6^ 



£($, 9^$) = ■ - V($), (3.20) 



^The restriction to compact groups allows for a complete decomposition into finite- 
dimensional irreducible unitary representations. 
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where $ is a multiplet of scalar (or pseudoscalar) Hermitian fields. The 
Lagrangian £ and thus also V($) are supposed to be globally invariant under 
G, where the infinitesimal transformations of the fields are given by 

geG: <l>i^<l>i + 5$„ 5$i = -«e,t^^.$,-. (3.21) 

The Hermitian representation matrices T" = (tfj) are again antisymmetric 
and purely imaginary. We now assume that, by choosing an appropriate form 
of V, the Lagrangian generates a spontaneous symmetry breaking resulting in 
a ground state with a vacuum expectation value $min = {^) which is invariant 
under a continuous subgroup H of G. We expand V{^) with respect to $min, 

l^minl = V, i.e., $ = $min + X, 

V(«) ^ V(*„,J . ^ X. . i + ■ . . . (3.22) 

ml 

The matrix = (m^^) must be symmetric and, since one is expanding 
around a minimum, positive semidefinite, i.e., 

'^mlxiXj>0 V X. (3.23) 

In that case, all eigenvalues of are nonnegative. Making use of the in- 
variance of V under the symmetry group G, 

V($min) = V(L'(^)$mm) = V($min + S^min) 

+ ■■■, (3.24) 
one obtains, by comparing coefficients, 

mlS<^min,iS^min,i = 0. (3.25) 

Differentiating Eq. (|3.25| ) with respect to 5$min,k and using mf, = m^^ results 



in the matrix equation 

M2(5$^in = 0. (3.26) 
Inserting the variations of Eq. (|3.21|) for arbitrary e^, 5$min = —i^aT°'^mm, 



we conclude 

M^T^^^in = 0. (3.27) 
The solutions of Eq. can be classified into two categories: 
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1. T", a = l,---,n/^, isa representation of an element of the Lie algebra 
belonging to the subgroup H of G, leaving the selected ground state 
invariant. In that case one has 



such that Eq. ( p.27| ) is automatically satisfied without any knowledge 
of M2. 

2. T", a = riH + 1, ■ ■ ■ ^ug-, is not a representation of an element of the 
Lie algebra belonging to the subgroup H. In that case T'^$min ^ 0, 
and T"$min is an eigenvector of with eigenvalue 0. To each such 
eigenvector corresponds a massless Goldstone boson. In particular, the 
different T°$min 7^ are linearly independent, resulting in nc — tih 
independent Goldstone bosons. (If they were not linearly independent, 
there would exist a nontrivial linear combination 

no f "'^ \ 

^ ^ (^a(T $min) j ^ ^ j $min) 

a=nH+l \a=nH+l / 
^ V ' 

:= T 

such that T is an element of the Lie algebra of H in contradiction to 
our assumption.) 

Let us check these results by reconsidering the example of Eq. ( |3.11| ). In that 
case riG = 3 and nu = 1, generating 2 Goldstone bosons [see Eq. (|3.19| )]. 



We conclude this section with two remarks. First, the number of Gold- 
stone bosons is determined by the structure of the symmetry groups. Let G 
denote the symmetry group of the Lagrangian, with generators and H 
the subgroup with uh generators which leaves the ground state after spon- 
taneous symmetry breaking invariant. For each generator which does not 
annihilate the vacuum one obtains a massless Goldstone boson, i.e., the to- 
tal number of Goldstone bosons equals — tih- Second, the Lagrangians 
used in motivating the phenomenon of a spontaneous symmetry breakdown 
are typically constructed in such a fashion that the degeneracy of the ground 
states is built into the potential at the classical level (the prototype being the 
"Mexican hat" potential of Fig. |3.6|) . As in the above case, it is then argued 
that an elementary Hermitian field of a multiplet transforming non-trivially 
under the symmetry group G acquires a vacuum expectation value signaling 
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a spontaneous symmetry breakdown. However, there also exist theories such 
as QCD where one cannot infer from inspection of the Lagrangian whether 
the theory exhibits spontaneous symmetry breaking. Rather, the criterion 
for spontaneous symmetry breaking is a non-vanishing vacuum expectation 
value of some Hermitian operator, not an elementary field, which is gener- 
ated through the dynamics of the underlying theory. In particular, we will 
see that the quantities developing a vacuum expectation value may also be 
local Hermitian operators composed of more fundamental degrees of freedom 
of the theory. Such a possibility was already emphasized in the derivation of 
Goldstone's theorem in Ref. ||Gol+ 6^ . 



3.3 Goldstone's Theorem 

By means of the above example, we motivate another approach to Gold- 
stone's theorem without delving into all the subtleties of a quantum field- 
theoretical approach |Per 74|| . Given a Hamilton operator with a global sym- 
metry group G = SO (3), let = (<I>i(a;), $2(2^)5 $3(2;)) denote a triplet of 
local Hermitian operators transforming as a vector under G, 

g EG: $(a;) ^ ^'{x) = e^Sfe=i °^«'=$(x)e-*^'=i 

= e-^^'fc=i"'=^'=$(x) ^ (3.28) 

where the Qi are the generators of the SO (3) transformations on the Hilbert 
space satisfying [Qi, Qj] = ietjkQk and the Tj = (t*^) are the matrices of 
the three dimensional representation satisfying t*;. = —ieijk- We assume that 
one component of the multiplet acquires a non- vanishing vacuum expectation 
value: 

(0|$i(a;)|0) = (0|<l>2(x)|0) = 0, (0|<l>3(a;)|0) = v ^ 0. (3.29) 

Then the two generators Qi and Q2 do not annihilate the ground state, and 
to each such generator corresponds a massless Goldstone boson. 

In order to prove these two statements let us expand Eq. ( ^.28| ) to first 
order in the ak- 

3 3 
= $ + tJ2ak[Qk,^ = (l-2^afcTfc)$ = $ + ax$. 

k=l k=l 
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Comparing the terms linear in the 

i[akQk, ^l] = tlkmOik^m 

and noting that all three can be chosen independently, we obtain 

which, of course, simply expresses the fact that the field operators $j trans- 
form as a vector. Using ekim^kin = '^^mn, we find 



In particular. 



$3 = -^([Qi,<f2]-[g2,<fi]), (3.30) 



with cyclic permutations for the other two cases. 

In order to prove that Qi and Q2 do not annihilate the ground state, let 



us consider Eq. (p]2|) for a = (0, 7r/2, 0) 




$1 >l 




( $3 






$2 


$3 ) 







/ cos(7r/2) sin(7r/2 
g-ifT2^ = 10 

\ -sin(7r/2) cos(7r/2) 
= e^i«^ 1^ $2 j e-*f«^ 

From the first row we obtain 
Taking the vacuum expectation value 

and using Eq. (|3.29| ) clearly Q2IO) 7^ 0, since otherwise the exponential op- 
erator could be replaced by unity and the right-hand side would vanish. A 
similar argument shows Qi\0) 7^ 0. 
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At this point let us make two remarks. The "states" Qi(2)|0) cannot be 
normahzed. In a more rigorous derivation one makes use of integrals of the 
form 

'"d3a;(o|[jO'^(f,t),$,(0)]|0), 



and first determines the commutator before evaluating the integral |Ber 74j| . 
Some derivations of Goldstone's theorem right away start by assuming Qi(2) |0) 
7^ 0. However, for the discussion of spontaneous symmetry breaking in the 
framework of QCD it is advantageous to establish the connection between 
the existence of Goldstone bosons and a non-vanishing expectation value. 

Let us now turn to the existence of Goldstone bosons, taking the vacuum 
expectation value of Eq. (|3.30| ) 

0^v = mm\0) = -'-{0\ ([Qi, $2(0)] - [Q2, $ i(0)]) |0) = -'-{A - B). 

We will first show A = —B. To that end we perform a rotation of the 
fields as well as the generators by 7r/2 about the 3 axis [see Eq. (|3.28| ) with 
a = (0,0,7r/2)]: 















$1 














^ ) 





and analogously for the charge operators 





We thus obtain 

5= (0|[g2,*i(0)]|0) = (0|fe^fQ3(_g^) ^e-»fQ3e^fQ3^ $^(o)e-^fQ3 

1 

= -(0|[Qi,<l>2(0)]|0) = -A, 

where we made use of QajO) = 0, i.e., the vacuum is invariant under rotations 
about the 3 axis. In other words, the non- vanishing vacuum expectation value 



69 



V can also be written as 



Q^v = (o|$3(o)|o) = -z(o|[gi,<i>2(o)]|o) 

= /rf=^a;(0|[4(x,t),$2(0)]|0). (3.31) 



We insert a complete set of states 1 = commutator^ 
V = -lyf /rf'x((0|Jo'(f,t)|n)(n|$2(0)|0) - (0|<l'2(0)|n)(n|Joi(f,t)|0)) 



and make use of translational invariance 

d'x (e-'^"-"(0|Jo^(0)|n)(n|$2(0)|0) ) 

-t^{2'af6\P^) (e-^"*(0|Jo^(0)|n)(n|$2(0)|0) 
'(0|$2(0)|n)(n|Jo^(0)|0)). 



Integration with respect to the momentum of the inserted intermediate states 
yields an expression of the form 



where the prime indicates that only states with P = need to be considered. 
Due to the Hermiticity of the symmetry current operators J^'"^ as well as the 
we have 

c„ := (0|Jo'(0)|n)(n|$2(0)|0) = (n|ji(0)|0)*(0|<l>2(0)|n)*, 

such that 

V = -i{27if J2 (cne-'''"* - c;e'^"*) . (3.32) 

n 

From Eq. (|3.32| ) we draw the following conclusions. 

''The abbreviation 3]„|n)(n| includes an integral over the total momentum p as well 
as all other quantum numbers necessary to fully specify the states. 
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1. Due to our assumption of a non-vanishing vacuum expectation value 
there must exist states \n) for which both (0| J^2)(0)l^) (n|$i(2)(0)|0) 
do not vanish. The vacuum itself cannot contribute to Eq. ( |3.32| ) be- 
cause (0|$i(2)(0)|0) = 0. 

2. States with > contribute is the phase of c„) 

— IC I ('e*'^"e~*-^"* — Q-^Vn ^iEnt\ 

^ " V ) 
2\cn\ sin(v9„ - Ent) 

to the sum. However, v is time-independent and therefore the sum over 
states with [E^ > 0, 0) must vanish. 

3. The right-hand side of Eq. ( |3.32| ) must therefore contain the contribu- 
tion from states with zero energy as well as zero momentum thus zero 
mass. These zero-mass states are the Goldstone bosons. 



3.4 Explicit Symmetry Breaking: A First Look 

Finally, let us illustrate the consequences of adding to our Lagrangian of Eq. 
(|3.11| ) a small perturbation which explicitly breaks the symmetry. To that 
end, we modify the potential of Eq. ( ^.11| ) by adding a term a<l>3, 

V($i, $2, $3) = + + «$3, (3.33) 

where < 0, A > 0, and a > 0, with Hermitian fields $i. Clearly, the 
potential no longer has the original 0(3) symmetry but is only invariant 
under 0(2). The conditions for the new minimum, obtained from V$V = 0, 
read 

$^ = $2 = 0, A$3 + m^<l>3 + a = 0. 
Let us solve the cubic equation for $3 using the perturbative ansatz 

($3) = $^ +a$(') + 0(a2), (3.34) 

from which we obtain 



^ \' A ' ^ 2m2 
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Of course, $3°^ corresponds to our result without explicit perturbation. The 

.(0) 



condition for a minimum [see Eq. ( |3.23| )] excludes $3 = +\/ Expand- 



ing the potential with $3 = ($3) +1] we obtain, after a short calculation, for 
the masses 



m^, = m: 



*2 ~ "A/ 2' 



A 



ml = -2m2 + 3a'\/^-r. (3.35) 



The important feature here is that the original Goldstone bosons of Eq. 
(|3.19|) are now massive. The squared masses are proportional to the symme- 



try breaking parameter a. Calculating quantum corrections to observables in 
terms of Goldstone-boson loop diagrams will generate corrections which are 
non-analytic in the symmetry breaking parameter such as aln(a) |[LP 71 



Such so-called chiral logarithms originate from the mass terms in the Gold- 
stone boson propagators entering the calculation of loop integrals. We will 
come back to this point in Chapter 4 when we discuss the masses of the 
pseudoscalar octet in terms of the quark masses which, in QCD, represent 
the analogue to the parameter a in the above example. 



72 



Chapter 4 



Chiral Perturbation Theory for 
Mesons 

Chiral perturbation theory provides a systematic method for discussing the 
consequences of the global flavor symmetries of QCD at low energies by 
means of an effective field theory. The effective Lagrangian is expressed in 
terms of those hadronic degrees of freedom which, at low energies, show up as 
observable asymptotic states. At very low energies these are just the mem- 
bers of the pseudoscalar octet (tt, K, rj) which are regarded as the Goldstone 
bosons of the spontaneous breaking of the chiral SU(3)^ x SU(3)j^; symmetry 
down to SU(3)v- The non- vanishing masses of the light pseudoscalars in the 
"real" world are related to the explicit symmetry breaking in QCD due to 
the light quark masses. 

We will first consider the indications for a spontaneous breakdown of 
chiral symmetry in QCD and then, in quite general terms, discuss the trans- 
formation properties of Goldstone bosons under the symmetry groups of 
the Lagrangian and the ground state, respectively. This will lead us to 
the concept of a nonlinear realization of a symmetry. After introducing 
the lowest-order effective Lagrangian relevant to the spontaneous breakdown 
from SU(3)^ x 811(3)^ to SU(3)y, we will illustrate how Weinberg's power 
counting scheme allows for a systematic classification of Feynman diagrams 
in the so-called momentum expansion. We will then outline the principles 
entering the construction of the effective Lagrangian and discuss how, at low- 
est order, the results of current algebra are reproduced. After presenting the 
Lagrangian of Gasser and Leutwyler and the Wess-Zumino-Witten action we 
will discuss some applications at chiral order O(p^). We will conclude the 



73 



presentation of the mesonic sector with referring to some selected examples 
at 



4.1 Spontaneous Symmetry Breaking in QCD 



While the toy model of Sec. |3.2| by construction led to a spontaneous symme- 
try breaking, it is not fully understood theoretically why QCD should exhibit 
this phenomenon [ JW 00|| . We will first motivate why experimental input, 



the hadron spectrum of the "real" world, indicates that spontaneous symme- 
try breaking happens in QCD. Secondly, we will show that a non-vanishing 
singlet scalar quark condensate is a sufficient condition for a spontaneous 
symmetry breaking in QCD. 



4.1.1 The Hadron Spectrum 



We saw in Sec. |2]^ that the QCD Lagrangian possesses a SU(3)^ x SU(3)^ x 
U(l)y symmetry in the chiral limit in which the light quark masses van- 
ish. From symmetry considerations involving the Hamiltonian -^qcd o^^lj; 
one would naively expect that hadrons organize themselves into approxi- 
mately degenerate multiplets fitting the dimensionalities of irreducible rep- 
resentations of the group SU(3)j;^ x SU(3)^ x 11(1)^. The 11(1)^ symme- 
try results in baryon number conservation^ and leads to a classification of 
hadrons into mesons [B = 0) and baryons {B = 1). The linear combinations 
Qv = Qr + Ql Q'X = Q\ — Ql of the left- and right-handed charge 
operators commute with -ffgcD, have opposite parity, and thus for any state 
of positive parity one would expect the existence of a degenerate state of 
negative parity (parity doubling) which can be seen as follows. Let 
denote an eigenstate of -^qcd with eigenvalue Ei, 

having positive parity, 

P\i,+) = +\h+), 



^See Ref. |lGro+ 00 for empirical limits on nuclcon decay as well as baryon- number 



violating Z and t decays. 
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such as, e.g., a member of the ground state baryon octet (in the chiral hmit). 
Defining |0) = Q'^i, +), because of [ifq^j-,, Q^] = 0, we have 

Kcd\<i^) = KcMh +) = q^^^ScdK +) = E^QW^, +) = m), 

i.e, the new state |0) is also an eigenstate of -f^qco with the same eigenvalue 
Ei but of opposite parity: 

P\<P) = PQ\p-^P\t, +) = -Q^(+|z, +)) = 

The state \(f)) can be expanded in terms of the members of the multiplet with 
negative parity, 

|0) = g^|z,+) = -t^^.|j,-). 

However, the low-energy spectrum of baryons does not contain a degenerate 
baryon octet of negative parity. Naturally the question arises whether the 
above chain of arguments is incomplete. Indeed, we have tacitly assumed 
that the ground state of QCD is annihilated by Q\. 

Let a\ symbolically denote an operator which creates quanta with the 
quantum numbers of the state whereas fe] creates degenerate quanta 

of opposite parity. Let us assume the states |i, +) and |j, — ) to be members 
of a basis of an irreducible representation of SU(3)^ x SU(3)^. In analogy 
to Eq. ( |2.49| ), we assume that under SU(3)^ x SU(3)j:j the creation operators 
are related by 

The usual chain of arguments then works as 

Q\\i,+) = Q'Xal\0) = {[Q%4]+alQ^)\0) = -t^^b]\0). (4.1) 

^ 

However, if the ground state is not annihilated by Q'\, the reasoning of Eq. 
(|4.1| ) does no longer apply. 

Two empirical facts about the hadron spectrum suggest that a sponta- 
neous symmetry breaking happens in the chiral limit of QCD. First, SU(3) 
instead of SU(3)^ x SU(3)^ is approximately realized as a symmetry of the 
hadrons. Second, the octet of the pseudoscalar mesons is special in the sense 
that the masses of its members are small in comparison with the correspond- 
ing 1~ vector mesons. They are candidates for the Goldstone bosons of a 
spontaneous symmetry breaking. 
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In order to understand the origin of the SU(3) symmetry let us consider 
the vector charges Qy = + Q1 [see Eq. ( |2.59| )]. They satisfy the commu- 
tation relations of an SU(3) Lie algebra [see Eqs. ( p.76[ ) - ( |2.78| )], 



[Qr + Ql, Qr + Ql] = [Qr, Qr] + [Qh Q'l] = ^fabcQ'k + ^fabcQ 



ifabcQ\ 

(4.2) 

In Ref. [|VW 84 1 it was shown that, in the chiral limit, the ground state is 



necessarily invariant under SU(3)y x U(l)y, i.e., the eight vector charges Q\ 
as well as the baryon number operatoif] Qy/3 annihilate the ground state. 



Qy|0) = Qv'|0) = 0. 



(4.3) 



If the vacuum is invariant under SU(3)y x U(l)y, then so is the Hamiltonian 



Col 66|| (but not vice versa). Moreover, the invariance of the ground state 



and the Hamiltonian implies that the physical states of the spectrum of -^qcd 
can be organized according to irreducible representations of 811(3)^ x 11(1)^. 
The index V (for vector) indicates that the generators result from integrals 
of the zeroth component of vector current operators and thus transform with 
a positive sign under parity. 

Let us now turn to the linear combinations Q\ = Q\ — Ql satisfying the 
commutation relations [see Eqs. ( |2.76| ) - ( |2.78D ] 



[Q% Qa] 

[Qy, Q\] 



[Qr - Ql, Qr - Ql] = [Qr, Qr] + [Ql, Ql] 

ifabcQn ~l~ ^fabcQl ~ '^fabcQy, 

[Qr + Ql, Qr - Ql] = [Qr, Qr] - [Ql, Ql] 

ifabcQn ifabcQh ~ "^fabcQA- 



(4.4) 



Note that these charge operators do not form a closed algebra, i.e., the com- 
mutator of two axial charge operators is not again an axial charge operator. 
Since the parity doubling is not observed for the low-lying states, one assumes 
that the Q\ do not annihilate the ground state. 



Qa|o)7^o, 



(4.5) 



i.e., the ground state of QCD is not invariant under "axial" transforma- 
tions. According to Goldstone's theorem [[Nam 6CI|, |NJ 61a], [NJ 61b|, |Gol 61 



Gol+ 62[, to each axial generator Q^, which does not annihilate the ground 



^Recall that each quark is assigned a baryon number 1/3. 
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state, corresponds a massless Goldstone boson field (j)°'{x) with spin 0, whose 
symmetry properties are tightly connected to the generator in question. The 
Goldstone bosons have the same transformation behavior under parity, 

(4.6) 

i.e., they are pseudoscalars, and transform under the subgroup H = SU(3)y, 
which leaves the vacuum invariant, as an octet [see Eq. ([4.4|) ]: 

m^<i>\^)] = ^fabcn^)- (4.7) 

In the present case, G = SU(3)^ x SU(3)^ with uq = 16 and H = SU(3)y 
with uh = 8 and we expect eight Goldstone bosons. 



4.1.2 The Scalar Quark Condensate (qq) 

In the following, we will show that a non- vanishing scalar quark condensate 
in the chiral limit is a sufficient (but not a necessary) condition for a sponta- 
neous symmetry breaking in QCD.Q The subsequent discussion will parallel 
that of the toy model in Sec. ^]3| after replacement of the elementary fields 
$i by appropriate composite Hermitian operators of QCD. 

Let us first recall the definition of the nine scalar and pseudoscalar quark 
densities: 

Saiy) = q{y)Kq{y), a = 0,---,8, (4.8) 
Pa{y) = tqiyHXaqiy), a = 0,---,8. (4.9) 

The equal-time commutation relation of two quark operators of the form 
Ai{x) = q^{x)Aiq{x), where Ai symbolically denotes Dirac- and fiavor matri- 
ces and a summation over color indices is implied, can compactly be written 
as [see Eq. (|2T5| )] 



[A,{x, t), A^iy, t)] = 6'{x - y)q\x)[A,, A^Ux). (4.10) 
With the definition 

Q^(t) = I (fxq\x,t)^q{x,t), 



^In this Section all physical quantities such as the ground state, the quark operators 
etc. are considered in the chiral limit. 
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and using 

[y,7oAo] = 0, 

we see, after integration of Eq. ([4.10|) over x, that the scalar quark densities 
of Eq. (|4.8| ) transform under SU(3)y as a singlet and as an octet, respectively, 

[QUt),Soiy)] = 0, a =!,■■■, 8, (4.11) 

8 

[Qv{t),Sb{y)] = ^5^/a6c^c(y), a,6=l,---,8, (4.12) 

c=l 

with analogous results for the pseudoscalar quark densities. In the SU(3)y 
limit and, of course, also in the even more restrictive chiral limit, the charge 
operators in Eqs. ( [4.11| ) and ([4.12|) are actually time independent .0 Using 
the relation 

8 

fabcfabd = 35cd (4-13) 

a,b=l 

for the structure constants of SU(3), we re-express the octet components of 
the scalar quark densities as 

. 8 

Sa{y) = E f-^Mit), Sc{y)], (4.14) 

b,c=l 



which represents the analogue of Eq. ( |3.30| ) in the discussion of Goldstone's 
theorem. 

In the chiral limit the ground state is necessarily invariant under SU(3)y 
VW 84|| , i.e., Q^|0) = 0, and we obtain from Eq. (gJ^) 



{0\Saiym = (0|5'.(0)|0) = {Sa) = 0, a = !,■■■, 8, (4.15) 

where we made use of translational invariance of the ground state. In other 
words, the octet components of the scalar quark condensate must vanish in 
the chiral limit. From Eq. ([4.15|) , we obtain for a = 3 

(uu) — {dd) = 0, 



^ The commutation relations also remain valid for equal times if the symmetry is ex- 
plicitly broken. 
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i.e. {uu) = (dd) and for a = 8 

(uu) + (dd) -2{ss) = 0, 

i.e. (uu) = {dd) = {ss). 

Because of Eq. ( [4.11| ) a similar argument cannot be used for the singlet 
condensate, and if we assume a non- vanishing singlet scalar quark condensate 
in the chiral limit, we thus find using Eq. ( [4.1 5| ) 

^ (qq) = {uu + dd + ss) = 3{uu) = 3{dd) = 3{ss). (4.16) 

Finally, we make use of (no summation implied!) 

(0^[75Y,7o75Aa] = A^7o 

in combination with 

A? = A2 = A3 = 



X2 _ \2 

A4 — A5 



X2 - X2 




A^ 



to obtain 

{uu + dd, a = 1, 2, 3 

^{uu + dd + Ass), a = 8 

where we have suppressed the y dependence on the right-hand side. We eval- 
uate Eq. ( |4.17| ) for a ground state which is invariant under SU(3)y, assuming 
a non-vanishing singlet scalar quark condensate, 

{0\i[Qt{t),Pa{y)]\0) = '^{qq), a = !,■■■, 8, (4.18) 
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where, because of translational invariance, the right-hand side is independent 
of y. Inserting a complete set of states into the commutator of Eq. ( [4.18|) 
yields, in complete analogy to Sec. 0| [see the discussion following Eq. (|3.31 



that both the pseudoscalar density Paiy) as well as the axial charge operators 
Q\ must have a non-vanishing matrix element between the vacuum and 
massless one particle states In particular, because of Lorentz covariance, 
the matrix element of the axial- vector current operator between the vacuum 
and these massless states, appropriately normalized, can be written as 

{Q\Al{m\p))=W,Fo5'^\ (4.19) 

where Fq ^ 93 MeV denotes the "decay" constant of the Goldstone bosons 
in the chiral limit. Assuming Q^|0) 7^ 0, a non-zero value of Fq is a neces- 
sary and sufficient criterion for spontaneous chiral symmetry breaking. On 



the other hand, because of Eq. ( 4.18|) a non- vanishing scalar quark conden- 



sate (qq) is a sufficient (but not a necessary) condition for a spontaneous 
symmetry breakdown in QCD. 

Table E?T| contains a summary of the patterns of spontaneous symmetry 



breaking as discussed in Sec. the generalization of Sec. ^]2]to the so-called 
O(A^) linear sigma model, and QCD. 



4.2 Transformation Properties of the Gold- 
stone Bosons 

The purpose of this section is to discuss the transformation properties of the 
field variables describing the Goldstone bosons ||Wei 68| , |Col+ 69| , |(Jal+ 69| , 



Bal+ 91| , [Leu 92|| . We will need the concept of a nonlinear realization of a 
group in addition to a representation of a group which one usually encounters 
in Physics. We will first discuss a few general group-theoretical properties 
before specializing to QCD. 



4.2.1 General Considerations 

Let us consider a physical system with a Hamilton operator H which is 
invariant under a compact Lie group G. Furthermore we assume the ground 
state of the system to be invariant under only a subgroup H of G, giving rise 
to n = no — uh Goldstone bosons. Each of these Goldstone bosons will be 
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Sec. 3.3 


0{N) hnear 
sigma model 


QCD 


Symmetry group G of 
the Lagrangian density 


0(3) 


0(N) 


SU(3)^ X SU(3)^ 


Number of 


3 


N{N -l)/2 


16 


generators uq 








Symmetry group H 

of the ground state 


0(2) 


0{N-1) 


SU(3)y 


Number of 


1 


{N -1){N -2)/2 


8 


generators Uh 








Number of 


2 


N-1 


8 


Goldstone bosons 








no - Uh 








Multiplet of 
Goldstone boson fields 


($i(a;),$2(x)) 


{<^l{x),---,^N-l{x)) 


iq{x)-f5Xaq{x) 


Vacuum expectation 


V = ($3) 


V = ($iv) 


V = {qq) 


value 









Table 4.1: Comparison of spontaneous symmetry breaking. 
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described by an independent field 0j which is a continuous real function on 
Minkowski space M^.Q We collect these fields in an n-component vector $ 
and define the vector space 

Ml = {$ : ^ -M^^R continuous}. (4.20) 

Our aim is to find a mapping tp which uniquely associates with each pair 
{g, $) G G X Ml an element ^p{g., $) G Mi with the following properties: 

(^(e, $) = $ V $ G Ml, e identity of G, (4.21) 
^{gi,^{g2,^)) = V>i9i92,<^)'^ 91,92 G G, V$ G Ml (4.22) 

Such a mapping defines an operation of the group G on Mi. The second 
condition is the so-called group-homomorphism property ||B'l' 84| , P'Ra 86| , 
Jon 90|| . The mapping will, in general, not define a representation of the 
group G, because we do not require the mapping to be linear, i.e., (p{g, A$) 7^ 
A¥'(c/,*). 

Let $ = denote the "origin" of Mi [p!jeu 92|| which, in a theory containing 
Goldstone bosons only, loosely speaking corresponds to the ground state 
configuration. Since the ground state is supposed to be invariant under the 
subgroup H we require the mapping ip to be such that all elements h & H 
map the origin onto itself. In this context the subgroup H is also known as 
the little group of $ = 0. Given that such a mapping indeed exists, we need 
to verify for infinite groups that (see Chap. 2.4 of [|Jon 90|| ): 

1. if is not empty, because the identity e maps the origin onto itself. 

2. If hi and /12 are elements satisfying ip{hi,0) = ip{h2,0) = 0, so does 
ip{hih2,0) = ip{hi,ip{h2,0)) = (p{hi,0) = 0, i.e., because of the homo- 
morphism property also the product hih2 G H. 

3. For h & H we have 

Lp{h-\0) = p{h-\p{h,0)) = ip{h^^h,0) = p{e,0). 
i.e., h-^ G H. 



^Depending on the equations of motion, we will require more restrictive properties of 
the functions (hj. 
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Following Ref. [ Leu 92 ] we will establish a connection between the Gold- 
stone boson fields and the set of all left cosets {gH\g G G} which is also 
referred to as the quotient G/H. For a subgroup H of G the set gH = 
{gh\h G H} defines the left coset of g (with an analogous definition for the 
right coset) which is one element of G/H]^ For our purposes we need the 
property that cosets either completely overlap or are completely disjoint (see, 
e.g., [|Jon 90|| ), i.e, the quotient is a set whose elements themselves are sets 



of group elements, and these sets are completely disjoint. 

Let us first show that for all elements of a given coset, <f maps the origin 
onto the same vector in i?": 



(p{gh, 0) = ^{g, ip{h, 0)) = ip{g, 0) V ^ G G and /i G H. 

Secondly, the mapping is injective with respect to the cosets, which can be 
proven as follows. Consider two elements g and g' of G where g' ^ gH . We 
need to show ip{g, 0) ^ fig', 0). Let us assume ip{g, 0) = ip{g', 0): 

= ifie, 0) = ipig-'g, 0) = ipig~\ ip{g, 0)) = ip{g-\ ip{g' , 0)) = ip{g-'g', 0). 

However, this implies g~^g' & H or g' & gH in contradiction to the assump- 
tion. Thus (p{g, 0) = (p{g', 0) cannot be true. In other words, the mapping 
can be inverted on the image of ip{g,0). The conclusion is that there exists 
an isomorphic mapping between the quotient G/H and the Goldstone boson 
fields.[] 

Now let us discuss the transformation behavior of the Goldstone boson 
fields under an arbitrary g & G in terms of the isomorphism established 
above. To each $ corresponds a coset gH with appropriate g. Let f = gh E 
gH denote a representative of this coset such that 

^ = ^{f,0) = v{gh,0). 

Now apply the mapping {p{g) to <l>: 

^{g,<l>) = ^{g,y,{~gh,0))= ^{g~gh, 0) = <^(/', 0) = /' G g{gH). 

® An invariant subgroup has the additional property that the left and right cosets 
coincide for each g which allows for a definition of the factor group G/H in terms of the 
complex product. However, here we do not need this property. 

^Of course, the Goldsto ne bo son fields are not constant vectors in i?" but functions on 
Minkowski space [see Eq. ( |4.20| )]. This is accomplished by allowing the cosets gH to also 
depend on x. 
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In other words, in order to obtain the transformed $' from a given $ we 
simply need to multiply the left coset gH representing $ by in order to 
obtain the new left coset representing This procedure uniquely determines 
the transformation behavior of the Goldstone bosons up to an appropriate 
choice of variables parameterizing the elements of the quotient G/H. 

4.2.2 Application to QCD 

Now let us apply the above general considerations to the specific case rele- 
vant to QCD and consider the group G = SV{N) x SU(iV) = {{L, R)\L e 
S\J{N),Re SU(iV)} and H = {{V,V)\V E SU(A^)} which is isomorphic to 
SU(A^). Let g = {L, R) G G. We may uniquely characterize the left coset 
of g, gH = {{LV,RV)\V E S\J{N)}, through the S\J{N) matrix U = RD 
[Bal+ 9111 , 

{LV, RV) = {LV, RDlV) = (1, RL^) {LV, LV), i.e. gH = (1, rD)H, 

E H 

if we follow the convention that we choose the representative of the coset such 
that the unit matrix stands in its first argument. According to the above 
derivation, U is isomorphic to a $. The transformation behavior of U under 
g = {L, R) E G is obtained by multiplication in the left coset: 

ggH = (L, RRD)H = (1, RRDl^){L, L)H = (1, R{rD)L^)H, 

i.e. 

U = RD ^U' = R{RD)L^ = RUL^. (4.23) 
As mentioned above, we finally need to introduce an x dependence so that 

U{x) ^ RU{x)Ll (4.24) 

Let us now restrict ourselves to the physically relevant cases of = 2 
and A^ = 3 and define 

^ r {$ : ^ -M^^R continuous} for A^ = 2, 

~ I : R^\(t), ■ ^ R continuous} for A^ = 3. 

Furthermore let 1-L{N) denote the set of all Hermitian and traceless N x N 
matrices, 

HiN) = {Ae gl{N, G)\A^ = AA Ti{A) = 0}, 
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which under addition of matrices defines a real vector space. We define a 
second set M2 = {(f) : 7i{N)\(f) continuous}, where the entries are 

continuous functions. For N = 2 the elements of Mi and M2 are related to 
each other according to 



where the Tj are the usual Pauh matrices and (j)i{x) — |Tr[Tj0(a;)]. Analo- 
gously for = 3, 



a=l 



01 + #2 



/ 03 + 77508 01 - ^02 04 - ^05 ^ 
-03 + 7508 06 - ^07 
06 + ^07 "7308 / 

V2tt+ V2K+ \ 



y 04 + ^05 

\/27r- 

V2a:- 



with the Gell-Mann matrices Aa and 4>a{x) = |Tr[Aa0(a;)]. Again, M2 forms 
a real vector space. Let us finally define 

M3 = |c/ : ^ S\J{N)\U{x) = exp (^^^^ ,0 e Msj . 

At this point it is important to note that M3 does not define a vector space 
because the sum of two SU(A^) matrices is not an SU(A^) matrix. 

We are now in the position to discuss the so-called nonlinear realization 
of SU(A^) X SU(A^) on M3. The homomorphism 

: G X M3 ^ Ma with ip[(L, R), U]{x) = RU{x)L\ 

defines an operation of G on M3, because 

1. i?[/Lt e M3, since C/ e M3 and i?, Lt e SU(Ar). 

2. (/^[(IjVxJV, IjvxJv), U]{x) = 1nxnU{x)1nxn = U{x). 
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3. Let Qi — {Li, Ri) e G and thus gig2 — (-^1-^2, R1R2) £ G. 

</^bi,V^b,f/]](a:) = ^[gi,{R2UL\)]{x) = R,R2U{x)LlLl 
^[gi92Mi.x) = RiR2U{x){L,L2)^ = R^R2U{x)L\l\. 



The mapping (/? is called a nonlinear realization, because M3 is not a vector 
space. 

The origin 0(a;) = 0, i.e. Uq = 1, denotes the ground state of the system. 
Under transformations of the subgroup H = {(V^, V^)|^ £ SU(iV)} corre- 
sponding to rotating both left- and right-handed quark fields in QCD by the 
same V, the ground state remains invariant, 



On the other hand, under "axial transformations," i.e. rotating the left- 
handed quarks by A and the right-handed quarks by ^4^, the ground state 
does not remain invariant. 



which, of course, is consistent with the assumed spontaneous symmetry 
breakdown. 



Let us finally discuss the transformation behavior of 0(x) under the sub- 
group H ^ {{V,V)\V eS\J{N)}. Expanding 



we immediately see that the realization restricted to the subgroup H, 



ip[g = (F, y), C/o] = VUqV'^ = T/yt _ 1 _ [/^. 



^[g = (A, At), f/o] = A^UoA^ = At At ^ U, 




+ •••, 



1+i 




0' 



f-- - ^ T/(l+i 



0' 



V(j)V^ VcpV^VcpV^ 



(4.25) 



defines a linear representation on M2 9 1— > V(f)V^ e M2, because 

(\/0\/t)t = y^yt^ Tr(\/0\/t) = xr(0) = 0, 
V^i(V^20V^2^)V^i^ = {V,V2)(j)iViV2y. 
Let us consider the SU(3) case and parameterize 
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from which we obtain, by comparing both sides of Eq. ( |4.25| ), 




(4.26) 

However, this corresponds exactly to the adjoint representation, i.e., in SU(3) 
the fields (pa transforms as an octet which is also consistent with the trans- 
formation behavior we discussed in Eq. 



ifabc4>c 

= <P + fabcQUbXc + ---. (4.27) 

For group elements of G of the form {A, A^) one may proceed in a com- 
pletely analogous fashion. However, one finds that the fields (pa do not have a 
simple transformation behavior under these group elements. In other words, 
the commutation relations of the fields with the axial charges are complicated 



nonlinear functions of the fields [Wei 68 



4.3 The Lowest-Order Effective Lagrangian 



Our goal is the construction of the most general theory describing the dy- 
namics of the Goldstone bosons associated with the spontaneous symmetry 
breakdown in QCD. In the chiral limit, we want the effective Lagrangian to 
be invariant under SU(3)^ x SU(3)j:j x U(l)y. It should contain exactly eight 
pseudoscalar degrees of freedom transforming as an octet under the subgroup 
H = SU(3)y. Moreover, taking account of spontaneous symmetry breaking, 
the ground state should only be invariant under SU(3)y x 11(1)^. 

Following the discussion of Sec. |4.2.2| we collect the dynamical variables 
in the SU(3) matrix U{x), 



U{x) 



4){x) 



0(x) 



exp t 



a=l 



X 



V2K- 



V271+ V2K+ \ 



. (4.28) 



73^ / 
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The most general, chirally invariant, effective Lagrangian density with the 
minimal number of derivatives reads 

£eff = ^Tr (d^Ud^U^) , (4.29) 

where Fq ^ 93 MeV is a free parameter which later on will be related to the 
pion decay tt~^ A^^^^/i (see Sec. |4.6.1| ). 

First of all, the Lagrangian is invariant under the global SU(3)^ x SU(3)j:j 
transformations of Eq. ( |4.23| ): 

U ^ RUL\ 

df,U ^ d^{RUL^) = d^R UL^ + Rd^^UL^ + RU 0^,1^ = Rd^UL\ 



f/t ^ LU^R\ 



because 



1 1 



where we made use of the trace property Ty{AB) = Tt{BA). The global 
U(l)y invariance is trivially satisfied, because the Goldstone bosons have 
baryon number zero, thus transforming as ^— under U(l)y which also 
implies U y-^ U . 

The substitution (f)a{x,t) ^— > —(j)a{x,t) or, equivalently, U{x,t) ^— W{x,t) 
provides a simple method of testing, whether an expression is of so-called 
even or odd intrinsic parity,^ i.e., even or odd in the number of Goldstone 
boson fields. For example, it is easy to show, using the trace property, that 
the Lagrangian of Eq. ( |4.29| ) is even. 

The purpose of the multiplicative constant F^/A in Eq. ( [4.29|) is to gen- 



erate the standard form of the kinetic term \d^(f)ad^(f>a-, which can be seen 
by expanding the exponential U = 1 + i4>/Fo = idf^(f)/Fo + 

resulting in 



/:eff = ^Tr 





id^cj) 




[ Fo V 


Fo 


)] 



^ Since the Goldstone bosons are pseudoscalars, a true parity transformation is given 
by (j)a{x,t) —(pai—Xjt) or, equivalently, U{x,t) i-^ U^—x^t). 
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where we made use of Tr(AaAb) = 25ah- In particular, since there are no other 
terms containing only two fields (£int starts with interaction terms containing 
at least four Goldstone bosons) the eight fields (pa describe eight independent 
massless particles.0 

A term of the type Tr[{^^,^^'U)W] may be re-expressed as(3 

Tr[(a^a^[/)f/t] = a^[Tr(a^[/[/t)] - Tr(9^f/9^[/t), 

i.e., up to a total derivative it is proportional to the Lagrangian of Eq. ( [4.29|) . 
However, in the present context, total derivatives do not have a dynamical 
significance, i.e. they leave the equations of motion unchanged and can thus 
be dropped. The product of two invariant traces is excluded at lowest order, 
because Ti{dfjUU^) = 0. Let us prove the general SU(A^) case by considering 
an SU(A^)-valued field 

U = exp \ i — — — 

with A^^ — 1 Hermitian, traceless matrices A^ and real fields (pai^)- Defining 
$ = KaCpa/Foi we expand the exponential 

and consider the derivative]^ 

2 3 • 

We then find 

Tiidf^UU^) = Trlid^m^ + ^{id^<!>i<^> + mdf,<!>)U^ + ■ ■ ■] 

= Tilid^m^ + id^<l>i<l>U^ + ^i9^<I)(i$)2f/t + . . .] 

= Tr{td^^lJUl) = Tiitd^^) = td^cPaTiiAa) = 0, (4.30) 
1 ^0^ 



^At this stage, this is only a tree-level argument. We will see in Sec. 4.9.1 that the 
Goldstone bosons remain massless in the chiral limit even when loop corrections have been 
included. 

i^In the present case ^I{^^'UW) = 0. 

and are matrices which, in general, do not commute. 
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where we made use of [$, W] = 0. 

Let us turn to the vector and axial-vector currents associated with the 
global SU(3)^ X SU(3)^ symmetry of the effective Lagrangian of Eq. ( [4.29| ). 
To that end, we parameterize 



L 
R 



exp -zQ^ 



exp 



(4.31) 
(4.32) 



In order to construct J^'*^, set 0^ = and choose 6^ = Qai^) (see Sec. 
2.3.31) . Then, to first order in B^, 

U ^ U' = RUL^ = U (^l + iQ^^^ , 



a 2 



a 2 



(4.33) 



from which we obtain for 6Ccs'- 



6C 



eS 



-Tr 



A 



a 2 



(4.34) 



= -fzd,Q^TT{Xad^U^U). 
(In the last step we made use of 



which follows from differentiating = 1.) We thus obtain for the left 
currents 



jtj.,a 



dd,e^ 4 



^Tr {Xad^'U^U) 
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(4.35) 



and, completely analogously, choosing 6^ = and 0f = Q^{x), 

J'n'' = ^ = -^Tr (A.f/a-f/t) (4.36) 

for the right currents. Combining Eqs. (f4.35|) and (|4.36|) the vector and 
axial-vector currents read 

j^.,a ^ + jM,a ^ _^:^Tr (A4[/, 9^f/t]) , (4.37) 

jl^a ^ J^-_J^,a^_^^^^(^Xa{U,d''U^). (4.38) 

Furthermore, because of the symmetry of £eff under SU(3)^ x SU(3)^, both 
vector and axial-vector currents are conserved. The vector current densities 
Jy"" of Eq. ( ^.371 ) contain only terms with an even number of Goldstone 
bosons. 

On the other hand, the expression for the axial- vector currents is odd in the 
number of Goldstone bosons. 

To find the leading term let us expand Eq. (|4.38| ) in the fields, 

jr = -4T^(A.{i+---,-^ + ---}) = -Fo9'^</>.+--- 

from which we conclude that the axial-vector current has a non-vanishing 
matrix element when evaluated between the vacuum and a one-Goldstone 
boson state [see Eq. (|4.19|) ]: 

{Q\jr{x)\ct^\p)) = {0\-Fod^Mx)\<p\p)) 
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In Sec. 4.6.1 Fq will be related to the pion-decay constant entering vr^ 

So far we have assumed a perfect SU(3)j;^ x SU(3)^ symmetry. However, 
in Sec. p.4| we saw, by means of a simple example, how an explicit symmetry 
breaking may lead to finite masses of the Goldstone bosons. As has been 



discussed in Sec. |2.3.6| , the quark mass term of QCD results in such an 
explicit symmetry breaking. 



£m = -QrMql - qiM^qR, M 



rriu 
mrf 
m, 



(4.39) 



In order to incorporate the consequences of Eq. (|4.39|) into the effective- 



Lagrangian framework, one makes use of the following argument [|Geo 84 



Although M is in reality just a constant matrix and does not transform along 
with the quark fields. Cm of Eq. ( [4.39|) would be invariant if M transformed 
as 

M ^ RML^. (4.40) 

One then constructs the most general Lagrangian C{U, M) which is invariant 
under Eqs. ( [4. 241) and ( |4.40D and expands this function in powers of M. At 
lowest order in M one obtains 

C,,^ = Ei^TiiMU^ + UM^), (4.41) 

where the subscript s.b. refers to symmetry breaking. In order to interpret 
the new parameter Bq let us consider the energy density of the ground state 
(U = Uo = l), 

(Kff) = -F^Boiniu + md + m,), (4.42) 

and compare its derivative with respect to (any of) the light quark masses 
m, 



with the corresponding quantity in QCD, 



a(0|7^QCD|0) 



dm„ 



l{0\qq\0)o = l{qq), 



u=ma=ms=0 

where (gg) is the chiral quark condensate of Eq. ( 4.16| ). Within the framework 
of the lowest-order effective Lagrangian, the constant is thus related to 
the chiral quark condensate as 



?,F^Bo = -{qq). 



(4.43) 



Let us add a few remarks. 
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1. A term Tr(M) by itself is not invariant. 



2. The combination Tr(M?7^ — f/M"!") has the wrong behavior under parity 
(p{x,t) —(f){—x,t), because 

Tr[MU\x, t) - U{x, t)M^] ^ Tr[Mf/(-f, t) - U\-x, t)M^] 

-Ti[MU\-x,t)-U{-x,t)M\ 

3. Because M = M\ Cs.h. contains only terms even in (j). 

In order to determine the masses of the Goldstone bosons, we identify the 
terms of second order in the fields in Cg.h., 



Br 



s.b 



Tr(02M) + ■ ■ 



(4.44) 



Using Eq. ( [4.28|) we find 

Tr(02M) = 2(m„ + md)7r+7r" +2(m„ + m,)ir+if- +2(md + m,)ir°i?° 

, f , N 2 m„ + + 4m, 2 
+ (m„ + md)T^ n + -^K^n - md)Ti Tj H ^ rj . 

For the sake of simplicity we consider the isospin-symmetric limit m„ = = 
m so that the tt^t] term vanishes and there is no 7r°-?7 mixing. We then obtain 
for the masses of the Goldstone bosons, to lowest order in the quark masses. 



Ml 
Ml 



2BQm, 
2 

-Bolm + 2ms 



(4.45) 
(4.46) 

(4.47) 



These results, in combination with Eq. ( [4.43| ), Bq = — (gg)/(3FQ^), correspond 
relations obtained in Ref. |pel+ 68[| and are referred to as the Gell-Mann, 
Oakes, and Renner relations. Furthermore, the masses of Eqs. ( |4.45| ) - ( |4.47| ) 
satisfy the Gell-Mann-Okubo relation 



4M 



K 



45o(m + m,) = 25o(m + 2m,) + 25om = 3M^ + Ml (4.48) 



independent of the value of Bq. Without additional input regarding the 
numerical value of -Bq, Eqs. ( [4.45 ) - ( 4.47 ) do not allow for an extraction 
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of the absolute values of the quark masses m and m^, because rescaling 
Bq — >■ XBq in combination with nig — > nig/X leaves the relations invariant. 
For the ratio of the quark masses one obtains, using the empirical values of 
the pseudoscalar octet, 



M|- m + rris 

Ml 

Ml " 



2m 

2ms + ^ 
3m 



m 
m 
m 
m 



— = 25.9, 



^ — = 24.3. 



(4.49) 



Let us conclude this section with the following remark. We saw in Sec. 



4.1.2| that a non- vanishing quark condensate in the chiral limit is a sufficient 
but not a necessary condition for a spontaneous chiral symmetry breaking. 
The effective Lagrangian term of Eq. ( ^.41| ) not only results in a shift of 
the vacuum energy but also in finite Goldstone boson masses.0 These are 
related via the parameter Bq and we recall that it was a symmetry argument 
which excluded a term Tr(M) which, at leading order in M, would decouple 
the vacuum energy shift from the Goldstone boson masses. The scenario 
underlying Cs.h. of Eq. ( |4.41| ) is similar to that of a Heisenberg ferromagnet 
|A1V1 76| , [Leu 92|| which exhibits a spontaneous magnetization (M) , breaking 
the 0(3) symmetry of the Heisenberg Hamiltonian down to 0(2). In the 
present case the analogue of the order parameter (M) is the quark conden- 
sate (qq). In the case of the ferromagnet, the interaction with an external 
magnetic field is given by — (M) ■ H, which corresponds to Eq. ( [4. 421 ), with 
the quark masses playing the role of the external field H. However, in prin- 
ciple, it is also possible that Bq vanishes or is rather small. In such a case 
the quadratic masses of the Goldstone bosons might be dominated by terms 
which are nonlinear in the quark masses, i.e., by higher-order terms in the 
expansion of C{U, M). Such a scenario is the origin of the so-called general- 
ized chiral perturbation theory ||Kne-|- 95i |Kne-|- 96| , pte 98|| . The analogue 
would be an antiferromagnet which shows a spontaneous symmetry breaking 
but with (M) = 0. 

The analysis of recent data on 
the isoscalar s-wave scattering length |Pol 



Pis+ 01|| in terms of 



Ola I supports the conjecture 



that the quark condensate is indeed the leading order parameter of the spon- 
taneously broken chiral symmetry. For a recent discussion on the relation 



-'^^Later on we will also see that the tttt scattermg amplitude is efFected by £s.b.- 
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between the quark condensate and s-wave vrvr scattering the interested reader 
is referred to Ref. |[Leu Ola . 



4.4 Effective Lagrangians and Weinberg's Power 
Counting Scheme 

An essential prerequisite for the construction of effective field theories is a 
"theorem" of Weinberg stating that a perturbative description in terms of the 
most general effective Lagrangian containing all possible terms compatible 
with assumed symmetry principles yields the most general S matrix consis- 
tent with the fundamental principles of quantum field theory and the assumed 
symmetry principles ||Wei 79|| . The corresponding effective Lagrangian will 



contain an infinite number of terms with an infinite number of free param- 
eters. Turning Weinberg's theorem into a practical tool requires two steps: 
one needs some scheme to organize the effective Lagrangian and a systematic 
method of assessing the importance of diagrams generated by the interaction 
terms of this Lagrangian when calculating a physical matrix element. 

In the framework of mesonic chiral perturbation theory, the most general 
chiral Lagrangian describing the dynamics of the Goldstone bosons is orga- 
nized as a string of terms with an increasing number of derivatives and quark 
mass terms, 

Ces = C2 + Ci + CQ + ---, (4.50) 

where the subscripts refer to the order in the momentum and quark mass 
expansion. The index 2, for example, denotes either two derivatives or one 
quark mass term. In the context of Feynman rules, derivatives generate four- 
momenta, whereas the convention of counting quark mass terms as being of 
the same order as two derivatives originates from Eqs. ( |4.45| ) - ( [4.47| ) in 



conjunction with the on-shell condition = M^. In an analogous fashion, 
£4 and Cq denote more complicated terms of so-called chiral orders O(p^) 
and 0{p^) with corresponding numbers of derivatives and quark mass terms. 
With such a counting scheme, the chiral orders in the mesonic sector are 
always even because Lorentz indices of derivatives always have to 

be contracted with either the metric tensor g^'^ or the Levi-Civita tensor 
^fiupa generate scalars, and the quark mass terms are counted as 0{p^). 

Weinberg's power counting scheme ||Wei 79|| analyzes the behavior of a 
given diagram under a linear rescaling of all the external momenta, Pi t— > tp, 



11 
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and a quadratic rescaling of the light quark masses, nig ^-^ t^m^, which, in 
terms of the Goldstone boson masses, corresponds to i-^ t^M"^. The 
chiral dimension D of a given diagram with amphtude niq) is defined 

by 

M{tpi, t^TJig) = t^M{pi, rriq), (4.51) 

and thus 

oo 

D = 2 + Y,^in-l)N2n + 2NL, (4.52) 

n=l 

where denotes the number of vertices originating from C2n, and A'^^: is 
the number of independent loops. Clearly, for small enough momenta and 
masses diagrams with small D, such as D = 2 ot D = 4, should dominate. 
Of course, the rescaling of Eq. ( 4.51| ) must be viewed as a mathematical tool. 



While external three- momenta can, to a certain extent, be made arbitrarily 
small, the rescaling of the quark masses is a theoretical instrument only. 
Note that loop diagrams are always suppressed due to the term 2Nl in Eq. 
(|4.52|) . It may happen, though, that the leading-order tree diagrams vanish 



and therefore that the lowest-order contribution to a certain process is a 
one-loop diagram. An example is the reaction 77 tt^tt^ [pC 88| . 

In order to prove Eq. ( [4.52| ) we start from the usual Feynman rules for 
evaluating an S-matrix element (see, e.g.. Appendix A-4 of Ref. ||IZ 8(]|| ). 
Each internal meson line contributes a factor 

d^k i [M^^eU^) f d^k 



(27r)4 F - M2 + k J {2tt)^ kyt^ - M"^ + ie 

^ J (27r)4/2_M2 + ^e- ^^'^^^ 

For each vertex, originating from £2™, we obtain symbolically a factor p^" 
together with a four-momentum conserving delta function resulting in t^" 
for the vertex factor and for the delta function. At this point one has 
to take into account the fact that, although Eq. (|4.51|) refers to a rescaling 
of external momenta, a substitution k = tl for internal momenta as in Eq. 
( |4.53|) acts in exactly the same way as a rescaling of external momenta: 



S\p + k) P ^ - ^h~'6\p + I) 

p2n-mj^m P ^ tp^ = tl ^2np2n-m^m 
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where p and k denote external and internal momenta, respectively. 

So far we have discussed the rules for determining the power Ds referring 
to the S-matrix element which is related to the invariant amplitude through 
a four-momentum conserving delta function, 

S 5^{Pf - P,)M. 

The delta function contains external momenta only, and thus re-scales under 
Pi ^— s> tpi as t~^, so 

We thus find as an intermediate result 

oo 

D = 4 + 2Ar, + ^iV2„(2n-4), (4.54) 

n=l 

where Nj denotes the number of internal lines. The number of independent 
loops, total number of vertices, and number of internal lines are related by0 

Nl = Nj- {Nv - 1), 

because each of the Ny vertices generates a delta function. After extract- 
ing one overall delta function this yields Ny — 1 conditions for the internal 
momenta. Using Ny = Yin "we finally obtain from Eq. ( [4.54|) 

oo oo 

D = 4 + 2{Nl + Ny-1) + Y^ N2n{2n -4) = 2 + 2Nl + J2 ^2n(2n - 2). 

n=l n=l 

By means of a simple example we will illustrate how the mechanism of 
rescaling actually works. To that end we consider as a toy model of an 
effective field theory the self interaction of a scalar field, 

£2 = g^^df.^d''^, (4.55) 

where the coupling constant g has the dimension of energy~^.[^ The Feynman 

"'^^Note that the number of independent momenta is not the number of faces or closed 
circuits that may be drawn on the internal lines of a diagram. This may, for example, 
be seen using a diagram with the topology of a tetrahedron which has four faces but 
TVl = 6 - (4 - 1) = 3 (see, e.g., Chap. 6-2 of Ref. |IZ 80| ). 

"'^^ Recall that the dimensions of a Lagrangian density and a field <i> are energy"* and 
energy, respectively. 
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Pi P3 

Figure 4.1: Tree-level diagram corresponding to Eq. ( [4.56| ). 



P2 k P4 




Pi Pl+P2-k P3 

Figure 4.2: Typical one-loop diagram contributing to the scattering of two 
particles. 



rules give the amplitude corresponding to the simple tree diagram of Fig. 
for the scattering of two particles, 



Mipi,P2,;P3,P4) = ^ig [{Pi + P2) ■ (Ps + Pa) - Pi ■ P2 - P3 ■ P^] 

t'^M{pi,P2;P3,Pi)- (4.56) 



Pi tpi 2 



As expected, the behavior under rescaling is in agreement with Eq. ( [4. 521 ) 



for Nl = 0, N2 = 1, and = for all remaining n. Now let us consider a 



typical loop diagram of Fig. contributing to the same process, where the 
2 in the interaction blob indicates the C2 term in the Lagrangian containing 
two derivatives. Applying the usual Feynman rules, with the vertex of Eq. 
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( |4.5(j| ), we obtain 
1 



M 



tl = k 



x4ig [{pi +P2-k + k) ■ {p3+ p^) - (pi + p2 
i 



k) -k-ps- P4] 



X 



A;2 



M2 + ie 
i 



{Pi +P2- ky - M"^ + ie 
xAig [{pi + P2) ■ {pz+Pi-k + k) -pi-p2- {pi + P2 ~ k) ■ k] 
d^k 

[{Pi + P2) ■ {ps + Pi) - {pi + P2 - k) ■ k - p3 ■ P4] 
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(27r)4 
1 



X 



A;2 - M2 + ie (pi + P2 - kf - IVP + ie 
X [{Pi + P2) ■ {P3 + Pa) -Pi-P2- {Pi +P2- k) ■ k] 



d^k 

(2^ 
1 



k k 

{Pi + P2) ■ {P3 + Pi) - {JP1+P2- -) ■ --P^-Pi 
1 



X 



X 



{Pl + P2) 
t^dH 



It 



It ip,+p2-l)^-AP 

■ {P3 + Pi) -Pl-P2- {Pl + P2 



k. 
t' 



(27r)4 
1 



[(Pl + P2) ■ {P3 + Pi) - {P1+P2-I) - l ~P3- Pi] 
1 



X 



/2 - M2 + ie {pi +P2- /)2 -M^ + ie 

X [(Pl + P2) ■ {P3 + Pi) -Pl-P2- {Pl +P2-I) -l] 



(4.57) 



This agrees with the value D = A given by Eq. ([4.52|) for A'^^: = 1 and N2 = 2. 

For the sake of completeness, let us comment on the symmetry factor 
1/2 in Eq. ( 4.57 ). When deriving the Feynman rule of Eq. ( 4.56 ), we took 
account of 4! = 24 distinct combinations of contracting four field operators 
with four external lines. The "product" of two such vertices thus contains 
24 X 24 combinations. However, from each vertex two lines have to be selected 
as internal lines and there exist 6 possibilities to choose one pair out of 4 field 
operators to form internal lines. For the two remaining operators one has two 
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possibilities of contracting them with external lines. Finally, the respective 
pairs of internal lines of the first and second vertices may be contracted in two 
ways with each other, leaving us with 12 x 12 x 2 = (24 x 24) /2 combinations. 

In the discussion of the loop integral we did not address the question of 
convergence. This needs to be addressed since applying the substitution tl = 
k in Eq. ( f4.57 ) is well-defined only for convergent integrals. Later on we will 
regularize the integrals by use of the method of dimensional regularization, 
introducing a renormalization scale /i which also has to be rescaled linearly. 
However, at a given chiral order, the sum of all diagrams will, by construction, 
not depend on the renormalization scale. 

Finally, the proof of Weinberg's theorem ||Leu 94| , [HW 94|| for chiral per- 
turbation theory is rather technical and lengthy and beyond the scope of this 
review. In Ref. | [Leu 94|| it was shown that global symmetry constraints alone 
do not suffice to fully determine the low-energy structure of the effective La- 
grangian. In fact, a determination of the (low-energy) Green functions of 
QCD off the mass shell, i.e., for momenta which do not correspond to the 
mass-shell conditions for Goldstone bosons, one needs to study the Ward 
identities, and therefore the symmetries have to be extended to the local 
level. One thus considers a locally invariant, effective Lagrangian although 
the symmetries of the underlying theory originate in a global symmetry. If 
the Ward identities contain anomalies, they show up as a modification of 
the generating functional, which can explicitly be incorporated through the 
Wess-Zumino-Witten construction ||WZ 71|, |Wit 83 . 



4.5 Construction of the Effective Lagrangian 



In Sec. ^]3| we have derived the lowest-order effective Lagrangian for a global 
SU(3)^ X SU(3)^ symmetry. On the other hand, the Ward identities origi- 
nating in the global SU(3)^ x SU(3)^ symmetry of QCD are obtained from a 
locally invariant generating functional involving a coupling to external fields 
(see Sec. ^.4.4| and App. Our goal is to approximate the "true" gener- 



ating functional ZqcbIv, a, s,p] of Eq. ( |2.97| ) by a sequence Z^^[v,a, s,p] + 
Z^^[v,a,s,p] + ■ ■ ■, where the effective generating functionals are obtained 
using the effective field theory. Therefore, we need to promote the global 
symmetry of the effective Lagrangian to a local one and introduce a coupling 
to the same external fields v, a, s, and p as in QCD. 

In the following we will outline the principles entering the construction of 
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the effective Lagrangian for a local G = SU(3)^ x SU(3)^ symmetry (see Refs. 
\ WWi , |Bii+ 99| , |Ebe+ 02|| for details) .Q The matrix U transforms as ?7 ^^ 



U' = VrUVJ, where Vl{x) and Vr( x) are independent space-time-dependent 
SU(3) matrices. As in the case of gauge theories, we need external fields l^^^x) 



and rl{x) [see Eqs. (|]9|), (|2l06|) , and (|2l09|) and Table corresponding 
to the parameters Oa(a;) and 6f^(x) of Vl{x) and Vr(x), respectively. For 
any object A transforming as VrAVI such as, e.g., U we define the covariant 
derivative D^A as 

D^A = d^A - ir^A + lAl^ 

^ d^iVnAVl) - tiVnr^Vl + tVRd^Vl)VRAVl 
+iVRAVl{yLl^Vl + iVLd.Vl) 

= o^VrAvI + VrO^avI + VrAO.vI - iVrt^avI - o.VrAvI 
+iVrAi^vI - VrAO^vI 

= VR{d^A - ir,A + iAl^)Vl = Vr{D^A)vI (4.58) 

where we made use of VrC?^V^ = —O^VrVI^. Again, the defining property 
for the covariant derivative is that it should transform in the same way as 
the object it acts on.[^ Since the effective Lagrangian will ultimately contain 
arbitrarily high powers of derivatives we also need the field strength tensors 
/^f^ and corresponding to the gauge fields, 

f^u = d^r^ - duTf, - i[r^, r^], (4.59) 
= d^l,-dj^-i[l^,l,]. (4.60) 

The field strength tensors are traceless, 

Tr(/^^J = Trifp = 0, (4.61) 



"'^^In principle, we could also "gauge" the U(l)y symmetry. However, this is primarily 
of relevance to the SU(2) sector in order to fully incorporate the coupling to the elec- 



tromagnetic field [see Eq. ( 2.111 )]. Since in SU(3), the quark-charge matrix is traceless, 



this impo rtant case is included in our considerations. For further discussions, see Ref. 



[lEbe+ 02 1 



^^Under certain circumstances it is advantageous to introduce for each object with a 
well-defined transformation behavior a separate covariant derivative. One may then use a 
product rule similar to the one of ordinary differentiation [see Eqs. (18) and (19) of Ref. 



[FS 96 
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Table 4.2: Transformation properties under the group (G), charge conjuga- 
tion (C), and parity (P). The expressions for adjoint matrices are trivially 
obtained by taking the Hermitian conjugate of each entry. In the parity 
transformed expression it is understood that the argument is {—x,t) and 
that partial derivatives 9^ act with respect to x and not with respect to the 
argument of the corresponding function. 



element 


G 


G 


p 


U 


VrUvI 




f/t 




VnD,,---D,^UVl 




(D^i . . . D^^^uy 


X 


VrxVI 


T 

X 


x' 




VnD,,...D,^xVl 














I. 


VlI.VI + iVlO^VI 


T 




rR 

J fJ,U 


VrI^Xr 




JL 






( fflU ) 


JR 



because Tr(/^) = Tr(r^j) = and the trace of any commutator vanishes. 
Finally, following the convention of Gasser and Leutwyler we introduce the 
linear combination x = 2BQ{s + ip) with the scalar and pseudoscalar external 
fields of Eq. (|2.96|) , where Bq is defined in Eq. ( [4.43|) . Table ^]2| contains the 



transformation properties of all building blocks under the group (G), charge 
conjugation (C), and parity (P). 

In the chiral counting scheme of chiral perturbation theory the elements 
are counted as: 

U = 0{p'), D,U = 0{p), r,, I, = 0{p), /^^/^ = 0{p'), X = 0{p'). (4.62) 

The external fields and count as 0{p) to match 9^ A, and x is of C(p^) 
because of Eqs. ( ^.45| ) - ( |4.47| ). Any additional covariant derivative counts 



as 0{p). 

The construction of the effective Lagrangian in terms of the building 
blocks of Eq. ( ^4.62|) proceeds as follows.^ Given objects A,B,..., all of 



^^There is a certain freedom in the choice of the elementary building blocks. For example, 
by a suitable multiplication with U or any building block can be made to transform as 
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which transform as A' = VrAVI, B' = VrBVI, . . . , one can form invariants 
by taking the trace of products of the type AB^: 

Tt{AB^) ^ TT[VRAVl{VRBVly] = Ti {VrAVIVlB^V},) = Tt{AB^V},Vr) 
= Tt{AB^). 

The generahzation to more terms is obvious and, of course, the product of 
invariant traces is invariant: 



Tt{AB^CD^), Tt{AB^)Tt{CD 



(4.63) 



The complete hst of elements up to and including order 0{p'^) transforming 
as Vr ■ ■ ■ reads 

f/, D,U, D,DM, X, Ufi,, CU. (4.64) 
For the invariants up to O(p^) we then obtain 



0{p) 



Tt{UU^) = 3, 

TiiD.UU^) = -Ti[UiD,Uy] = 0, 

Tt{D,DMU^) = -TT[DM{D^Uy] = Tr[f/(D,D^f/)t] 

Tr(^/i,f/t) = Tr(/i,) = 0, 
Tr(/ 



(4.65) 



In * we made use of two important properties of the covariant derivative 



Tt{D^UU^) = 0. 



(4.66) 
(4.67) 



The first relation results from the unitarity of U in combination with the 
definition of the covariant derivative, Eq. ( [4.58|) . Equation (|4.67| ) is shown 
using Tr(r^) = Tr(/^) = together with Eq. ( ^1301) , TT{d^UW) = 0: 

Tt{D^UU^) = Tiid^UU^ - ir^UU^ + lUl^U^) = 0. 



Vb-'' without changing its chiral order FS 96 1. The present approach most naturally 



leads to the Lagrangian of Gasser and Leutwyler |GL 85a 
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The relations ** can either be verified by exphcit calculation or, more ele- 
gantly, using the product rule of Ref. |[FS 96|| for the covariant derivatives. 

Finally, we impose Lorentz invariance, i.e., Lorentz indices have to be 
contracted, resulting in three candidate terms: 



Tr[D^f/(D^f/)^ 



(4.68) 
(4.69) 



The term in Eq. ( |4.69| ) with the minus sign is excluded because it has the 



wrong sign under parity (see Table , and we end up with the most general, 
locally invariant, effective Lagrangian at lowest chiral order 



A = ^TT[D^U{D^Uy] + ^Tr(xt/t + Ux^). 



(4.70) 



Note that £2 contains two free parameters: the pion-decay constant Fq and 
Bq of Eq. (|4.43| ) (hidden in the definition of x) ■ 

Let us finally derive the equations of motion associated with the lowest- 
order Lagrangian. These are important because they can be used to eliminate 
so-called equation-of-motion terms in the construction of the higher-order La- 
grangians ||Geo 91| , |Leu 92| , pro 94| , |Arz 95| , 95|| by applying field transfor- 
mations I Chi 61| , [Kam-|- 6"T[] . To that end we need to consider an infinitesimal 
change of the SU(3) matrix U{x). Since the set of SU(3) matrices forms a 
group, to each pair of elements U and U' corresponds a unique element U, 
connecting the two via U' = UU. Let us parameterize U by means of the 
Gell-Mann matrices, 



U = exp(iA), A = ^ A„A„ A, G R, 



a=l 



and consider small variations of the SU(3) matrix as 



(4.71) 



U'{X) = U{X) + 5U{X) = + ^a{x)\a ] U{x), 



a=l 



(4.72) 



where the Aa{x) are now real functions. With such an ansatz, the matrix U' 
satisfies both conditions 



det{U') 



(4.73) 



18 



At 0{p'^) invariance under C does not provide any additional constraints. 
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up to and including the terms linear in Aa(x).0 Given the fields at ti and t2, 
the dynamics is determined by the principle of stationary action. We obtain 
for the variation of the action 

SS = ^ dt j d^x Tr [Df.SUiD^'Uy + D^UiD^'dU)^ + x^U^ + ^Ux^] 
= ^ j^' dt j d^xTi [-6U{Df,D^'U)^ - D^D''U6U^ + xSU^ + SUx^] 

= dt d^xJ2^aix) 

"^^i a=l 



X 



Tr {XalD^D^UU^ - U{D^D^Uy - xU^ + Ux^} ■ (4.74) 



In the second equation we made use of the standard boundary conditions 
'^a{ti,x) = Aa{t2,x) = 0, the divergence theorem, and the definition of 
the covariant derivative of Eq. ( 4.58 ). The third equality results from 6W = 



—W6UW and the invariance of the trace with respect to cyclic permutations. 
The functions Aa{x) may be chosen arbitrarily, and we obtain eight Euler- 
Lagrange equations 

TT{Xa[D^UU^ -U{D^U)^ -XU^ + Ux^]} =0, a = !,■■■, 8. (4.75) 

Since any 3x3 matrix A can be written as 

8 1 1 

-4 = aolsxs + ^ctiAi, ao = -Tr(A), = -Tr(AiA), (4.76) 

i=l 



the eight equations of motion of Eq. ( [4.75|) may compactly be written in 
matrix form^ 

O^i!,^iU)^D'UU^-UiD'uy-xU^ + Ux^ + ^TT{xU^-Ux^) = 0. (4.77) 

The additional term involving the trace is included to guarantee that the 
component proportional to the identity matrix vanishes identically and thus 
one does not erroneously generate a ninth equation of motion. 



Some derivations in the literature neglect the second condition of Eq. ( 4.73 ) and thus 
obtain the wrong equations of motion. 



Applying Eq. (jlesl ) one finds Ti[D^UW - U{D^Uy] = 0. 
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Figure 4.3: Pion decay 7r+ j^^J^fi- 



4.6 Applications at Lowest Order 

Let us consider two simple examples at lowest order D = 2. According to 
Eq. ( [4.52| ) we only need to consider tree-level diagrams with vertices of £2- 



4.6.1 Pion Decay 7r+ fJ-^i^fi 

Our first example deals with the weak decay 7r+ A^^^'/x which will allow us 
to relate the free parameter Fq of £2 to the pion-decay constant. At the level 
of the degrees of freedom of the Standard Model, pion decay is described by 
the annihilation of a m quark and a d antiquark, forming the vr"*", into a 
boson, propagation of the intermediate W~^, and creation of the leptons /i"*" 
and z/^ in the final state (see Fig. ^I3|) . The coupling of the W bosons to the 
leptons is given by 

^ = [w;z7,,7'^(i - 75)/^ + - , (4.78) 

whereas their interaction with the quarks forming the Goldstone bosons is 
effectively taken into account by inserting Eq. ( |2.112|) into the Lagrangian of 
Eq. ( [4.70|) . Let us consider the first term of Eq. (|4.70| ) and set = with, 
at this point, still arbitrary l^. Using D^U = d^U + iUl^ we find 

^Tr[D^f/(D^f/)t] = 5LTr[(9^f/ + ^[/g(9^[/t-zP[/t)] 

= ■ ■ ■ + i-^TiiUl^d^U^ - P U^d^U ) + ■■■ 



P2 

^Tr(/^9^f/tf/) 
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where only the term linear in is shown. If we parameterize 

a=l 

the interaction term linear in reads 



int 



a=l 



-Tr(A„(9^f/"ff/) 



(4.79) 



a=l 



where we made use of Eq. ( [4.35|) defining J'^'"'. Again, we expand J'^'"' by 
using Eq. ( |4.28| ) to first order in 0, 



+ 0(0'), 



(4.80) 



from which we obtain the matrix element 

(o|jr(o)i0^(p)) = ^{o\d'^rm<p\p)) = -^v'^5'^'. (4.81) 

Inserting of Eq. ( p.ll2| ), we find for the interaction term of a single Gold- 
stone boson with a W 

Cw^ = ^Trii.dy) = --|:|Tr[(w;r+ + w^T.)dy]. 

Thus, we need to calculat^ 
Tr(T+a^0) 







Vud 


Vus \ 




Tr 










d" 









} 





TC 



V2K+ \ 



V2K- 



= VudV2d^'n~ + VusV2d^K- 
Tr(T_a''0) 










^ 




Tr 


Vud 












V Vus 





0/ 





V^TT 



73^ 



-TX 



_V3 



VudV2d^n+ + Vus^^df^K^. 



Recall that the entries Vud and V^s of the Cabibbo-Kobayashi-Maskawa matrix are 

real. 
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We then obtain for the interaction term 



Cw4> = -^7y [>V;(Kd5^7r- + Ks-9'^i^")+W;(Kd5'^7r+ + Ks5^^+)]. (4.82) 
In combination with the Feynman propagator for W bosons, 



(4.83) 



the Feynman rule for the invariant amphtude for the weak pion decay reads 



M = i -^M^^7'^(l - 75)^;^+ 



(4.84) 



where p denotes the four-momentum of the pion and 

1.16639(1) X 10"^GeV"2 



G, 



4v/2M2 



w 



is the Fermi constant. The evaluation of the decay rate is a standard textbook 
exercise and we only quote the final result^ 



Air 



1 - 



M2 



(4.85) 



The constant Fq is referred to as the pion-decay constant in the chiral limit.0 
It measures the strength of the matrix element of the axial-vector current 
operator between a one-Goldstone-boson state and the vacuum [see Eq. 
(|4.19|) ]. Since the interaction of the W boson with the quarks is of the type 
^a^/i,a ^ /«(\/M." — A'^'^)/2 [see Eq. ( p.ll2| )] and the vector current operator 
does not contribute to the matrix element between a single pion and the vac- 
uum, pion decay is completely determined by the axial- vector current. The 
degeneracy of a single constant Fq in Eq. (|4.19| ) is lifted at 0{p^) ||GL 85a | 
once SU(3) symmetry breaking is taken into account. The empirical numbers 
for and Fk are 92.4 MeV and 113 MeV, respectively.^ 



22See Chap. 10.14 of Ref. | |BD 64a| ] with the substitution a/V2 VudFo in Eq. (10.140). 
^^Of course, in the chiral hmit, the pion is massless and, in such a world, the massive 

2\ 



leptons would decay into Goldstone bosons, e.g., e~ T^~Ve- However, at 0{p ), the 
symmetry breaking term of Eq. (4.41) gives rise to Goldstone-boson masses, whereas the 
decay constant is not modified at 0{p^). 

^^In the analysis of Ref. |Gro+ 00 = V2i^^ is used. 
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4.6.2 Pion-Pion Scattering 



Our second example deals with the prototype of a Goldstone boson reaction: 
TTTT scattering. For the sake of simplicity we will restrict ourselves to the 
SU(2) xSU(2) version of Eq. ( [4.70| ). We will contrast two different methods 
of calculating the scattering amplitude: the "direct" calculation in terms of 
the Goldstone boson fields of the effective Lagrangian versus the calculation 
of the QCD Green function in combination with the LSZ reduction formal- 
ism. Loosely speaking, the "direct" calculation is somewhat more along the 
spirit of Weinberg's original paper fWei 79| ]: one considers the most general 
Lagrangian satisfying the general symmetry constraints and calculates S- 
matrix elements with that Lagrangian. The second method will allow one 
to also consider QCD Green functions "off shell," i.e., for arbitrary squared 
invariant momenta. We will discuss under which circumstances the two meth- 
ods are equivalent and also work out the more general scope of the Green 
function approach. 

For the "direct" calculation we set to zero all external fields except for 



the quark mass term, x = 2-Bodiag(mg, niq) = M^l2x2 [see Eq. ( [4. 451) ], 



P2 p2 f^2 

-^Tr{d^Ud^U^) + 10pLTr(f/t + U). 



(4.86) 



In our general discussion of the transformation behavior of Goldstone bosons 
at the end of Sec. |4.2.1| we argued that we still have a choice how to represent 
the variables parameterizing the elements of the set of cosets G/H. In the 
present case these are elements of SU(2) and we will illustrate this freedom 
by making use of two different parameterizations of the matrix U ||FS 00|| ,n 



U{x) = —[a{x)+iT-7r{x)], (t(x) = -^^j^^^T^^^ 
U{x) 



exp 



.T ■ 0[X) 



(4.87) 
(4.88) 



where in both cases the three Hermitian fields tTj and (pi describe pion fields 



^^The first parameterization is popular, because the pion field appears only linearly in 
the term proportional to the Pauli matrices, leading to a substantial simplification when 
deriving Fcynman rules. It is specific to SU(2) because, in contrast to th e general case of 
SU(A^), in SU(2) the totally symmetric d symbols vanish [see Eq. ( ^.12|) ]. On the other 
hand, the exponential parameterization can be used for any N. 
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transforming as isovectors under SU(2)v'. 
zations are non-linearly related, 



TT 



ism 




The fields in the two parameteri- 



(4.89) 




This can be interpreted in terms of a change of variables which leaves the free- 
field part of the Lagrangian unchanged fChi 61|, |Kam+ 6"T| . As a consequence 



of the equivalence theorem of field theory fChi 61| , [Kam+ GUI the result for 



a physical observable should not depend on the choice of variables. 

The substitution U ^ W corresponding, respectively, to vf i— > —jf and 
—0 tells us that £2 generates only interaction terms containing an even 
number of pion fields. Since there exists no vertex involving 3 Goldstone 
bosons, irn scattering must be described by a contact interaction at 

By inserting the expressions for U of Eqs. ([4.87|) and (|4.88| ) into Eq. 
(|4.86|) and collecting those terms containing four pion fields we obtain the 
interaction Lagrangians 



'-2 



Li 



Ml 



TT 



2\2 



O-Tn 



.2\2 



(4.90) 
(4.91) 



Observe that the two interaction Lagrangians depend differently on the re- 
spective pion fields. The corresponding Feynman rules are obtained in the 
usual fashion by considering all possible ways of contracting pion fields of 
iCint with initial and final pion lines, with the derivatives generating —ip/^ 
{ip/x) for an initial (final) line. For Cartesian isospin indices a, b, c, d the 
Feynman rules for the scattering process 7!'°'{pa) + '^'^{Ph) — ^ T^^iPc) + T^'^ipd) 



as obtained from Eqs. (|4.90| ) and ( [4.91|) read, respectively, 



P2 
-^0 



P2 
-^0 



P2 
-^0 



(4.92) 



ab jrcd 



F2 
-^0 



IL _|_ 



F2 
-^0 



T?2 
^0 



3F2 



where we introduced 



l^^ab^cd ^ ^ac^bd ^ ^ad^bc^^ + Afo + A, + Arf) , (4.93) 

p1 — Ml and the usual Mandelstam variables 

= {Pa+Pbf = {Pc+Pdf, 
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U = {Pa-Pdf = (Pc-Pbf, 

which are related hj s + t + u = pl + pl+pl+p'^. If the initial and final pions 
are all on the mass shell, i.e., = 0, the scattering amplitudes are the same, 
in agreement with the equivalence theorem [phi 61| , |Kam+ 6"l| .p^ The on- 
shell result also agrees with the current- algebra prediction for low-energy vrvr 



scattering |[Wei 66|| . We will come back to tttt scattering in Sec. [4.10.2| when 



we also discuss corrections of higher order [[Bij+ 96|| . On the other hand, if 



one of the momenta of the external lines is off mass shell, the amplitudes of 
Eqs. ( [4. 921 ) and ( |4.93| ) differ. In other words, a "direct" calculation gives a 
unique result independent of the parameterization of U only for the on-shell 
matrix element. 

The second method, developed by Gasser and Leutwyler [|GL 84|| , deals 
with the Green functions of QCD and their interrelations as expressed in the 
Ward identities. In particular, these Green functions can, in principle, be 
calculated for any value of squared momenta even though ChPT is set up 
only for a low-energy description. For the discussion of tttt scattering one 
considers the four-point function ||GL h 



/~iabcd I 
^PPPP^ 



Xa,Xt,Xc,Xd) = {0\T[PaiXa)PbiXb)PciXc)PdiXd)]\0) 



(4.94) 



with the pseudoscalar quark densities of Eq. ([4.9|). 

In order so see that Eq. ( |4.94] ) can indeed be related to tttt scattering, let 
us first investigate the matrix element of the pseudoscalar density evaluated 
between a single-pion state and the vacuum, which is defined in terms of the 
coupling constant ||GL 84]|: 



(0|P.(0)|7r,(g)) = 5,,G.. 



(4.95) 



At C(p^) we determine the coupling of an external pseudoscalar source p 
to the Goldstone bosons by inserting x = 25o^P into the Lagrangian of Eq. 
(CT) (see Fig.il), 



i^l^TiipU^ - Up) 



2BQFoPini, 

25oFop,04l-0V(6i^o) + - 



(4.96) 



^^For a general proof of the equivalence of g'-matr ix elemen ts evaluated at tree level 
(phenomenological approximation), see Sec. 2 of Ref. |Col+ 69 1. 
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Figure 4.4: Coupling of an external pseudoscalar field Pi (denoted by "• i") 
to a pion iij at O^p^). 

where the first and second lines refer to the parameterizations of Eqs. ( [4. 87] ) 
and ( [4.88| ), respectively. From Eq. ( |4.96| ) we obtain = 2BqFq indepen- 



dent of the parameterization used which, since the pion is on-shell, is a con- 
sequence of the equivalence theorem | Chi 61 , Kam+ 6T| . As a consistency 



check, let us verify the PCAC relation of Eq. (|2.117|) (without an external 
electromagnetic field) evaluated between a single-pion state and the vacuum. 
For the axial- vector current matrix element, we found at 0{p^) 

(0|Af(x)|vr,(g))=<Foe-^-%-. (4.97) 

Taking the divergence we obtain 

iS)\d,At{x)\'K,{q)) = tq^Fod,e-''^-^6,j = M^Foe'^'^-^^,, = 2m,5oFoe-^''-^5,,-, 

where we made use of Eq. ( [4.45| ) for the pion mass. Multiplying Eq. ( [4.95| ) 
by nig and using = 2BqFq we explicitly verify the PCAC relation. 
Every field $i(x), which satisfies the relation 

(0|<l>,(x)|7r,(g)) = 5,,e-^^-^ (4.98) 

can serve as a so-called interpolating pion field [ Por 6CI|| in the LSZ reduction 
formulas ||Leh+ 55| , p.Z 80|| . For the case of vr"(pa) + T^^iPh) '^'^{Pc) + '^'^{Pd) 



the reduction formula relates the .S-matrix element to the Green function of 
the interpolating field as 

Sfi = J d^^a ■ ■ ■ d^Xd e-^f-^" ■ ■ ■ e^^^'^'* 

X (a + Ml) ■••(□, + MlmT[^a{xa)^i,{x^)^c{x,)^d{xd)m. 

After partial integrations, the Klein-Gordon operators convert into inverse 
free propagators 

Sf^ = {-^)\pi-Ml)...{pl-Ml) 

d'xa ■ --d^Xde-'P^-^^ ■ ■ ■ e'P'^-^'^{0\T[<l>a{xa)Mxb)'^c{xc)Mxdm). 
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In the present context, we will use 

Pi(x) 



nigPiix) 



(4.99) 



which then relates the S'-matrix element of vrvr scattering to the QCD Green 
function involving four pseudoscalar densities 

4 



Sfi 



- Ml) 



Using translational invariance, let us define the momentum space Green func- 
tion as 

{2ny6\pa + Pb + Pc + Pd)Fppip{Pa,Pb,Pc,Pd) = 

Uj JudUj JuI)Uj JuqUj Jud o o o o \jf ppppyJud^ '^b^ "^ct '*^d)^ 

(4.100) 

where we define all momenta as incoming. The usual relation between the 
S matrix and the T matrix, 5* = I + iT, implies for the T-matrix element 
{f\T\i) = {27r)^S\Pf - Pi)rfi and, finally, for M = iT^i. 



M 



Gi 



nlim (p, 



Mi 



.k=a,b,c,d 



F^Tpp{Pa,Pb,-Pc,-Pd). (4.101) 



We will now determine the Green function Fp^ppp{pa,Pb, —Pc, —Pd) using 
the parameterizations of Eqs. ( [4.87] ) and ( [4. 88] ) for U . In the first parameter- 
ization we only obtain a linear coupling between the external pseudoscalar 
field and the pion field [see Eq. (^4.96|) ] so that only the Feynman diagram of 
Fig. 0| contributes 



-labcd 
PPPP 



{Pa, Pb, -Pc, -Pd) 



i^BoFo) 



Pl-Ml pI-M^ 



2 1 



(4.102) 

where hA"^ is given in Eq. ( |4.92| ). The Green function depends on six inde- 
pendent Lorentz scalars which can be chosen as the squared invariant mo- 
menta p\ and the three Mandelstam variables s, t, and u satisfying the 
constraint s + t + u = j9^. 
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" -Q 



Figure 4.5: Four-point Green function Fp^ppp{pa,Pb, —Pc, —Pd) at C^(p^) in 
the parameterization of Eq. (|4.87|) . The • denote the pseudoscalar sources 



which are "removed" from the diagram. 

b a 

0, 

""0"" 

a 

p '^ 

c \ 

■0 



Figure 4.6: Additional contribution to the four-point Green function 
F^P%p{pa,Pbi —Pc, —Pd) at Oij)^) in the parameterization of Eq. (|4.88|) . The 
remaining three permutations are not shown. The • denote the pseudoscalar 
sources which are "removed" from the diagram. 
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Using the second parameterization we will obtain a contribution which is 
of the same form as Fig. but with A4p replaced by ^2'^ of Eq. ( [4.93|) . 
Clearly, this is not yet the same result as Eq. ( [4.102| ) because of the terms 
proportional to in Eq. ( |4.93| ). However, in this parameterization the 
external pseudoscalar field also couples to three pion fields [see Eq. ( [4. 961) ], 
resulting in four additional diagrams of the type shown in Fig. [4.6| . For 
example, the contribution shown in Fig. WM reads 



^aFppppipa.Pb, -pc, -Vd) 

Pb -M^Pc- Ml Pi- Ml \ 3Fo J 
pI -Ml pj- Ml 3F^ 



where = (p'^—Ml). In combination with the contribution of the remaining 
three diagrams, we find a complete cancelation with those terms proportional 
to Afc of Fig. [4.5| (in the second parameterization) and the end result is 
identical with Eq. (|4.102| ). Finally, using = 2B()Fq and inserting the result 
of Eq. ( |4.102| ) into Eq. ( [4.101| ) we obtain the same scattering amplitude as 
in the "direct" calculation of Eqs. ( 4.92 ) and ( [4.93 ) evaluated for on-shell 



pions. 

This example serves as an illustration that the method of Gasser and 
Leutwyler generates unique results for the Green functions of QCD for arbi- 
trary four-momenta. There is no ambiguity resulting from the choice of vari- 
ables used to parameterize the matrix U in the effective Lagrangian. These 
Green functions can be evaluated for arbitrary (but small) four-momenta. 
Using the reduction formalism, on-shell matrix elements such as the vrvr scat- 
tering amplitude can be calculated from the QCD Green functions. The 
result for the tttt scattering amplitude as derived from Eq. ( [4.101| ) agrees 
with the "direct" calculation of the on-shell matrix elements of Eqs. ( |4.92|) 
and ([4.93|) . On the other hand, the Feynman rules of Eqs. ( [4.92|) and ( [4.93|) , 



when taken ojf shell, have to be considered as intermediate building blocks 
only and thus need not be unique. 
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4.7 The Chiral Lagrangian at Order 0{p'^) 



Applying the ideas outlined in Sec. |4.5| it is possible to construct the most 
general Lagrangian at 0{p'^). Here we only quote the result of Ref. [pL 85a |: 

£4 = Li {TT[D^UiD^Uy]Y + L^Tt [D^UiDMY] Tr [D'^UiD'^Uy] 

+L3TT [D^U{D''UyDM{D''Uy] + L^Ti [D^UiD^^UY] Tr {xU^ + Ux^) 
+L,Ti [D,U{D^U)\xU^ + Ux^)] + L, [Tr [xU^ + f/x^]' 
+Lr [Tr [xU^ - Ux^)f + ^sTr [Ux^Ux^ + xU^xU^) 

+HiTt iCr/ + fijn + ^2Tr ixx^) . (4.104) 

The numerical values of the low-energy coupling constants Lj are not de- 
termined by chiral symmetry. In analogy to Fq and Bq of £2 they are pa- 
rameters containing information on the underlying dynamics and should, 
in principle, be calculable in terms of the (remaining) parameters of QCD, 
namely, the heavy-quark masses and the QCD scale Aqcd- In practice, 
they parameterize our inability to solve the dynamics of QCD in the non- 
perturbative regime. So far they have either been fixed using empirical in- 
put | |GL 84| , |GL 854 |Bij+ 95a[ ] or theoretically using QCD-inspired models 
IPR 86| , [Esp+ 90| , Pi)be+ 93] , |Bij+ 93|1 , meson- resonance saturation ||Eck+ 89"a| , 
li;ck+ 89 b| , [Don+ 89| , ]KNin\ , |Leu 01b|| , and lattice QCD ||[V1C 94^ ^Urm\ 



From a practical point of view the coefficients are also required for an- 
other purpose. When calculating one-loop graphs, using vertices from C2 
of Eq. ( |4.70| ), one generates infinities which, according to Weinberg's power 
counting of Eq. ([4.52|) , are of 0{p^), i.e., which cannot be absorbed by a renor- 
malization of the coefficients Fq and Bq. In the framework of dimensional 
regularization (see App. P) these divergences appear as poles at space-time 
dimension n = 4. In Refs. [pL 84| , |GL 85a|| the poles, together with the 
relevant counter terms, were given in closed form. To that end, Gasser and 
Leutwyler made use of the so-called saddle-point method which, in the path- 
integral approach, allows one to identify the one-loop contribution to the 
generating functional. The action is expanded around the classical solution 
and the path integral is performed with respect to the terms quadratic in 
the fluctuations about the classical solution. The resulting one-loop piece 
of the generating functional is treated within the dimensional-regularization 
procedure and the poles are isolated by applying the so-called heat-kernel 
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technique.^ Except for L3 and Lj the low-energy coupling constants Lj and 
the "contact terms" — i.e., pure external field terms — Hi and H2 are required 
in the renormalization of the one-loop graphs [ |GL 85a]| . Since Hi and H2 
contain only external fields, they are of no physical relevance ||GL 85a|| . 

By construction Eq. ( [4.104| ) represents the most general Lagrangian at 
O(p^), and it is thus possible to absorb the one-loop divergences by an ap- 
propriate renormalization of the coefficients Lj and H^ [|GL 85a|| : 



Li 
H 



l: + 



Ti p . 



327r 



where R is defined as (see App. 



1,---,10, 



2^., ^ = 1,2, 



(4.105) 
(4.106) 



R 



n - 4 



[ln(47r) -7£; + l], 



(4.107) 



with n denoting the number of space-time dimensions and 7^; = — r'(l) 
being Euler's constant. The constants Fj and Aj are given in Table |4.3|. The 



renormalized coefficients L[ depend on the scale introduced by dimensional 
regularization [see Eq. ( |B.12| )] and their values at two different scales ^i and 
II2 are related by 



L[(/i2) = L[(/ii) + 



167r2 



ln(/^ 

1^2 



(4.108) 



We will see that the scale dependence of the coefficients and the finite part 
of the loop-diagrams compensate each other in such a way that physical 
observables are scale independent. 

We finally discuss the method of using field transformations to eliminate 
redundant terms in the most general effective Lagrangian ||Geo 91| , [Leu 92| , 
Gro 94| , |Arz 95| , 95|| . From a "naive" point of view the two structures 



(4.109) 



would qualify as independent terms of order 0{p'^). Loosely speaking, by 
using the classical equation of motion of Eq. ( [4.77| ) these terms can be shown 

^''Since the whole procedure is rathe r technical, we will restrict ourselves, by means of the 
example to be discussed in Sec. 4.9.1, to an explicit verification that the renormalization 



procedure indeed leads to finite predictions for physical observables. 
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Table 4.3: Renormalized low-energy coupling constants in units of 10 
at the scale ^ = Mp ||Bij+ 95a|| . Ai = -1/8, Aa = 5/24. 



Coefficient 


Empirical Value 


r. 


L[ 


0.4 ±0.3 


3 

32 


LI 


1.35 ±0.3 


3 

16 


rr 
^3 


-3.5 ± 1.1 





rr 

^4, 


-0.3 ±0.5 


1 


rr 
-^5 


1.4 ±0.5 




LI 


-0.2 ±0.3 


11^ 

144 


U, 


-0.4 ±0.2 





rr 
^8 


0.9 ±0.3 


5 


rr 
^9 


6.9 ±0.7 


4 


rr 
^10 


-5.5 ±0.7 


1 
4 



to be redundant. We will justify this statement in terms of field transfor- 
mations. To that end let us consider another SU(3) matrix U'{x) which is 
related to U{x) by a field transformation of the form 

U{x) =exp[iS{x)]U'{x). (4.110) 

Since both U and U' are SU(3) matrices, S{x) must be a Hermitian traceless 
3x3 matrix. We demand that U'{x) satisfies the same symmetry properties 



as U{x) (see Table ^2 



U'^VrU'VI U'{x,t)^U'^{-x,t), U'^U'^, (4.111) 
from which we obtain the following conditions for S: 

S ^ VrSVI, S{x,t) ^ -U'\-x,t)S{-x,t)U'{-x,t), S ^ {U'^SU'f- 

(4.112) 

The most general transformation is constructed iteratively in the momentum 
and quark-mass expansion, 

U = exp[iS2{x)]U^^\x), U^^\x) =exp[iS^{x)]U^^\x), (4.113) 

where the matrices S2n are of 0{p'^"'), satisfy the properties of Eq. ( [4.112|) , 
and have to be constructed from the same building blocks as the effective 
Lagrangian. 
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To be explicit, let us derive the most general matrix 5*2 (x). At 0{p^), 
the field strength tensors cannot contribute as building blocks because of 
their antisymmetry under interchange of the Lorentz indices. Imposing the 
transformation behavior under the group G = SU(3)^ x SU(3)j:j, we obtain 
a list of five terms 

D^U'U'\ U\D^U')\ D^U'{D^U')\ xU'\ U'x^. (4.114) 

Parity eliminates three combinations and we are left with 

D^U'U'^ - U'{D^U')\ xU'^ - U'x^ (4.115) 

Demanding Hermiticity and a vanishing trace, we end up with two terms at 

S2 = ia^[D''U'U'^ - U'{D''uy] + la^W^ - U'x^ - ^Tr(xf/'^ - U'x% 

(4.116) 

where ai and 0:2 are real numbers. At O(p^), charge conjugation does not 
provide an additional constraint. 

What are the consequences of working with U'{x) instead of U{x)l In 
Sec. [4.6.2| we have already argued, by means of a simple example, that the 
results for the Green functions are independent of the parameterizations of 
U{x) of Eqs. (|487| ) and (|]88]). Expressing U{x) of Eq. (|4.1iq) by using Eq. 
(|4.116| ) and inserting the result into £2 of Eq. (|4.70|) , we obtain 

C2{U)=C2{U') + /\C2{U'), (4.117) 

where A£2, to leading order in 5*2, is given by 

AC,{U') = ^n^S20tlum] + 0(^2^). (4.118) 

The functional form of C^qj^ has been defined in Eq. (|4.77|) . Note, however, 

(2) 

that we do not assume Ceom — 0- have dropped a total derivative, since 
it does not modify the dynamics. Both 5*2 and Ceom order 0{p^) so 

that A£2 is of order 0{p^). Of course, higher powers of S2 in Eq. ( |4.118| ) 
induce additional terms of higher orders in the momentum expansion which 
we will discuss in a moment. 

Through a suitable choice of the parameters ai and ^2 it is possible to 
eliminate two structures at order O(p^), i.e., one generates a new Lagrangian 
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with a different functional form which, however, according to the equivalence 
theorem leads to the same observables [|Chi 61|, |Kam+ Q^ . Such a procedure 



is commonly referred to as using the classical equation of motion to eliminate 
terms. For example, it is straightforward but tedious to re-express the two 
structures of Eq. (|4.109|) through the terms of Gasser and Leutwyler, Eq. 
( 4.104|) , and the following two terms 



ciTr {[D'UU^ - UiD'uyp^^l^) + c,Tt ((^f/^ - Ux^)Oil,^) . (4.119) 

Choosing ai = 4ci/Fq and 0^2 = 4:C2/Fq in Eq. ( [4. 1161 ), the two terms of Eq. 
( |4.119|) and the modification AC2 of Eq. ([4.1 18| ) precisely cancel and one is 



left with the canonical form of Gasser and Leutwyler. 

A field redefinition, of course, also leads to modifications of the functional 
form of the effective Lagrangians of higher orders. However, for 5*2 such terms 
are at least of order 0{p^) the higher-order terms in Eq. ( [4.118| ) . Thus 

one proceeds iteratively |pF 95|| . Using S2 one generates the simplest form 



of £4. Next one constructs 5*4, inserts it again into £2 to simplify Cq, etc. 

From a point of view of constructing the simplest Lagrangian at a given 
order it is sufficient to identify those terms proportional to the classical, i.e. 
lowest-order, equation of motion and drop them right from the beginning 
using the argument that, by choosing appropriate generators, they can be 
transformed away. A completely different situation arises if one tries to 
express the effective Lagrangian obtained within the framework of a specific 
model in the canonical form. In such it is necessary to explicitly 

perform the iteration process consistently to a given order and, in particular, 
take into account the modification of the higher-order coefficients due to 
the transformation. An explicit example is given in Appendix All of Ref. 
Bel+ 95||. 



4.8 The Effective Wess-Zumino-Witten Ac- 
tion 

The Lagrangians C2 and C4 discussed so far exhibit a larger symmetry than 
the "real world." For example, if we consider the case of "pure" QCD, i.e., 
no external fields except for x = 2i?oM with the quark mass matrix M of 
Eq. ( |4.39| ), the two Lagrangians are invariant under the substitution (f){x) 1— > 
—(j){x). As discussed in Sec. [4.3| they contain interaction terms with an 
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even number of Goldstone bosons only, i.e., they are of even intrinsic parity. 



and it would not be possible to describe the reaction K^K 



Analogously, the process 7r° — > 77 cannot be described by C2 and £4 in the 
presence of external electromagnetic fields. 

These observations lead us to a discussion of the effective Wess-Zumino- 
Witten action ||WZ 71| , Wit 83|| . Whereas normal Ward identities are related 
to the invariance of the generating functional under local transformations of 



the external fields, the anomalous Ward identities ||Adl 69| , |AB 69| , Par 69| , 
[BJ 69| , |Adl 70|| , which were first obtained in the framework of renormalized 
perturbation theory, give a particular form to the variation of the gener- 
ating functional |[WZ 71 , GL 84 1. Wess and Zumino derived consistency or 
integrability relations which are satisfied by the anomalous Ward identities 
and then explicitly constructed a functional involving the pseudoscalar octet 
which satisfies the anomalous Ward identities [|WZ 71|| . In particular, Wess 
and Zumino emphasized that their interaction Lagrangians cannot be ob- 
tained as part of a chiral invariant Lagrangian. 

In the construction of Witten |[Wit 83|| the simplest term possible which 
breaks the symmetry of having only an even number of Goldstone bosons at 
the Lagrangian level is added to the equation of motion of Eq. ( [4.771 ) for the 
case of massless Goldstone bosons without any external fields,^ 



-^Ud^'U^j + Xe^'^P'^Ud^U^Ud^U^UdpU^Ud^U^ = 0, (4.120) 



where A is a (purely imaginary) constant. Substituting U ^ W in Eq. 
( |4.120| ) and subsequently multiplying from the left by U and from the right 
by U\ we verify that the two terms transform with opposite relative signs. 
Recall that a term which is even (odd) in the Lagrangian leads to a term 
which, in the equation of motion, is odd (even). 

However, the action functional corresponding to the new term cannot be 
written as the four- dimensional integral of a Lagrangian expressed in terms 
of U and its derivatives. Rather, one has to extend the range of definition of 



^*The meson can decay into both K^K and tt+tt tt". 

In order to conform with our previous convention of Eq. (4.23), we need to substitute 



C/w . Furthermore iv of Ref. |Wit 83 1 corresponds to 2Fo. FinaUy. 



121 



the fields to a hypothetical fifth dimension, 



U{y)=exp(za^], f = {x^,a), ^ = 0, ■ ■ ■ , 4, < « < 1, (4.121) 



where Minkowski space is defined as the surface of the five-dimensional space 
for a = 1. Let us first quote the result of the effective Wess-Zumino-Witten 
action in the absence of external fields (denoted by a superscript 0): 

^ano — ^^WZW^ (4.122) 

^^zw = I d'xe^^'^^-TT {U.^U^U^U^^U^) , (4.123) 

where the indices i, - ■ ■ ,m run from to 4, = = a, eijkim is the com- 
pletely antisymmetric tensor with eoi234 = —e^^"^^^ = 1, and Ul" = U^dU/dy\ 
By calculating the variation of the action functional as in Eq. ( [4.74|) we 
find that the constant A of Eq. ( |4.12CI| ) and n of Eq. ( [4.1 22| ) are related 



by A = m/(487r^). Using topological arguments Witten showed that the 
constant n appearing in Eq. ( |4.122| ) must be an integer. Below, n will be 
identified with the number of colors Nc- Expanding the SU(3) matrix U{y) 
in terms of the Goldstone boson fields, U{y) = 1 + ia(f){x)/FQ + 0(0^), one 
obtains an infinite series of terms, each involving an odd number of Gold- 
stone bosons, i.e., the WZW action S^^^w of odd intrinsic parity. For each 
individual term the a integration can be performed explicitly resulting in an 
ordinary action in terms of a four-dimensional integral of a local Lagrangian. 
For example, the term with the smallest number of Goldstone bosons reads 

^S'zw = ^^^^ da j d'xe'^^'^Ti[d,{a<P)d,{ac^^^^^ 

da j d^xe'^''^"'diTi[a(f)dj{a(f))dkia(j))di{a^)dmia(j))] 

c/^xe'^'^^'Tr (09^09^0(9p09<,0) . (4. 124) 



2407r2Fo5 

In the last step we made use of the fact that exactly one index can take the 
value 4. The term involving i = 4 has been integrated with respect to a 
whereas the other four possibilities cancel each other because the e tensor in 
four dimensions is antisymmetric under a cyclic permutation of the indices 
whereas the trace is symmetric under a cyclic permutation. In particular, the 
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WZW action without external fields involves at least five Goldstone bosons 



WZ 71 



The connection to the number of colors Nc is established by introducing 
a coupling to electromagnetism ||WZ 71| , [Wit 83|| . In the presence of external 
fields there will be an additional term in the anomalous action, 



Sa.no — 5'°no + 'S'ano — '"'('S'wZW 

given by ||Uho+ 84| , |FK 85| , [Man 85| , [Bij 93|| 



I oext \ 



next 

•Jwzw 



with 



487r2 



fiupcr ) 



(4.125) 



(4.126) 



Z 



+Ul^lJpU^r, - U^r^r^TpUl, 
+iUdplylpU^r^ - iU^'dpr^rpUla 
+id^r^UlpU'^r^ - idpl^^rpUl^ 
-tUilU^rpUl^ + iU^r.UlpU^r, 
-iUl;Upl^ + iU^r^TpT^ 

+hAl:u^d,rpUL - hl^UdJpU^r^ 

+ ^U;:U^rMdpL - \u^Ul,U^dpr, 
-Ul:Ul^U^rpUl„ + U^Ul}UlpU^r„ 
+Ul:l,dpl„ - U^r,dpr„ 



where we defined the abbreviations Uj^ 



Wd^U and 



(4.127) 
Ud„W. In the 



commonly used expression [ [Bij 93|| , we performed the replacement 
Ul:U^d,rpUK-U^UdJpU^r, ^ 

]^Ul:U^d,rpUL - ]^U^UdJpU^r, + ]^Ul:U^r,Udpl, - ]^U^Ul,U^ dpV^, 
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in order to generate a manifestly C invariant and Hermitian action. Without 
this replacement charge-conjugation invariance and Hermiticity are satisfied 
up to a total derivative only. As a special case, let us consider a coupling to 
external electromagnetic fields by inserting 



V-1 



where Q is the quark charge matrix [see Eq. ( |2.110|) ]. The terms involving 



three and four electromagnetic four-potentials vanish upon contraction with 
the totally antisymmetric tensor e^^^" , because their contributions to Z^i/po- 
are symmetric in at least two indices, and we obtain 



2 

ne 



-QU^Qd^U + QUQd^U^]. (4.128) 
We note that the current 

= -^TiiQdMU^dpUU^dMU^ + QU^dMU^dpUU^d^U), eom = 1, 

^ (4129) 

by itself is not gauge invariant and the additional terms of Eq. (|4.128|) are 
required to obtain a gauge-invariant action. 

The identification of the constant n with the number of colors Nf. [ |Wit 83| 



results from finding in Eq. ( 4.128|) the interaction Lagrangian which is rele- 



vant to the decay 7r° — > 77. Since U = 1 + idiag(7r , — tt , 0)/Fo + ■ ■ ■, Eq. 
( |4.128|) contains a piece 



C^Q^^ 777; iT^^ ^ ■J' uu-J' o<j~pTi (4.130) 

where we made use of a partial integration to shift the derivative from the 
pion field onto the electromagnetic four-potential. The corresponding invari- 
ant amplitude reads 

2 

M = ^Y^e'^'''9iMeL92peL, (4.131) 

which agrees with a direct calculation of the anomaly term in terms of u and 
d quarks with n = colors (see, e.g., Ref. ||Vel 94|| ). After summation over 
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the final photon polarizations and integration over phase space, the decay 
rate reads 

a^M%n^ /n\2 



♦77 



5767r3F2 



7.6 eV X ( - 



(4.132) 



which is in good agreement with the experimental value (7.7 ± 0.6) eV for 



n 



Nc = 3 ||Gro+ Oq| . 



4.9 Applications at Order 0{p^) 
4.9.1 Masses of the Goldstone Bosons 

A discussion of the masses at 0(p'^) will allow us to illustrate various prop- 
erties typical of chiral perturbation theory: 

1. The relation between the bare low-energy coupling constants Lj and the 
renormalized coefficients L[ in Eq. ( 4.105 ) is such that the divergences 



of one-loop diagrams are canceled. 

Similarly, the scale dependence of the coefficients i^[(/i) on the one hand 
and of the finite contributions of the one-loop diagrams on the other 
hand leads to scale-independent predictions for physical observables. 

A perturbation expansion in the explicit symmetry breaking with re- 
spect to a symmetry that is realized in the Nambu- Goldstone mode 
generates corrections which are non-analytic in the sjTiimetry breaking 
parameter ||LP 71|| , here the quark masses. 



Let us consider C2 + C4 for QCD with finite quark masses but in the absence 
of external fields. We restrict ourselves to the limit of isospin symmetry, 
i.e., m„ = rriii = m. In order to determine the masses we calculate the self 
energies S(p^) of the Goldstone bosons. 

The propagator of a (pseudo-) scalar field is defined as the Fourier trans- 
form of the two-point Green function: 

tAip) = J d^xe-'P-^0\T[^o{x)MO)] |0), (4.133) 

where the index refers to the fact that we still deal with the bare unrenor- 
malized field — not to be confused with a free field without interaction. At 
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Figure 4.7: Unrenormalized propagator as the sum of irreducible self- 
energy diagrams. Hatched and cross-hatched "vertices" denote one-particle- 
reducible and one-particle-irreducible contributions, respectively. 



lowest order {D = 2) the propagator simply reads 

where the lowest-order masses Mq are given in Eqs. ([4.45|) - ( [4.47|) : 



(4.134) 



Ml, 



Bo{m + TUs), 
2 

-Bo (m + 2ms) ■ 



The loop diagrams with £2 and the contact diagrams with £4 result in so- 
called proper self-energy insertions — zS(p^), which may be summed using a 
geometric series (see Fig. [4.7|) : 

i 



iA{p) 



+ 



i 

p2-M2-S(p2)+iO+' 



-zS(p2)] 



p2 - + iO^ 



+ 



(4.135) 



Note that — 'iS(p^) consists of one-particle-irreducible diagrams only, i.e., di- 
agrams which do not fall apart into two separate pieces when cutting an 
arbitrary internal line. The physical mass, including the interaction, is de- 
fined as the position of the pole of Eq. ( [4.135| ), 

- Ml - T.{M^) = 0. (4.136) 
Let us assume that S(p^) can be expanded in a series around = A^, 

S(p2) = S(A2) + (p2 _ a2)S'(A2) + S(p2), (4.137) 
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where the remainder S(p^) depends on the choice of and satisfies S(A^) = 
S'(A^) = 0. We then obtain for the propagator 

iA(p) = . . (4.138) 

p2_JVf2_S(A2)-(p2_A2)S'(A2)-E(p2)+i0+ 



Taking A^ = in Eq. ( |4.138| ) and applying the condition of Eq. ( [4. 1361 ) 
the propagator may be written as 



(p2 _ JVf2)[l _ E'(M2)] - S(p2) + iO+ p2 _ ^2 _ Z^S(p2) + iQ- 

where we have introduced the wave function renormahzation constant 

1 



1 - S'(M2 



Introducing renormahzed fields as $ij = ^o/\^Z^, the renormalized propa- 
gator is given by 

lAnip) = [ d^xe-'^--{0\T[^n{x)^n{0)m 



p2-M2-Z$S(p2)+^o+ 

In particular, since S(M2) = S'(M2) = 0, in the vicinity of the pole, the 
renormalized propagator behaves as a free propagator with physical mass 

Let us now turn to the calculation within the framework of ChPT (see, 
e.g., Ref. [[Rud+ 94|| ). Since £2 and £4 without external fields generate ver- 



tices with an even number of Goldstone bosons only, the candidate terms 
at -D = 4 contributing to the self energy are those shown in Fig. |4.8|. For 



our particular application with exactly two external meson lines, the relevant 
interaction Lagrangians can be written as |[Rud-|- 9^ 



A„t = /:f + (4.139) 

where C^^^ is given by 

= ^ {Tr([0, + 5oTr(M0^)} . (4.140) 
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Figure 4.8: Self-energy diagrams at 0{p'^). Vertices derived from C2n are 
denoted by 2n in the interaction blobs. 



The terms of £4 proportional to Lg, Liq, Hi, and H2 do not contribute, be- 
cause they either contain field-strength tensors or external fields only. Since 
d^U = 0(0), the Li, L2, and L3 terms of Eq. (|4l0l) are 0(0^) and need 
not be considered. The only candidates are the L4 - Lg terms, of which we 
consider the L4 term as an explicit example,^ 

L4Tr(9^f/9^f/t)Tr(xf/"^ + Ux^) = 

+2df,K^d^K^ + 0{(j)%4Bo{2m + m,) + 0{(j)% 
The remaining terms are treated analogously and we obtain for Cl'^ 

+a^9^7r+9^7r" — 6^7r+7r~ 

+aKd^K+d^'K- - bKK+R- 

+aKd^K^d^'K^ - hKK^K^, (4.141) 

where the constants and are given by 

{2m + ma)L/^-\ — {m + 2ms)L^ , 
3 

= ^^^[{2m + ms){m + 2ms)Le + 2{m-msyL7 + {m^ + 2ml)Ls], 

■^•^For pedagogical reasons, we make use of the physical fields. From a technical point 
of view, it is often advantageous to work with the Cartesian fields and, at the end of the 
calculation, express physical processes in terms of the Cartesian components. 



I6S0 



^0 
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16-Bo 

[(2m + ms)L4 + mL^\ 





645, 







ax 



F2 

16^0 
32^2 

p2 



[(2m + ms)mLQ + m^Lg] 



(2m + ms)L4 + -(m + m<j)L5 



(2m + ms)(m + ms)LQ H — (m + uIsYL^ 



At O(p^) the self energies are of the form 

S^(p2) = A,^ + 



(4.142) 



(4.143) 



where the constants and receive a tree-level contribution from £4 and 
a one- loop contribution with a vertex from £2 (see Fig. [4.8|) . For the tree- 
level contribution of £4 this is easily seen, because the Lagrangians of Eq. 
( 4.141 ) contain either exactly two derivatives of the fields or no derivatives 
at all. For example, the contact contribution for the t] reads 



•v-i contact 



(p2) = ^2 



where, as usual, d^cf) generates —ip^ and ip^ for initial and final lines, respec- 
tively, and the factor two takes account of two combinations of contracting 
the fields with external lines. 

For the one-loop contribution the argument is as follows. The Lagrangian 
£2'^ contains either two derivatives or no derivatives at all which, symboli- 
cally, can be written as (j)(l)d(j)d(f) and 0^, respectively. The first term results 
in or p^, depending on whether the or the d(j) are contracted with 
the external fields. The "mixed" situation vanishes upon integration. The 
second term, (j)'^, does not generate a momentum dependence. 

As a specific example, we evaluate the pion-loop contribution to the 7r° 
self energy (see Fig. |4.9|) by applying the Feynman rule of Eq. ( 4.93 ) for 
a = c = 3, Pa = Pc = P, b = d = j , and Pb = Pd = 



1 



{p + kf - Ml, 



p2 
^0 



3 



Ml, 



P2 
-^0 



P2 
-^0 



31 



Note that we work in SU(3) and thus with the exponential parameterization of U . 
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Figure 4.9: Contribution of the pion loops to the vr self energy. 



2,Fi 



{6^^ 6^^ + 6^^6" + 5^^^^){2p^ + 2^ - AMI, 



(2vr)^3F2 



(4.144) 



where 1/2 is a symmetry factor, as explained in Sec. [4.4| . The integral of Eq. 
( 4.144|) diverges and we thus consider its extension to n dimensions in order 
to make use of the dimensional-regularization technique described in App. 
0. In addition to the loop-integral of Eq. ( |B.12| ), 



A-n 



16^ 



(27r)" P - M2 + iO+ 

+ 0(n-4), 



M2 

i? + ln( — 



(4.145) 



where R is given in Eq. ( |4.107|) , we need 



{2-kY k^-M^ + iO+ 



d'^k k^-M^ + M"^ 
(27r)" P - M2 + iO+ ' 



where we have added = — + in the numerator. We make use of 



d^'k 
(27r)" 
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in dimensional regularization (see the discussion at the end of Appendix 
C.2.2|) and obtain 



M^I{M\^i\n) 



(27r)" P - M2 + m 

with I{M'^,^'^,n) of Eq. ( ^4.145| ). The pion-loop contribution to the 7r° self 
energy is thus 

J-(-Ap' + Ml,)IiMl,,fi^n), 

which is indeed of the type discussed in Eq. ( |4.143| ) and diverges as — > 4. 

After analyzing all loop contributions and combining them with the con- 
tact contributions of Eqs. ( |4.142| ), the constants and i?^ of Eq. ( |4.143| ) 
are given by 



j4„ 



Ak 



B 



K 



Ar, 



Ml 



P2 
-^0 



1 



1 



1 



6 



6 



one-loop contribution 
-F32[(2m + ms)BoLQ + mBoLg 

^ V 

contact contribution 
2J(M2) , 1/(M|.) 165o 



3 

Ml 



3 



F2 
-^0 



[(2m + ms)L4 + mLg 



F2 
-^0 



1 

12 



4 



(2m + ms)BoLQ + -(m + ms)BoLs 



+32 

1/(M2) l/(M2) , lJ(Mi 



4 +4 +2 

^0 
-^0 



(2m + ms)L4^ + -{fn + ^s)L5 



M2 



-3/(M, 



+ 



^0^ 



+^[16M2L8 + 32(2m + m,)fio^6] 



F2 
-^0 



128 52(m-m,)2 
"9 



(S^T + i^s), 
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I{M\ 



P2 
-^0 



16 Ml 
—2 (2m + ms)BoL4 - S—^L^, 

^0 ^0 



(4.146) 



where, for simplicity, we have suppressed the dependence on the scale and 
the number of dimensions n in the integrals I {M"^ , fi"^ , n) [see Eq. ( [1.145| )]. 
Furthermore, the squared masses appearing in the loop integrals of Eq. 
( 4.146| ) are given by the predictions of lowest order, Eqs. ( [4.45 ) - ( 4.47 ). 
Finally, the integrals I as well as the bare coefficients Li (with the exception 
of Ly) have l/(n — 4) poles and finite pieces. In particular, the coefficients 
Afp and B^ are not finite as n — 4. 

The masses at O(p^) are determined by solving the general equation 



= Ml + S(M2) 
with the predictions of Eq. ( [4.143| ) for the self energies. 



(4.147) 



= Ml + A + BM"^, 

where the lowest-order terms, Mq, are given in Eqs. ( f4.45| ) - ( [4.471 ). We then 
obtain 

r2 Ml + A 



M' 



l-B 



Ml{l + B) + A + 0(p^ 



because A = 0{j)^) and {5, Mq } = OijP'). Expressing the bare coefficients Li 
in Eq. ( [4.146|) in terms of the renormalized coefficients by using Eq. ( [4.105|) , 
the results for the masses of the Goldstone bosons at 0{p'^) read 



m: 



7r,4 
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In Eqs. ( [4.148| ) - ( [4.150| ) we have included the subscripts 2 and 4 in order 
to indicate from which chiral order the predictions result. First of all, we 
note that the expressions for the masses are finite. The bare coefficients 
of the Lagrangian of Gasser and Leutwyler must be infinite in order to can- 
cel the infinities resulting from the divergent loop integrals. Furthermore, 
at 0{p^) the masses of the Goldstone bosons vanish, if the quark masses 
are sent to zero. This is, of course, what we had expected from QCD in 
the chiral limit but it is comforting to see that the self interaction in £2 (in 
the absence of quark masses) does not generate Goldstone boson masses at 
higher order. At 0{p'^), the squared Goldstone boson masses contain terms 
which are analytic in the quark masses, namely, of the form multiplied 
by the renormalized low-energy coupling constants L[. However, there are 
also non-analytic terms of the type In(mg) — so-called chiral logarithms — 



which do not involve new parameters. 
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Such a behavior is an illustration of 
who noticed that a pertur- 



bation theory around a symmetry which is realized in the Nambu-Goldstone 
mode results in both analytic as well as non-analytic expressions in the per- 
turbation. Finally, the scale dependence of the renormalized coefficients 
of Eq. (|4. 108|) is by construction such that it cancels the scale dependence of 
the chiral logarithms. Thus, physical observables do not depend on the scale 
II. Let us verify this statement by differentiating Eqs. ( [4.148| ) - ( [4.150| ) with 
respect to /i. Using Eq. ( [4.108| ), 



L[(/i) = L[(/iO + 
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and, analogously, for the chiral logarithms 
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— In — =2— [ln(M)-ln(^)] 



As a specific example, let us differentiate the expression for the pion mass 
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where we made use of the F, of Table ff^ 



4.9.2 The Electromagnetic Form Factor of the Pion 



As a second application at C(p^), we discuss the electromagnetic (or vector) 
form factor of the pion in SU(2)xSU(2) chiral perturbation theory. We will 
work with two commonly used versions of the 0{p'^) SU(2) x SU(2) mesonic 
Lagrangian ||GL 84 , |Gas+ 88| which are related by a field transformation 
(see App. p.l| ). Furthermore, we will perform the calculation with the two 
parameterizations for U of Eqs. ( [4.87|) and (|4.88| ). We will thus be able to 



extend the observations of Sec. |4.6.2| regarding the invariance of physical 
results under a change of variables to the one-loop level. 

According to Eq. ( f^.lll[ ), in the two-flavor sector the coupling to the 
electromagnetic field Af^ contains both isoscalar and isovector terms: 
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I.e. 



Vij, = r^ = l^ = -e^Af,, (4.151) 
vi'^ = (4.152) 
When evaluating the electromagnetic current operator 

between |vr*(p)) and {7r^{p')\, the isoscalar first term does not contribute]^ 
and the matrix element of the electromagnetic current operator must be of 
the formQ 

(vr^(p')l^nO)k*(p)) =^e3.,(p'+p)'^F(g2), q = p' - p. (4.153) 

In other words, we only need to consider Eq. (|4.151|) which corresponds to a 
coupling to the third component of the isovector current operator. 

In the calculations that follow we make use of the parameterization of 
Eq. ( TO) for the SU(2) matrix t/(x): 

U{x) = ^ [a{x) + IT ■ 7f(x)] , a{x) = Jf^-7i^{x), (4.154) 
Fq V 

but we will comment along the way on the features, which would differ when 
using the parameterization of Eq. ( [4.88| ). (The equivalence theorem guaran- 
tees that physical observables do not depend on the specific choice of param- 
eterization of U I phi 61| , |Kam-|- 6"T| .) The covariant derivative of U with the 
external fields of Eq. (|4.151|) reads [see Eq. ([4.58|) ] 

D^U = d^U+'-eA^[T„U] 

and generates, when inserted into the lowest-order Lagrangian of Eq. ( [4.70| ), 
the interaction term 

£7- ^ -eesijTT.d^A^. (4.155) 

The matrix element {tt-' {p')\q^^''q\n^ (p)) must be of the form P^p' +pY f{q^) which 
results in [p + p')^ f{q^) for the neutral pion {i = j = 3). On the other hand, under charge 
conjugation q^y^q i— > —qj^q and \n^) |7r°), and thus /(g^) = —f{q^) = 0. 

•^^A second structure proportional to q^^ vanishes for on-mass-shell pions because of 
current conservation. 
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At 0{p'^), therefore, the interaction is that of point-hke pions with form factor 
F{q^) = 1, resulting in the Feynman amphtude (see Fig. |4.10|) 



eesije ■ (p +p), 



(4.156) 



where e denotes the polarization vector of the external real or virtual pho- 
ton.0 In particular, using the parameterization of Eq. ( |4.154| ), all interaction 




p. 1 PJ 

Figure 4.10: Tree-level diagram at O(p^) 



terms containing one electromagnetic field and 2n pions vanish for n > 2. 
This is not the case for the exponential parameterization of Eq. ( ^.88| ) which 
generates the more complicated interaction Lagrangian 



^2 

ee3ij(l)id''(f)jAi, sin^ 



101^ 



1-i 




(4.157) 



3 F, 



which is the same as Eq. ( [4. 1551 ) only at lowest order in the fields. 

At 0{p^) we need to consider a contact term of £4 (Fig. [4.11|) and one- 
loop diagrams with vertices from £2 (Figs. |4.12| and [4.13|) . 

We will first work with the Lagrangian of Gasser and Leutwyler |pL 84|| , 
Eq. (^ of Appendix Plfl 



(4.158) 



■^^For example, in electron scattering reactions often the polarization vector = 
eu{k f)^ ^u(ki) / is used, with four-momentum transfer q = ki — kf. 

^^The low-energy coupling constants of the SU(2)xSU(2) Lagrangian are denoted by li 
in distinction to the Li of the SU(3)xSU(3) Lagrangian. 
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p. 1 P.J 

Figure 4.11: Tree-level diagram at 0{p'^). 

k, k ' ' k+q, 1 

P, i P'J 
Figure 4.12: One-loop diagram at C(p^). 



which produces the contact interaction 



4 



e—^e3ijd^nid''njj='^^, 

^0 



resulting in the Feynman amplitude 



P2 
-^0 



[-q^e -{p +p) + f {p - p){p^ - p^)] 



(4.159) 



(4.160) 



which vanishes for real photons, = q ■ e = 0. The second term vanishes if 
both pions are on the mass shell, = p'"^ = M^, but can be of relevance if 
the vertex is used as an intermediate building block in a calculation such as 
virtual Compton scattering off the pion ||Unk+ 00[] . The Feynman amplitude 
resulting from Eq. ( 4.158| ) is the same for both parameterizations. 
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k,k 

Figure 4.13: One-loop diagram at O(p^) contributing in the parameterization 
of Eq. i ^m^ only. 



When using the £4 Lagrangian of Ref. ||Gas+ 88| , Eq. (|D.13| ), one obtains 
an additional contact interaction, 



- 2e „' esijTTid^TTjAf,, 
^0 



(4.161) 



where 2 = ^Bqiti. For both parameterizations of U we obtain the addi- 
tional term 



2UMf 



F2 
-^0 



(4.162) 



Let us now turn to the one- loop diagram of Fig. 4.12 . The corresponding 
Feynman amplitude in the parameterization of Eq. (|4.154|) using the pion- 
pion vertex of Eq. ( |4.92| ) reads 



1 zeea^j [ d^k (2e ■ + e ■ q) [{2p + q) ■ {2k + q)] 



2 



(27r)4 [P - + zO+][(fc + qf - M^^ + ^0^ 



(4.163) 



where the 1/2 is a symmetry factor. The integral diverges and its extension 
to n dimensions is given by 



l'-^{e-iP+pWB,,iq^Ml,) 

+e ■ q{p' + p) ■ q[AB2o{q\ Ml,) + AB,{q\ Ml,) + B,{q\ Ml,)]] 
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where the functions B^, Bi, B20, and B21 are defined in Eqs. ( |C7| ), ( |C9| ), 
and ( |C.11| ) of Appendix |C.1| . Inserting the results of Eqs. (|C.14|) and ( p.l5|) 
the one-loop contribution of Fig. |4.12| finally reads 



(P + P) 
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[q e-{p + p)-e- q{p' - p )] 
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Ml, 



+ 0{n-A). 



(4.164) 

The (infinite) contribution of the first term will be precisely canceled by 
taking the pion wave function renormalization into account. The second 
structure is separately gauge invariant and also contains an infinite piece 
which will be canceled by a corresponding infinite piece of the bare coefficient 
Iq [see Eq. ( [1.160| )]. Finally, a calculation of the one-loop diagram of Fig. [4.12 
with the exponential parameterization of Eq. (|4.88|) and the pion-pion vertex 
of Eq. ( |4.93| ) yields exactly the same result as Eq. ( [4.164| ) . 

Using the exponential parameterization there is a 47r7 vertex at 0{p'^) 
[see Eq. ( [4. 1571 )] resulting in the additional loop diagram of Fig. [4.13| . The 
corresponding contribution in dimensional regularization, 



- o^^sij-e- {p +p) 



Ml, 
167r2F2 L 



R + \n 



Ml, 



+ 0{n-4), 



(4.165) 



also generates an infinite contribution to the vertex at zero four-momentum 
transfer. 

The renormalized vertex is obtained by adding the bare contributions and 
multiplying the result by a factor y/Z^ for each external pion line. The wave 
function renormalization constant is not an observable and depends on 
both the parameterization for U and the 0{p'^) Lagrangian. The correspond- 
ing results are summarized in Table |D.2| of Appendix p.2| . We add the bare 
contributions which were obtained using the parameterization of Eq. ( 4.154|) 
and the C»(p^) Lagrangian of Eq. ( ^:T59| ), Eqs. (|056| ), (j^JOOj ), and ( ^161 , 
and multiply the result by the appropriate wave function renormalization 
constant [see entry "GL, Eq. ( PXT^I )" of Table 



Mr = ee3ij (e-{p' +p)\l 
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q^e ■ {p' + p) — e ■ q{p''^ — p^) 
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(4.166) 



The factor e ■ (p' + p) counts as O(p^), because the external electromagnetic 
field, represented by the polarization vector e, counts as 0{p) [see Eq. ( |4.62| )]. 
It is multiplied by 



1 + HMl,] 
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+ 0{n - 4) 



1 + 0{p 



Since the wave function renormalization constant is Z^^ = 1 — I{M^ 2) = 1 + 
0{p'^) (see Appendix p. 21 ), it is only the tree-level contribution derived from 
£2 which gets modified. The product [1 + I{Ml^^)][l - I{Ml^^)] = 1 + 0{p^) 
is such that the renormalized vertex is properly normalized to the charge at 
C(p^). The factor [q'^e ■ {p' + p) — e - qip'"^ —p^)] is Oij)"^) and thus the appar- 
ent infinity R cannot be canceled through the wave function renormalization. 
Here it is the connection between the bare parameter Zg and the renormalized 
parameter Zg(/i), ^5 = ^6 + -R/(967r^), which cancels the divergence [see Eq. 
(9.6) of Ref. ||GL 84 |]. Moreover, the explicit dependence on the renormaliza- 



tion scale /i cancels with a corresponding scale dependence of the parameter 
/g. Finally, using the exponential parameterization or the Lagrangian of Ref. 



Gas+ 8^] results in the same expression as Eq. ( [4.166| ). The additional con- 



tributions from Eqs. ( [4.161| ) and/or ( |4.165| ) to the unrenormalized vertex 
are precisely canceled by modified wave function renormalization constants, 
resulting in the same renormalized vertex. 



On the mass shell p^ 
form factor 
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M^, and we obtain for the electromagnetic 
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where we replaced the O(p^) quantities Fq and 2 by their physical values, 
the error introduced being of order 0{p^). Given a spherically symmetric 



140 



charge distribution eZp{r) normalized so that J d^xp{r) = 1, the form factor 
F(|(f I) in a nonrelativistic framework is given by 



F{\q\) = J rf'^xe'^Xr) = 4vr y drr'jo{\q\r)p{r) = 1 - -|g Rr') + • • • , 

where (r^) denotes the mean square radiusQ In analogy, the Lorentz- 
invariant form factor of Eq. (|4.167|) is expanded for small asQ 



and the charge radius of the pion is defined as 
dF{q^ 



{r')^ = 6 



dq'^ 



g2=0 



(4.168) 



(4.169) 



where we made use of J^^\x) = —x/6 + O(x^). Following Ref. |GL 84| |, we 
introduce a scale-independent quantity (see Appendix p.l|) 



k = -96n%{p)-\n[^ 



which can be determined using the empirical information on the charge radius 
of the pion: Iq = 16Tr'^F^{r'^).„ + l. In a two-loop calculation of the vector form 
factor ||Bij+ 98| , higher-order terms in the chiral expansion terms were also 
taken into account and a fit to several experimental data sets was performed 
with the result /g = 16.0 ± 0.5 ± 0.7, where the last error is of theoretical 
origin. Once the value of the parameter /g has been determined it can be 
used to predict other processes such as, e.g., virtual Compton scattering off 
the pion ||Unk+ 00| , |Unk+ 02|| . 

The results for the electromagnetic form factors of the charged pion, and 
the charged and neutral kaons in SU(3) xSU(3) chiral perturbation theory 
at 0(/) can be found in Refs. ||GL 85b| , lRud+ 94|| 



The calculation is very 
similar to the SU(2) xSU(2) case and the mean square radii of the charged 
pions and kaons are dominated by the low-energy parameter Lg, whereas the 



■^^For neutral particles such as the neutron or the one has e / <Pxp{r) — 0. 
■^^Brcit-frame kinematics, i.e. = ^9^, comes closest to the nonrelativistic situation. 
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one-loop diagrams generate a small contribution onlyQ 



12^-^- 







3 + 21n 



+ In 



Ml, 



(0.37 ± 0.04 + 0.07) W = (0.44 ± 0.04) W 



12^ 



3 + 21n 



Ml, 



+ In 



(0.37 ± 0.04 + 0.03) fm^ = (0.40 ± 0.04) fm^ 



(4.170) 



In Ref. ||GL 85b|| the empirical value (r^)^ = (0.439 ± 0.030) W of ||Dal+ S'2 



was used to fix The result for the mean square radius of the charged 

kaon is then a prediction which has to be compared with the empirical values 



)k- = (0.28 ± 0.05) fm^ of |pal+ 80|| and (r^)^- = (0.34 ± 0.05) fm^ 



of ||Ame+ 86a|| . In Ref. ||BT 02|| the empirical dat a on the charged pion 
and kaon form factors were analyzed at two-loop order and the low-energy 
constant including the terms was determined as I/g(/i = 770 Me V) = 
(5.93 ±0.43) X 10-3. 

At 0{p^) the form factor of the receives one-loop contributions only 
and thus is predicted in terms of the pion-decay constant and the Goldstone 
boson masses. The mean square radius is given by 



1 



327r2F2 



In 



Ml 
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-0.037 fm' 



(4.171) 



which has to be compared with the empirical value {r'^)K" = (—0.054 ± 
0.026) fm^ [ Mol+ 78 1. For a two-loop analysis of the neutral-kaon form factor, 



see Refs. |FCT7|, PSUTH . 



Since the neutral pion and the eta are their own antiparticles, their elec- 
tromagnetic vertices vanish because of charge conjugation symmetry as noted 
in footnote 32 for the case of the 7r°. 



^^The numerical values in Ref. |GL 85b( | were obtained with = 135 MeV, Mk = 495 
MeV, Fofii F^= 93.3 MeV, ^ = Mp ^ 770 MeV, and Ll{Mp) ^ (6.9 ± 0.7 ) • lO^^. 

„2\ _ ^Qo-un nnQ^ f„,2 Ja_„ , orUi Also (model- 
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A more recent value is given by {r'^)Tr — (0.439 ±0.008) fm Amc 



dependent) results have been obtained from pion-electroproduction experiments | Lie+ 99 
Vol+ 01||. 
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4.10 Chiral Perturbation Theory at 0{p^) 



Mesonic chiral perturbation theory at order O(p^) has led to a host of suc- 
cessful applications and may be considered as a full-grown and mature area 
of low-energy particle physics. In this section we will briefly touch upon 
its extension to 0{p^) ^sTOOl , |AA 91| , |FS^ |Bi.i+ 99| , |Ebe 01| , |Ebe+ 02| , 
Bij+ 02|| , which naturally divides into the even- and odd-intrinsic-parity sec- 
tors. Calculations in the even-intrinsic-parity sector start at O(p^) and two- 
loop calculations at 0{p^) are thus of next-to-next-to-leading order (NNLO). 
NNLO calculations at 0{p^) have been performed for 77 tt^tt^ ||Bel+ 94| , 
vector two-point functions | |GK 95| , |Mal 96| , pK 00| , [Amo+ OTIal and axial- 
vector two-point functions ||Amo+ 00a| , tttt scattering ||Bij+ 96|| , 77 — >• tt+tt" 
||Biir 96|| , r ttttz/t- ||Co1+ 96| , tt Ivy PT 97|| , Sirlin's combination of 



SU(3) form factors |[PS 97|| , scalar and electromagnetic form factors of the 
pion pii+ 98 1, the K -ktiIv {K14) form factors [ Amo+ 00b|| , the elec- 
tromagnetic form factor of the ||FS 01|| , the K —>■ ttIu (Ki^) form fac- 
tors ||PS 02|| , and the electromagnetic form factors of pions and kaons in 



SU(3)xSU(3) ChPT |[B'l' 02| |. Further applications deal with more technical 
aspects such as the evaluation of specific two-loop integrals ||PT 96| , |GS 99|| 
and the renormalization of the even-intrinsic-parity Lagrangian at 0{p^) 
Bij+ oq|. 



The odd-intrinsic-parity sector starts at O(p^) with the anomalous WZW 



action, as discussed in Sec. ^I8| . In this sector next-to-leading-order (NLO), 
i.e. one-loop calculations, are of 0{p^). It has been known for some time 
that quantum corrections to the WZW classical action do not renormalize 
the coefficient of the WZW term ||DW 89| , fssM |Bii+ 90| , |AA 91| , |Ebe 01 



Bij+ 02|| . The counter terms needed to renormalize the one-loop singularities 
at 0{p^) are of a conventional chirally invariant structure. The inclusion of 
the photon as a dynamical degree of freedom in the odd-intrinsic-parity sector 
has been discussed in Ref. |[AM 02|| . For an overview of applications in the 

A two-loop calculation 

for 77r 



odd-intrinsic-parity sector, we refer to Ref. [ [Bij 93 
at 0(/ 



TTTT was performed in Ref. [Han 01 



Here, we will mainly be concerned with some aspects of the construc- 
tion of the most general mesonic chiral Lagrangian at 0{p^) and discuss as 
an application a two-loop calculation for the s-wave vrvr scattering lengths 
Bi.i+ 9q| . 
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4.10.1 The Mesonic Chiral Lagrangian at Order 0{p^) 

The rapid increase in the number of free parameters when going from C2 
to £4 naturally leads to the expectation of a very large number of chirally 
invariant structures at 0{p^). One of the problems with the construction of 
effective Lagrangians at higher orders is that it is far too easy to think of 
terms satisfying the necessary criteria of Lorentz invariance and invariance 
under the discrete symmetries as well as chiral transformations. To our 
knowledge there is neither a general formula, even at O(p^), for determining 
the number of independent structures to expect nor an algorithm to decide 
whether a set of given structures is independent or not. Experience has shown 
that for almost any sector of higher-order effective chiral Lagrangians the 
number of terms found to be independent has gone down with time (see Refs. 
Iss90| , |AA 91| , IJ^'S 961 , [Ebe+ 02| , [Bij+ 02|| for the odd-intrinsic-parity sector. 



FS 96| , Pij+ 99|| for the even-intrinsic-parity sector, and ||EM 96| , [Fet+ 01 



for the heavy-baryon vrA^ Lagrangian, respectively). For that reason, it is 
important to define a strategy for obtaining all of the independent terms 
without generating a lot of extraneous terms which have to be eliminated 
by hand. In the following, we will outline the main principles entering the 
construction of the 0{p^) Lagrangian and refer the reader to Refs. |[FS 96| , 
Bii+ 991 , |Ebe+ 02| , |Bii+ 02|| for more details. 



The effective Lagrangian is constructed from the elements U , U\ x, x\ 



and the field strength tensors /^^ and (see Sec. E^^, in particular. Table 



O]) . The external fields and only appear in the field strength tensors 



or the covariant derivatives which we define as 



A 


G 


VrAVI : 




= df,A - ir^A + iAl^, 


e.g 




B 


G 
1— > 


VlBV^ : 


D,B 


= d^B + iBr^ - il^B, 


e.^ 




C 


G 
1 — > 


VrCV^ : 


D,C 


= d^C - ir^C + iCr^, 


e.{ 




D 


G 
1— > 


VlDVI : 


D,D 
D,E 


= d^D - il^D + iDl^, 
= df,E, e.g., Tr(xx"^)- 


e.f 





(4.172) 

In other words, the covariant derivative knows about the transformation 
property under G = SU^S)]^ x SU(3)j:j of the object it acts on and adjusts 
itself accordingly. With such a convention a product rule analogous to that 
for ordinary derivatives holds. Given the product Z = XY where X, Y, Z 
have, according to Eq. ( [4.172 ), well-defined but not necessarily the same 
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transformation behavior, the product rule 



D,Z = D^iXY) = {D^X)Y + X{D;Y) (4.173) 



apphes, which can be easily verified using the definitions of Eq. (|4.172|) . This 



product rule is valuable as an intermediate step in a number of the derivations 
of various relations. 

In order to avoid unnecessary and tedious repetitions during the process 
of construction, one would like to perform as many manipulations as possible 
on a formal level without explicit reference to the specific building blocks. It 
is thus convenient to handle the external field terms Xi fj^ui ^^^d fjlu the 
same way. To that end we define 

and introduce x'^'^ ^ common abbreviation for any of the building blocks 
X (= X^^)j and H^^ (/^ 7^ v)- With these definitions, we have only two 
basic building blocks U , x^'^ 1 covariant derivatives acting on them and the 
respective adjoints. Due to the product rule of Eq. ( [4.173| ) it is not necessary 



to consider derivatives acting on products of these basic terms. All building 
blocks then transform as U (or t/^). In terms of the momentum expansion, 
U is of order 1, x^^ of order and each covariant derivative of order p. 

Up to this point we have treated a building block and its adjoint on a 
different footing which we will now remedy by defining the Hermitian and 
anti-Hermitian combinations 

(A)± = u^Au^ ± uA^u, (4.175) 

where A is taken as x^'^ or D^U , or as some number of covariant derivatives 
acting on x^'' or D^f/.Q Here u is defined as the square root of U , i.e., v? = U. 
In order to discuss the transformation behavior of Eq. ( |4.175|) , we define the 
SU(3)-valued function K(yL,Vji,U), referred to as the compensator field 
IIEck 95|| , through ||Gas+ 88|| 



Uix] ^^ u (X 



VrUVI = VruK~\Vl, Vr, U), (4.176) 



40t 



In Ref. [|FS 96| the building bl ocks \A ]± = ^{AW ± UA^) transforming asVr---V^ 



were used. The notation of Eq. ( 4.175 ) has some advantages when implementing the 



total-derivative procedure to be discussed below. Moreover, it is more closely related to 



the conventions used in the baryonic sector (see Sec. 5.1) 
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from which one obtains 

K{Vl, Vr, U) = u'-Wru = ^JVaUVl VrVu. (4.177) 

From a group-theoretical point of view, K defines a nonhnear reahzation of 
SU(3)xSU(3) ||Gas+ 88|| , because^ 

K{Vli, Vr^, Vr2UVI,)K{Vl2, Vr2, U) 

1 



Vri{Vr2UVI,)vI, Vr,^Vr2UVI,^Vr2UVI, Vr2Vu 

= VVRlVR2U{VLlVL2y~WRiVR2VU 

= K{{VLiVL2),iVmVR2),U). (4.17S 
It is important to note that the first K has the transformed U' = VR2UV1 



t 

L2 

as its argument. With these definitions, the building blocks {A)± transform 
as 

^ K{A)±K^. (4.179) 
The corresponding covariant derivative is defined as0 

V^(A)± = d^{A)^ + [T„ (A)±], (4.180) 

where is the so-called connection | [Fck 95| |, and is given by 

= ^ [u\ d^u] - '-u^r^u - '-ul^u\ (4.181) 

As usual, the covariant derivative transforms in the same way as the object 
it acts on. 

Invariants under SU(3)^ x SU(3)^ are constructed by forming products 
of objects, each transforming as K ■ ■ ■ K\ and then taking the trace. For 
example, consider the trace 

TrPi)± ■ ■ ■ (A„)±] ^ Tr[ir(Ai)±irt . . . K{Ar,)±K^] = TrPi)± ■ ■ ■ (A„)±], 

(4.182) 



'^^K does not defin e an operation of SU(3)xSU(3) on SU(3), because K{1, l,U) = I ^ 
ViU (see Sec. [4.2.11) . 

^^From an aesthetical point of view it would have been more satisfactory to introduce 
the covariant derivative as_Vu(^)± = d^{A)± — j[r^, (A)±] to generate a closer formal 
correspondence to Eqs. ( 4.172 ). However, we follow the standard convention used in the 
literature. 
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where we made use of K'^K = 1 and the invariance of the trace under cychc 
permutations. Obviously, products of such traces are also invariant. Ba- 
sically, the construction of the most general Lagrangian then proceeds by 
forming products of elements {A)±, where A is either x^'^ o^' D'^U or co- 
variant derivatives of these objects, taking appropriate traces, and forming 
Lorentz scalars by contracting the Lorentz indices with the metric tensor g^'^ 
or the totally antisymmetric tensor e^'^^'^ . 

After having chosen the set of building blocks and their transformation 
behavior, we define a strategy concerning the order of constructing invariants 
at 0{p^). As shown in Refs. ||FS 96| , [Ebe+ 02| , by applying the product rule. 



it is sufficient to restrict oneself to (D™f/)_, + , {D''H)+, and (/^"x)± 

{m,n integer with m > 0,n > 0), because the other combinations {D'^U) + , 
{D"-G)-, and [D^H)- can either be expressed in terms of these or vanish. 
One then immediately finds that all possible terms at 0{p^) can either include 
no, one, two, or three {D'^X^iu)± blocks which naturally defines four distinct 
levels to be considered: 

1. terms with six -D^'s; 

2. terms with four -D^'s and one x^'^'^ 

3. terms with two -D^'s and two x^'^'s; 

4. terms with three x'^'^'s- 

We always try to get rid of terms as high in the hierarchy (with the most 
D^'s) as possible. In particular, with this strategy one ensures that the 
number of terms is minimal also for the special case in which all external 
fields are set equal to zero.^ The motivation for such an approach is that 
at each level there exist relations which allow one to eliminate structures, as 
long as one keeps a// terms at the lower levels of the hierarchy. To be specific, 
when considering multiple covariant derivatives, just one general (i.e., non- 
contracted) index combination is actually independent in the sense of the 



"^^In that sense, the final SU(iV/)L x SU(7V/)fl set given in Ref. iBij+ 99|1 for the even- 
intrinsic-parity sector is not minimal when setting all external fields to zero. In that case 
the structures Yi and Y4 are not independent and can be eliminated. However, if one 



replaces these two terms by the terms (120) and (139) of Ref. [ FS 96 |, then the entire 
set will remain independent whether or not there are external fields and both structures, 
(120) and (139), vanish explicitly when the fields are set to zero. 
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hierarchy defined above. For double derivatives this statement reads 

(D^D^A)^ = (D^D.A)^ + (GM - '-{(A)^, (HM, (4.183) 

i.e., it is sufficient to only keep the block {D^D^A)± as long as one considers 
all terms lower in the hierarchy. 

The construction then proceeds as follows. First of all, write down all 
conceivable Lorentz-invariant structures satisfying P and C invariance, Her- 
miticity, and chiral order in terms of the basic building blocks defined 
above. Then collect as many relations as possible among these structures 
and use these to eliminate structures. The relations can follow from any of 
the following mechanisms: 

(1) partial integration; 

(2) equation-of-motion argument; 

(3) epsilon relations; 

(4) Bianchi identities; 

(5) trace relations. 

Let us illustrate the meaning of each of the above items by selected examples. 

The partial-integration or total-derivative argument refers to the fact that 
a total derivative in the Lagrangian density does not change the equation of 
motion. One thus generates relations of the following type 

9^TrPi)± ■ ■ ■ + Tr{[r^, (A)± ■ ■ ■ {AJ±]} 

tot. der. 
= Tr{V^Pi)±---(A^)±]} 

= Tr[V,,(A)±---(^™)±] + --- + TrPi)±---V^(AJ±], (4.184) 



where we made use of Eq. ( |4.180 ) and the product rule. This derivative 



shifting procedure is also valid for multiple traces. At this stage we note 
the advantage of working with the basic building blocks of Eq. (|4.175|) in 
comparison with those of Ref. |[1''S 96|| due to the relatively simple connec- 



tion between the covariant derivative V^i outside the block brackets and the 
covariant derivative D^^ inside when {A)± are used: 

V^(A)± = iD,A)^-^{iD,U)^,iA)^}. (4.185) 
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From a technical point of view Eq. ( 4.185| ) is important because it helps 
avoid extremely tedious algebraic manipulations one had to perform in the 
old framework of Ref . ||1:''S 96|| . The combination of shifting derivatives back 
and forth and interchanging indices of multiple derivatives is referred to as 
index exchange. In Ref. ||FS 96|] not all total-derivative terms were properly 
identified which has led to subsequent reductions in the number of terms in 
both the even-intrinsic-parity sector |Pii+ 99|| and the odd-intrinsic-parity 
sector |[Ebe+ 02| , [Bii+ 02|| . 



The equation-of-motion argument makes use of the invariance of physical 
observables under field transformations, as discussed in Sec. |4.7] . The aim is 
to collect as many terms as possible containing a factor (D^f/)_. Such terms 
can be supplemented by corresponding terms lower in the hierarchy 
to generate an equation-of-motion term which can be eliminated by a field 
redefinition. 

The epsilon relations refer to the odd-intrinsic-parity sector with the 
basic idea being as follows. Consider a structure with six Lorentz indices 
transforming under parity as a Lorentz pseudotensor, i.e., Q\^upaT{.x,t) i— »• 
—Q^'^'^f"^'^[—x,t). In order to form a Lorentz scalar, one needs to contract 
two indices pairwise and the remaining four with the totally antisymmetric 
tensor e°''^'^^ in four dimensions. Suppose Qx^upar {x, t) is neither symmetric 
nor antisymmetric under the exchange of any pair of indices. Naively one 
would then expect 5 + 4 + -- - + l = 15 independent contractions. However, 
such a counting does not take the totally antisymmetric nature of the epsilon 
tensor into account |[AA 91|| , from which one obtains, for the above case of 
no symmetry in the indices, five additional conditions [|AA 91| , [FS 96|| . These 



additional identities have not been considered in the pioneering construction 



of Ref. |[lss 9q| 



In general, Qx^uparix^t) has some symmetry in its indices, and not all 
five epsilon relations are independent. For example, using the transformation 
behavior of Table |4.2| it is easy to verify that 

TT{iGxMiGup)AH.rh + iH^r)AG.p)+]} 

is an example for a pseudotensor which is invariant under G (and Hermitian). 
Its symmetries are given by 

Qx^vpcTT Q fiXupar Q XppucrT Q Xpupra QvpXpaTi 

from which one would naively end up with a single combination 



i:i{{G,M{Gxa)+{H\)+ + {H\)^{Gxo)A]^ 



pi/afi 
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which, however, vanishes due to the epsilon relation. 

The Bianchi identities refer to certain relations among covariant deriva- 
tives of field-strength tensors. Starting from the Jacobi identity 



[A, [B, C]] + [B, [C, A]] + [C, [A, B]] = 0, (4.186) 
we consider the linear combination 

c.p.{ii,u,p} c.p.{fi,u,p} 

= ^ (d^d^Tp - df^dpT^ - i[dpry, rj 

c.p.{p,,u,p} 

- i[r^, dpTp] - i[rp, d^Vp - S^r^] - [r^, [r^, 

= 0, (4.187) 



where use of the Schwarz theorem, d^d^, 



= dydfj, ■ ■ ■, relabeling of indices, 
and the Jacobi identity, Eq. ([4.186|) , has been made. Observe that the cyclic 
permutations of the indices fi, z/, and p has been denoted by c.p.{/i, u, p}. The 
same arguments hold for the independent field strength tensor /^,,, and we 
can summarize the constraints as 



c.p.{fj.,u,p} 



(4.188) 



which, because of their similarity to an analogous equation for the Riemann- 
Christoffel curvature tensor in general relativity, are referred to as the Bianchi 
identities (see, e.g., Refs. [[Ryd 85| , |Wei 96|| ). Equation ( |4.188| ) does not re- 
quire that fpj^ satisfy any equations of motion. In terms of the building 
blocks {DpU)_, {G^t,) + , and {Hpy)^ the Bianchi identities read 



c.p.{p,u,p} 
c.p.{p,u,p} 



vpj 



vpl 



c.p.{p,v,p\ 

-\ E [(^Mf^)-'(G' 



(4.189) 
(4.190) 



c.p.{p,v,p\ 



Given the definition of Eq. ( ^.174| ), the Bianchi identities can be used to 
generate relations among the building blocks in terms of structures kept 
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in lower orders of the hierarchy defined above. In Ref. [[l^'S 96|| each term 
of the sum on the left-hand side of Eqs. ( |4.189|) and ( |4.190|) was treated 
as an independent element so that the final list of supposedly independent 
structures contained redundant elements. 

Finally, the trace relations refer to the fact that the construction of invari- 
ants uses traces and products of traces. One is thus particularly interested 
in finding any relations among those traces. We know from the Cayley- 
Hamilton theorem that any n x n matrix A is a solution of its associated 
characteristical polynomial xa- For n = 2 this statement reads 

= Xa{A) = A2-Tr(A)A + det(A)l2x2 

= A' -Tt{A)A+^{[Tt{A)]' -TT{A')}h^2. (4.191) 

Setting A = Ai + A2 in ( [4.191| ) and making use of xAi{Ai) = = xa2(^2) 
one ends up with the matrix equation 

= ^2(^1,^2) = {AuA2}-Tt{Ai)A2-Tt{A2)Ai 

+Tr(Ai)Tr(A2)l2x2 - Tr(AiA2)l2x2 (4.192) 

which is the central piece of information needed to derive the trace relations 
in the SU(2) xSU(2) sector. The analogous n = 3 equation is slightly more 
complex 

= F3(A,A2,v43) 

= Ai{A2, As} + A2{A3, Ai} + AsiAi, A2} 

-Tr(Ai){A2, As} - Tr(^2){A3, A,} - Tt{As){A^, A2} 
+Tr(A)Tr(A2)A3 + Tr(A2)Tr(A3)Ai + Tr(A3)Tr(Ai)A2 
-Tr{A,A2)As - Tr(A3Ai)A2 - Tr(A2A3)Ai 

-Tr(AiA2A3)l3x3 - Tr(AiA3A2)l3x3 

+Tr(AA2)Tr(A3)l3x3 + Tr(A3Ai)Tr(A2)l3x3 + Tr(A2A3)Tr(A)l3x3 
-Tr(Ai)Tr(A2)Tr(A3)l3x3. (4.193) 

We can now derive trace relations by simply multiplying Eq. ( |4.192| ) or Eq. 
( |4.193| ) with another arbitrary matrix of the same dimension and finally 
taking the trace of the whole construction, i.e., 

= Tt[F2{AuA2)As], (4.194) 
= TT[FsiA,,A2,As)A^]. (4.195) 
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Note that Ai may be any n x n matrix, even a string of our basic building 
blocks. For example, Eq. ( p.7|) of Appendix p.l| , is identical to Eq. ( [4.194| ). 

In principle, the ideas developed above apply to the general SU(A^/)l x 
S\J{Nf)ji case and only at the end it is necessary to specify the number of fla- 
vors Nf. The reduction to the cases Nf = 2 and Nf = 3 is achieved in terms 
of the trace relations summarized in Eqs. ( 4. 194]) and (f4.195 ). Although we 



have never come across a trace relation that could not be obtained in the 
manner explained above, we are not aware of a general proof showing that 
any kind of trace relation must be related to the Caley-Hamilton theorem. 

In the even-intrinsic-parity sector the Lagrangian has 112 in principle 
measurable + 3 contact terms for the general SU(A^/)l x SU(A^/)ij case, 90 
+ 4 for the SU(3)l x SU(3)ij^ case, and 53 + 4 for the SU(2)l x SU(2)r case 
Bii+ 99|| . The contact terms refer to structures which can be expressed in 



terms of only external fields such as the Hi and H2 terms of the £4 Lagrangian 
of Eq. ( [4.104|) . The reduction in the number of terms in comparison with the 
111 SU(3)l X SU(3)i(; structures of Ref. |P:''S 96|| is due to a more complete 



application of the partial-integration relations, the use of additional trace 
relations, and the use of four relations due to the Bianchi identities which 
were not taken into account in Ref. [ [b'S 96|| . The odd- intrinsic-parity sec- 



tor was reconsidered in Refs. [[Ebe+ 02| , [Bii+ 02|| . Both analyses found 24 
S\J{Nf)L X SV{Nf)R, 23 SU(3)l x SV{3)r, and 5 SU(2)l x SV{2)r terms. 
Moreover, 8 additional terms due to the extension of the chiral group to 
S\J{Nf)L X SU{Nf)R X U{l)v were found, which are of some relevance when 
considering the electromagnetic interaction for the two-flavor case. In com- 



parison to Ref. I Jb'S 9(j|| , the new analysis of Ref. ||Ebe+ 02[] could eliminate 



two structures via partial integration, 6 via Bianchi identities and one by a 
trace relation. 

It is unlikely that the coefficients of all the terms of Cq will be deter- 
mined from experiment. However, usually a much smaller subset actually 
contributes to most simple processes, and it is possible to get information on 
some of the corresponding coefficients. 

4.10.2 Elastic Pion-Pion Scattering at 0{p^) 

Elastic pion-pion scattering represents a nice example of the success of mesonic 
chiral perturbation theory. A complete analytical calculation at two-loop or- 
der was performed in Ref. |[Bij+ 96| . 

Let us consider the T-matrix element of the scattering process 7r"(pa) + 
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(4.196) 

where s = {pa + PbY, t = (Pa — PcY, and u = {pa — PdY denote the usual 
Mandelstam variables, the indices a, - ■ ■ ,d refer to the Cartesian isospin com- 
ponents, and the function A satisfies A{s,t,u) = A{s,u,t) [|Wei 66|| . Since 
the pions form an isospin triplet, the two isovectors of both the initial and 
final states may be coupled to / = 0, 1, 2. For = = m the strong inter- 
actions are invariant under isospin transformations, implying that scattering 
matrix elements can be decomposed as 



{I',i;,\T\I,h)=T'6jrSj,i^. 



(4.197) 



For the case of tttt scattering the three isospin amplitudes are given in terms 
of the invariant amplitude A of Eq. ( [4.196| ) by ||GL 84|| 

rpl=0 
rpl=l 



3A{s, t, u) + A{t, u, s) + A{u, s, t), 
A(t, u, s) — A{u, s, t), 



A{t,u,s) + A{u,s,t). 



(4.198) 



For example, the physical tt+tt"'" scattering process is described by T^^"^. 
Other physical processes are obtained using the appropriate Clebsch-Gordan 
coefficients. Evaluating the T matrices at threshold, one obtains the s-wave 
vrvr-scattering lengths!^ 



T 



7=0 1 



thr 



327ra| 



0' 



thr 



327ra, 



0' 



(4.199) 



where the subscript refers to s wave and the superscript to the isospin. 
(T-'^^^lthr vanishes because of Bose symmetry). The current-algebra predic- 
tion of Ref. [ |Wei 66|| is identical with the lowest-order result obtained from 
Eqs. (14:9^ ) or (g). 



327rF2 



0.156, 



16ttF3 



-0.045, 



(4.200) 



where we replaced Fq by F^, and made use of the numerical values F^ = 93.2 
MeV and = 139.57 MeV of Ref. |[Bij-F 96|| . In order to obtain the results 
of Eq. (|4.200|) , use has been made of Sthr = 4M^ and tthr 



Mthr 



0. 



^''The definition difl^ers by a factor of (— M^r) GL 84 from the co nventio nal definition 
of scattering lengths in the effective range expansion (see, e.g., Ref. [ Pre 62|] ). 



153 



The predictions for the s-wave scattering lengths at 0{p^) read 



Blj+ 96|| 



+8.5% 




Co - % 



0{p^) 0{p^): +28% 

0156 +5_033+o^+^^+^^+omf 

L anal. ki L anal. 

+21% 0(p6):^+6.6% total 

L anal. L anal. 



The corrections at O(p^) consist of a dominant part from the chiral loga- 
rithms (L) of the one-loop diagrams and a less important analytical con- 
tribution (anal.) resulting from the one-loop diagrams as well as the tree 
graphs of £4. The total corrections at C(p^) amount to 28% and 21% of the 
C(p^) predictions, respectively. At Oijf') one obtains two-loop corrections, 
one-loop corrections, and Cq tree-level contributions. Once again, the loop 
corrections (/Cj, involving double chiral logarithms, and L) are more impor- 
tant than the analytical contributions. The influence of £5 was estimated 
via scalar- and vector-meson exchange and found to be very small. 

The empirical results for the vrvr s-wave scattering lengths are, so far, 
obtained from the i^e4 decay Ti^-K^e^Ve and the vr^p -k^tx^h reac- 

tions. In the former case, the connection with low-energy vrvr scattering stems 
from a partial-wave analysis of the form factors relevant for the K^.^ decay 
in terms of vrvr angular momentum eigenstates. In the low-energy regime the 
phases of these form factors are related by (a generalization of) Watson's 
theorem ||Wat 54|| to the corresponding phases of J = s-wave and 1 = 1 
p-wave elastic scattering ||Col+ 01a[] . Using a dispersion-theory approach in 
terms of the Roy equations | Koy 71 , Ana+ Ol ], the most recent analysis of 



vr^vr e^z/p 



Pis+ Oil has obtained 



0.228 ±0.012 ±0.003. 



(4.201) 



This result has to be compared with older determinations |[Ros± 77| , [FP 77 , 
Nag± 79|| 

(4.202) 

0.204 ± 0.014 {stat.) ± 0.008 {syst.), (4.203) 



and the more recent one from vr^p -K^ir^n |[Ker± 
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which makes use of an extrapolation to the pion pole to extract the vrvr 
amplitude. 

In particular, when analyzing the data of Ref. [[Fis+ 01|| in combina- 
tion with the Roy equations, an upper limit I/3I < 16 was obtained in Ref. 



C0I+ 01a[] for the scale-independent low-energy coupling constant which is 



related to Z3 of the SU(2)xSU(2) Lagrangian of Gasser and Leutwyler (see 
Appendix p.l| ). The great interest generated by this result is to be under- 
stood in the context of the pion mass at [see Eq. ( p.l9|) of App. p.2|| . 



m: 



327r2F2 



(4.204) 



where = {mu + md)Bo. Recall that the constant Bq is related to the scalar 



quark condensate in the chiral limit [see Eq. ( [4.43| )] and that a nonvanishing 
quark condensate is a sufficient criterion for spontaneous chiral symmetry 
breakdown in QCD (see Sec. [4.1.2| ). If the expansion of in powers of 
the quark masses is dominated by the linear term in Eq. ([4.204|) , the re- 
sult is often referred to as the Gell-Mann-Oakes-Renner relation | |Gel+ 68| . 
If the terms of order were comparable or even larger than the linear 
terms, a different power counting or bookkeeping in ChPT would be re- 
quired [[Kne+ 95| , [Kne+ 96| , |Ste 98|| . The estimate {I^l < 16 implies that 



the Gell-Mann-Oakes-Renner relation ||Gel+ 68[ is indeed a decent starting 
point, because the contribution of the second term of Eq. ( ^4.204| ) to the pion 
mass is approximately given by 



647r2F2 



-0.054M^ for h = 16, 



i.e., more than 94 % of the pion mass must stem from the quark condensate 
G0I+ Olall. 
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Chapter 5 

Chiral Perturbation Theory for 
Baryons 



So far we have considered the purely mesonic sector involving the interaction 
of Goldstone bosons with each other and with the external fields. How- 
ever, ChPT can be extended to also describe the dynamics of baryons at 
low energies. Here we will concentrate on matrix elements with a single 
baryon in the initial and final states. With such matrix elements we can, e.g, 
describe static properties such as masses or magnetic moments, form fac- 
tors, or, finally, more complicated processes, such as pion-nucleon scattering, 
Compton scattering, pion photoproduction etc. Technically speaking, we are 
interested in the baryon-to-baryon transition amplitude in the presence of 
external fields (as opposed to the vacuum-to- vacuum transition amplitude of 
Sec. [|Gas+ 88| , |Kra 9q| , 



J^(p",p;t;,a,s,p) = (p';out|p;in)^,, ,p, p ^ p\ (5.1) 
determined by the Lagrangian of Eq. ( p.95|) . 



^ = ^QCD + >Ccxt = >Cqcd + (Hpiiv^" + K)^^^ + 75a^)g - q{s - il^p)q. (5.2) 

In Eq. ( |5.1| ) |p; in) and |p out) denote asymptotic one-baryon in- and out- 
states, i.e., states which in the remote past and distant future behave as free 
one-particle states of momentum p and p\ respectively. The functional JF 
consists of connected diagrams only (superscript c). For example, the matrix 
elements of the vector and axial-vector currents between one-baryon states 
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are given by 



{p'\V^'^''{x)\p) 
{p'\A^'^''{x)\p) 



-^TiP,p-v,a,s,p) 



v=0,a=0,s=M,p=0 



(5.3) 
(5.4) 



v=0,a=0,s=M,p=0 

where M = diag(mu, ma, mg) denotes the quark-mass matrix and 



V'^ix) 



A" 

^(a;)7^y?(a;) 



A^''^{x) = g(a:)7'^75yg(x). 



As in the mesonic sector the method of calculating the Green functions as- 
sociated with the functional of Eq. (|5.1|) consists of an effective Lagrangian- 
approach in combination with an appropriate power counting. Specific ma- 
trix elements will be calculated applying the Gell-Mann and Low formula of 
perturbation theory ||GL 51|| . The group-theoretical foundations of construct- 
ing phenomenological Lagrangians in the presence of spontaneous symmetry 
breaking have been developed in Refs. ||Wei 68| , |Gol+ 69| , |Ual+ 69|| . The fields 
entering the Lagrangian are assumed to transform under irreducible repre- 
sentations of the subgroup H which leaves the vacuum invariant whereas the 
symmetry group G of the Hamiltonian or Lagrangian is nonlinearly realized 
(for the transformation behavior of the Goldstone bosons, see Sec. 



5.1 Transformation Properties of the Fields 



Our aim is a description of the interaction of baryons with the Goldstone 
bosons as well as the external fields at low energies. To that end we need 
to specify the transformation properties of the dynamical fields entering the 
Lagrangian. Our discussion follows Refs. [ peo 84\ , pas+ 88[| . 

To be specific, we consider the octet of the |^ baryons (see Fig. With 
each member of the octet we associate a complex, four-component Dirac field 
which we arrange in a traceless 3x3 matrix B, 



B 



8 



/ IE" + 4,A 



V2 



.J_V0 , J_ A 
■^0 



p 

n 



(5.5) 
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Figure 5.1: The baryon octet in an {I3, S) diagram. We have included the 
masses in MeV as well as the quark content. 

S 

-2 • • 

E- (1321) (dss) S°(1315)(mss) 

E-{1197){dds) S°(1193)(Mrfs) S+(1189)(mms) 

1 • • • 

A(1116)(Ws) 

• • 

n{MO){udd) p{938){uud) 



-1 -1/2 1/2 1 

h 

where we have suppressed the dependence on x. For later use, we have to 
keep in mind that each entry of Eq. (|5.5| ) is a Dirac field, but for the purpose 
of discussing the transformation properties under global fiavor SU(3) this can 
be ignored, because these transformations act on each of the four components 
in the same way. In contrast to the mesonic case of Eq. ( [4.28| ), where we 
collected the fields of the Goldstone octet in a Hermitian traceless matrix 0, 
the Ba of the spin 1/2-case are not real (Hermitian), i.e., B 7^ B''. Now let 
us define the set 



M = {B{x)\B{x) complex, traceless 3x3 matrix} (5-6) 

which under the addition of matrices is a complex vector space. The following 
homomorphism is a representation of the abstract group H = SU(3)y on the 
vector space M [see also Eq. ([4.25|) ]: 

(f-.H^ (p{H), V ^ ip{V) where (p{V) : M M, 

B{x) ^ B'{x) = v{V)B{x) = VB{x)Vl (5.7) 
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First of all, B'{x) is again an element of M, because Tr[i?'(x)] = Tr[V^i?(x)l^^] = 
Tr[i?(a;)] = 0. Equation (|5.7|) satisfies the homomorphism property 

^{V^)^{V2)B{x) = ^{Vi)V2B{x)V^ = ViV2B{x)vM = {ViV2)B{x){ViV2)^ 
= i^{V^r^)B{x) 

and is indeed a representation of SU(3), because 

i^{V)[\rB^{x) + XAix)] = V[\^B,{x) + \2B2{x)]V^ 

= \iVBi{x)V^ + \2VB2{x)V^ 
= \My)Bi{x) + \2V{V)B2{x). 

Equation ( |5.7] ) is just the familiar statement that B transforms as an octet 
under (the adjoint representation of) SU(3)y.[| 

Let us now turn to various representations and realizations of the group 
SU(3)^ X SU(3)^. We consider two explicit examples and refer the interested 
reader to Ref. [|Geo 84|] for more details. In analogy to the discussion of the 
quark fields in QCD, we may introduce left- and right-handed components 
of the baryon fields [see Eq. ( p.33| )]: 

fii = PlB^ + PrB^ = Bl + Br. (5.8) 

We define the set Mi = {{B l{x) , B r{x))} which under the addition of ma- 
trices is a complex vector space. The following homomorphism is a represen- 
tation of the abstract group G = SU(3)l x SU(3)^ on Mi. 

{Bl, Br) ^ {Bl B'^) = {LBlL\ RBrR^), (5.9) 

where we have suppressed the x dependence. The proof proceeds in complete 
analogy to that of Eq. (|5.7|). 

As a second example, consider the set M2 = {B2{x)} with the homomor- 
phism 

B2^ B'^ = LB2L\ (5.10) 

i.e. the transformation behavior is independent of R. The mapping defines 
a representation of the group SU(3)^ x SU(3)^, although the transforma- 
tion behavior is drastically different from the first example. However, the 

""^Technically speaking the adjoint representation is faithful (one-to-one) modulo the 
center Z of SU(3) which is defined as the set of all elements commuting with all elements 



of SU(3) and is given by Z = {I3X3, exp(27rz/3)l3x3, exp(47ri/3)l3x3} jO'Ra 
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important feature which both mappings have in common is that under the 
subgroup H = {(y, V)\V G SU(3)} of G both fields Bi transform as an octet: 



Bi = Bl + Br ^ VBlV^ + VBrV^ = VBiV\ 



B-i ^ VBoVl 



We will now show how in a theory also containing Goldstone bosons the 
various realizations may be connected to each other using field redefinitions. 



The procedure is actually very similar to Sec. |4.10.1| , where we discussed 
how, by an appropriate multiplication with U or U\ all building blocks of 
the mesonic effective Lagrangian could be made to transform in the same 
way. Here we consider the second example, with the fields B2 of Eq. ( [5.10| ) 
and U of Eq. ( [4.28|) transforming as 



B2 ^ LB2L\ U ^ RUL\ 
and define new baryon fields by 

B = UB2, 

so that the new pair {B, U) transforms as 

B ^ RUL^LBL^ = RBL\ U ^ RULl 
Note in particular that B still transforms as an octet under the subgroup 

H = S\]{3)y. 

Given that physical observable are invariant under field transformations 
we may choose a description of baryons that is maximally convenient for 
the construction of the effective Lagrangian ||Geo 84|| and which is commonly 



used in chiral perturbation theory. We start with G = SU(2)^ x SU(2)^ and 
consider the case of G = SU(3)^ x SU(3)^ later. Let 

*=(n) (5-") 

denote the nucleon field with two four- component Dirac fields for the proton 
and the neutron and U the SU(2) matrix containing the pion fields. We have 
already seen in Sec. [4.2.2| that the mapping U t— > RUL'^ defines a nonlinear 



realization of G. We denote the square root of U by u, u^{x) = U{x), and 
define the SU(2)-valued function i?, U) by [see Eqs. (J^J7§ and ( ^1^ 1 



u{x) ^ u'{x) = vmW = RuK-\L, R, U), (5.12) 
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I.e. 

K{L, R, U) = u'-^Ru = VruU^^rVu. 

The following homomorphism defines an operation of G on the set {([/, \&)} 
in terms of a nonlinear realization: 

because the identity leaves (f/, ^) invariant and [see Sec. [4.2.2| and Eq. 
(|4Tf8| )] 

R1R2ULILI 
K{Li, R,, R2UL\)K{L2, R2, U)^ 

RiR2U{LiL2y 
K{LiL2,RiR2,U)^ 

U 



^{9i92 



Note that for a general group element g = {L, R) the transformation behavior 
of \1/ depends on U. For the special case of an isospin transformation, R = 
L = V, one obtains u' = VuV\ because 

U' = u'^ = VuVWuV^ = Vu^V^ = VUVl 

Comparing with Eq. j fHj ) yields K-\V,V,U) = or K{V,V,U) = V, 
i.e., \l/ transforms linearly as an isospin doublet under the isospin subgroup 
SU(2)y of SU(2)^ X SU(2)^. A general feature here is that the transforma- 
tion behavior under the subgroup which leaves the ground state invariant is 
independent of U. Moreover, as already discussed in Sec. |4.2.2| , the Gold- 
stone bosons transform according to the adjoint representation of SU(2)v', 
i.e., as an isospin triplet. 

For the case G = SU(3)^ x SU(3)^ one uses the nonlinear realization 

'■{b)^{1') = { k{l, r, i!^bk^{l, r,u))^ ^^-^^^ 

where K is defined completely analogously to Eq. ( |5.12| ) after inserting the 
corresponding SU(3) matrices. 
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5.2 Lowest-Order Effective Baryonic Lagrangian 



Given the dynamical fields of Eqs. (|5.13| ) and ( p.l4| ) and their transforma- 
tion properties, we will now discuss the most general effective baryonic La- 
grangian at lowest order. As in the vacuum sector, chiral symmetry provides 
constraints among the single-baryon Green functions contained in the func- 
tional of Eq. { f).l\ ). Analogous to the mesonic sector, these Ward identities 
will be satisfied if the Green functions are calculated from the most general 
effective Lagrangian coupled to external fields with a local invariance under 
the chiral group (see Appendix]^). 

Let us start with the construction of the irN effective Lagrangian C^^J^ 
which we demand to have a local SU(2)i x SU(2)^ x U(l)y symmetry. The 
transformation behavior of the external fields is given in Eq. (|2.109|) , whereas 
the nucleon doublet and U transform as 

Vn{x)U{x)Vl{x) \ 
^{x) J \ exp[-tQix)]K[VL{x), Vr{x), Uix)]^ix) J ' ^^"'^^ 

The local character of the transformation implies that we need to introduce 
a covariant derivative Z)^\E' with the usual property that it transforms in the 
same way as [compare with Eq. ( p.l7|) for the case of QED]: 

D^^ix) ^ [D^^ix)]' = exp[-te{x)]K[VL{x), Vr{x), U{x)]D^^{x). (5.16) 

Since K not only depends on Vl and Vr but also on U, we may expect the 
covariant derivative to contain u and -u^ and their derivatives. In fact, the 
connection of Eq. ( |4.181| ) (recall df^uu^ = —ud^u^), 

T/. = ^ [u\df, - ir^)u + u{d^ - ilf,)v)] , (5.17) 
is also an integral part of the covariant derivative of the nucleon doublet: 

D^m = {d, + T^-iv^^^)^. (5.18) 
What needs to be shown is 

= [5^+r;-2(t;(^)-9^e)]exp(-^e)K* = exp(-ze)i^(9^+r^-^t;(^))^. 

(5.19) 

To that end, we make use of the product rule, 

d^[exp{-iQ)K% = -td^eexp{-ie)K^+exp{-ie)d^K^+exp{-ie)Kdf,^, 
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in Eq. ( |5.19| ) and multiply by exp{iQ), reducing it to 



Using Eq. ( p^ , 

K = u'Wru = u'u'^u'^Vru = u'U'^Vru = u'Vl V^Vru = u'Vlu\ 



1 



u'^u'' i 



we find 



K [u\d^ - ir,)u\ - yu'\d, - iVrt.vI + VrO^VI 

u'^^Vr^O^u - ir^u) - u'^'d^u' ^J{^ 

u'Wru 

+iu'WRr^ Vlu'K -u'^Rd^VlvlK 

U VrU 

+ {R L,u^ u\ u' ^ u'^) 
u'^VrS^u — iu'^VRT^u — u'^d^uu'^ Vru 



K 



u 



^VrOuU + dau'^VRU + u'^dnVRU 



+ {R —> L,u u\ u ^ u'^) 
= d^i^u'^RU + u'Vlu^) = 2d^K, 

i.e., the covariant derivative defined in Eq. ( |5.18| ) indeed satisfies the condi- 
tion of Eq. (|5.16| ). At 0{p) there exists another Hermitian building block, 
the so-called vielbein ||Eck 95|| ,p| 

= i [u'^idf, - ir^)u - u{d^ - il^)u^] , (5.20) 

which under parity transforms as an axial vector: 
p 



^The relation with the notation of Sec. [4.10.l| is given by (D^J/)- = -2m^ | Ebe+ 02 1 
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The transformation behavior under SU(2)^ x SU(2)^ x U(l)y is given by 
which is shown using [see Eq. (|5.12|) ] 



u' = VruK^ = KuVl 



and the corresponding adjoints. We obtain 

^ i[u'\d^-iVRr^Vl + VRd^Vl)u' 
-u'{d^ - iVlI^VI + VLd^Vl)u'^] 
= i[KuWl{d^-iVRr^Vl + VRd^Vl)VRuK^ 

= tlKuW^d^VRuK^ + Ku^d^uK^ + Kd^K^ 

-vIo.Vr 

+iKul^u^K^ - Ku d^ylVL u^K^] 
-Vld^VL 

= iK[u\d^-ir^)u-u{d^-il^)v)]K'^ 
= KUf,Kl 

The most general effective irN Lagrangian describing processes with a 
single nucleon in the initial and final states is then of the type ^O"^, where O 
is an operator acting in Dirac and flavor space, transforming under SU(2)j^ x 
SU(2)^ X U(l)y as KOK^ . As in the mesonic sector, the Lagrangian must 
be a Hermitian Lorentz scalar which is even under the discrete symmetries 
C, P, and T. 

The most general such Lagrangian with the smallest number of derivatives 
is given by [ |(jas+ 88[] p 



= ^{tip- +y7^75M^ ) ^. (5.21) 



^The power counting will be discussed below. 
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It contains two parameters not determined by chiral symmetry: the nucleon 

o o 

mass nijq and the axial- vector couphng constant 9 a, both taken in the chiral 
limit (denoted by o). The overall normalization of the Lagrangian is chosen 
such that in the case of no external fields and no pion fields it reduces to 

o 

that of a free nucleon of mass m^r. 

Since the nucleon mass itlm does not vanish in the chiral limit, the zeroth 
component of the partial derivative acting on the nucleon field does not 
produce a "small" quantity. We thus have to address the new features of 
chiral power counting in the baryonic sector. The counting of the external 
fields as well as of covariant derivatives acting on the mesonic fields remains 
the same as in mesonic chiral perturbation theory [see Eq. ( [4.62| ) of Sec. 



4.5|| . On the other hand, the counting of bilinears ^!T^! is probably easiest 
understood by investigating the matrix elements of positive-energy plane- 
wave solutions to the free Dirac equation in the Dirac representation: 



^/>(+)(f,t) = exp(-ipAr ■ x)^En + [ g.pj^ ), (5.22) 



where x denotes a two-component Pauli spinor and = {E^^Pn) with 
i?7v = a/p AT + '^AT- In the low-energy limit, i.e. for nonrelativistic kinematics, 
the lower (small) component is suppressed as |pAr|/mAr in comparison with the 
upper (large) component. For the analysis of the bilinears it is convenient to 
divide the 16 Dirac matrices into even and odd ones, £ = {1, 70, 7574, <Jij} and 
O = {75, 757o, 7j, o"jo} jEW 50| , [l'ea+ 94|| , respectively, where odd matrices 



couple large and small components but not large with large, whereas even 
matrices do not. Finally, id^ acting on the nucleon solution produces 
which we write symbolically as = (mjv,0) -|- {Ejy — mjq.pj^) where we 
count the second term as 0(p), i.e., as a small quantity. We are now in the 
position to summarize the chiral counting scheme for the (new) elements of 
baryon chiral perturbation theory [[Kra 90|| : 



^,^ = 0{p'>), D^^ = 0{p'), {lip- mjv)^ = 0{p), 

1,7/., 757m, = 75 = 0{p), (5.23) 

where the order given is the minimal one. For example, 7^ has both an 0{p^) 
piece, 7o, as well as an 0{p) piece, 7^. A rigorous nonrelativistic reduction 



may be achieved in the framework of the Foldy-Wouthuysen method [FW 50 



or the heavy-baryon approach ||JM 91| , |Ber+ 92'5| which will be discussed 



later (for a pedagogical introduction see Ref. [[Hoi 97|| ) 
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The construction of the 811(3)^;^ x SU(3)^ Lagrangian proceeds similarly 
except for the fact that the baryon fields are contained in the 3x3 matrix 
of Eq. ( p. 51 ) transforming as KBK'^ . As in the mesonic sector, the building 
blocks are written as products transforming as i^' ■ ■ ■ K'^ with a trace taken 
at the end. The lowest-order Lagrangian reads f|Geo 84| , |Kra 9q] 



'(1) 

-MB 



D 



Tr [B {ip - Mo) B] - -Tr {B^l^iu,, B}) - -Tr (57^^75^, B]) , 

(5.24) 

where Mq denotes the mass of the baryon octet in the chiral limit. The 
covariant derivative of B is defined as 



D^B 



d^B 



(5.25) 



with of Eq. ( CT ) [for SU(3)^ x SU(3)J. The constants D and F may 
be determined by fitting the semi-leptonic decays 5 — > 5' + e~ + z/g at tree 
level [|Bor 99|| : 

D = 0.80, F = 0.50. (5.26) 



5.3 Applications at Tree Level 

5.3.1 Goldberger-Treiman Relation and the Axial- Vector 
Current Matrix Element 

We have seen in Sec. p.3.6| that the quark masses in QCD give rise to a non- 
vanishing divergence of the axial- vector current operator [see Eq. (|2.84| )]. 



Here we will discuss the implications for the matrix elements of the pseu- 
doscalar density and of the axial-vector current evaluated between single- 
nucleon states in terms of the lowest-order Lagrangians of Eqs. ( 4.70| ) and 
(|5.21|) . In particular, we will see that the Ward identity 



(iV(p')|9^Af(0)|iV(p)) = {Nip')\m,Pm\Nip)), (5.27) 

where nig = = m^, is satisfied. 

The nucleon matrix element of the pseudoscalar density can be parame- 
terized as 

mg{N{p')\PmN{p)) = jj^GMt)Hp'HrMp), (5.28) 
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where t = ijp' — p)"^. Equation ( p.28| ) defines the form factor GT,]\f{t) in 
terms of the QCD operator mgPi{x). As we have seen in the discussion 
of 7171 scattering of Sec. [4.6.2| , the operator mqPi{x) / (M^F.,,) serves as an 
interpolating pion field [see Eq. (|4.99| )], and thus G.„N{t) is also referred to as 
the pion-nucleon form factor (for this specific choice of the interpolating pion 
field). The pion-nucleon coupling constant Qt^n is defined through CttAtI^) 
evaluated at t = M^. 

The Lagrangian C^^lf of Eq. ( |5.21| ) does not generate a direct coupling of 
an external pseudoscalar field Pi{x) to the nucleon, i.e., it does not contain 
any terms involving x or ■ At lowest order in the chiral expansion, the 
matrix element of the pseudoscalar density is therefore given in terms of the 
diagram of Fig. |5]^, i.e., the pseudoscalar source produces a pion which prop- 
agates and is then absorbed by the nucleon. The coupling of a pseudoscalar 



Figure 5.2: Lowest-order contribution to the single-nucleon matrix element 
of the pseudoscalar density. Mesonic and baryonic vertices are denoted by 
a circle and a box, respectively, with the numbers 2 and 1 referring to the 
chiral order of C2 and d^^lr- 



mqPi 






1 









field to the pion in the framework of £2 has already been discussed in Eq. 

(EH)' 



ext 



Tt{pU^ - Up) = 2BoFoPi(f>i + 



(5.29) 



When working with the nonlinear realization of Eq. ( 5.13| ) it is convenient to 
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use the exponential parameterization of Eq. ( 4.88| ) , 



U(x) = exp 



r ■ 0[x) 



Fo 



because in that case the square root is simply given by 



u[x) = exp 



.r ■ (p[x) 
2Fn 



According to Fig. |5.2| , we need to identify the interaction term of a nucleon 
with a single pion. In the absence of external fields the vielbein of Eq. ( ^.20|) 
is odd in the pion fields, 



Expanding u and u'^ as 



(5.30) 



we obtain 



(5.31) 



(5.32) 



which, when inserted into of Eq. ( |5.21|) , generates the following interac- 
tion Lagrangian: 



(5.33) 



(Note that the sign is opposite to the conventionally used pseudovector pion- 
nucleon coupling.^) The Feynman rule for the vertex of an incoming pion 
with four-momentum q and Cartesian isospin index a is given by 



(5.34) 



''in fact, also the definition of the pion- nucleon form factor of Eq. ( 5.2g ) contains a sign 
opposite to the standard convention so that, in the end, the Goldberger-Treiman relation 
emerges with the conventional sign. 
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On the other hand, the connection of Eq. ( 5.17 ) with the external fields set 
to zero is even in the pion fields, 



- [u^d^u + udf,v)] * I 



Hi 



(5.35) 



i.e., it does not contribute to the single-pion vertex. 

We now put the individual pieces together and obtain for the diagram of 



Fig. 5.2 



mq2BoFo 



-( 'W 



y^Ti u{p) 



MlFo 



o o 



Fn Ml-t 



u{p')'j5iTiU{p), 



where we used = 2BQmq, and the Dirac equation to show u^^y^u = 2 m^v 
U75M. At OijP') Ft, = Fq so that, by comparison with Eq. ( |5.28|) , we can read 
off the lowest-order result 



rriN 



9a, 



(5.36) 



i.e., at this order the form factor does not depend on t. In general, the pion- 
nucleon coupling constant is defined at t = which, in the present case, 
simply yields 



QnN — 



^9a. 



(5.37) 



Equation (|5.37|) represents the famous Goldberger-Treiman relation ||GT 58a| , 
|GT 58b|, |Nam 60 1 which establishes a connection between quantities entering 
weak processes, and qa (to be discussed below), and a typical strong- 
interaction quantity, namely the pion-nucleon coupling constant q^^n. The 
numerical violation of the Goldberger-Treiman relation, as expressed in the 
so-called Goldberger-Treiman discrepancy 

. _ . gA^N ,^ „„x 

A^AT = 1 — , (5.38) 

is at the percent level,0 although one has to keep in mind that a// /owr physical 

o 

quantities move from their chiral-limit values 5'^ etc. to the empirical ones 
Qa etc. 



5 Using ruM = 938.3 MeV, gA = 1.267, = 92.4 MeV, and g^N = 13.21 [^ch+ Ol| , 
one obtains /S.j^m ~ 2.6 %. 
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Using Lorentz covariance and isospin symmetry, the matrix element of 
the axial-vector current between initial and final nucleon states — excluding 
second-class currents fWei 58|| — can be parameterized asQ 



{Nip')\A^iO)\Nip))=uip') 



2m N 



75^u(p), (5.39) 



where t = {p' — pY, and Ga(^) and Gp{t) are the axial and induced pseu- 
doscalar form factors, respectively. 

At lowest order, an external axial-vector field couples directly to the 
nucleon as 

(5.40) 



r 

•^ext 
(1) 



(^M - ^m) + 



which is obtained from through 
coupling to the pions is obtained from £2 with = — = 

£ext = -F^d^<P,a'^ + ■ ■ ■ , 



2a ^ + ■ ■ ■. The 



(5.41) 



which gives rise to a diagram similar to Fig. p.2| , with mqPi replaced by a^. 
The matrix element is thus given by 



Ti 



g2 - M2 ^ 

from which we obtain, by applying the Dirac equation, 

GAit) = 9a, 
Gpit) = 



■tFoqn}uip), 



o 2 o 

4 9a 
' t-Ml' 



(5.42) 
(5.43) 



At this order the axial form factor does not yet show a t dependence. The 
axial- vector coupling constant is defined as G'a(O) which is simply given by 

^The terminology "first and second classes" refers to the transformati on prop erty of 
strangeness-conserving semi- leptonic weak interactions under Q conjugation |Wei 58 1 which 
is the product of charge symmetry and charge conjugation Q = C exp(«7r/2). A second-class 
contribution would show up in terms of a third form factor Gt contributing as 



GT{t)u{p')i 



75 — u{p). 
2mN 2 



Assuming a perfect ^/-conjugation symmetry, the form factor Gt vanishes. 
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9 A- We have thus identified the second new parameter of O^j^ besides the 

o 

nucleon mass m^v. The induced pseudoscalar form factor is determined by 
the pion exchange which is the simplest version of the so-called pion-pole 
dominance. The — M^) behavior of Gp is not in conflict with the book- 
keeping of a calculation at chiral order because, according to Eq. ( [4.62|) , 



the external axial- vector fleld counts as 0{p), and the deflnition of the 
matrix element contains a momentum {p' — p)^ and the Dirac matrix 75 [see 
Eq. ( |5.23D ] so that the combined order of all elements is indeed 0{p). 



It is straightforward to verify that the form factors of Eqs. (|5.36|) , ( ^.42 ) 
and ( |5.43| ) satisfy the relation 



2mjvG^(t) + Gpit) = 2—l^G^N{t), (5.44) 



which is required by the Ward identity of Eq. (|5.27| ) with the parameteriza- 



tions of Eqs. ( |5.28|) and (|5.39|) for the matrix elements. In other words, only 
two of the three form factors Ga, Gp, and Gt^n are independent. Note that 
this relation is not restricted to small values of t but holds for any t. 
In the chiral limit, Eq. ( p.27| ) implies 

2 mjv Ga (t) + Gp (t) = 0, (5.45) 

2 



which also follows from Eq. ( ^.42|) and Eq. ( |5.43|) for = 0. Equation ( |5.45|) 



for Ga (0) 7^ requires that in the chiral limit the induced pseudoscalar form 
factor has a pole in the limit t — 0. The interpretation of this pole is, of 
course, given in terms of the exchange of a massless Goldstone pion. To 
understand this in more detail consider the most general contribution of the 
pion exchange to the axial- vector current matrix element: 

{N{p')\Ammp)). = - /^;l?%^!i ^(p>^5fn(p), 

t- - h{t) ^ 
where S(M^) = S'(M^) = for the renormalized propagator [see Eq. 



( |4.137| )]. The functions F^{t) and gT,Nif) denote the most general param- 
eterizations for the pion-decay vertex and the pion-nucleon vertex (note that 
we have not specifled the interpolating pion fleld). For general t their values 
depend on the interpolating fleld, but for t = they are identical with the 
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pion-decay constant and the pion-nucleon coupling constant (^^at, respec- 
tively. In the chiral limit, — > 0, we obtain 

2Fo(t) g^N (t) o , Ti 
o 2 u{p)^^'y5-u{p), 



t- t {t) 



2 2 



where S (0) =S' (0) = 0. In other words, the most general contribution of 
a massless pion to the induced pseudoscalar form factor in the chiral limit is 
given by 

° 4:mN Fo{t) g^N (t) 

GP.TT [t) = 3 . 

t- S (t) 

We divide the pseudoscalar form factor into the pion contribution and the 
rest . Making use of Eq. ( ^.45|) , we consider the limit 

lim t[Gp,n {t)+ Gp,r {t)] = -4 mjv i^o Ln 

I o 2 o 

= -4m^GA(0) 
from which we obtain the Goldberger-Treiman relation 

o o 
5U _ g-n-N 

Of course, we have assumed that there is no other massless particle in the 

o 

theory which could produce a pole in the residual part Gp,r (t) as t ^ 0. 



5.3.2 Pion-Nucleon Scattering at Tree Level 

As another example, we will consider pion-nucleon scattering and show how 
the effective Lagrangian of Eq. ( 5.21 ) reproduces the Weinberg- Tomozawa 
predictions for the s-wave scattering lengths fWei 66| , [Tom 66|| . We will con- 
trast the results with those of a tree-level calculation within pseudoscalar 
(PS) and pseudovector (PV) pion-nucleon couplings. 

Before calculating the nN scattering amplitude within ChPT we intro- 
duce a general parameterization of the invariant amplitude M. = iT for the 
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process 7r°(g) + N{p) 7T\q') + N{p') ||Ulie+ 57| , [Bro+ 71\\ -f\ 



(5.46) 



with the two independent scalar kinematical variables 



^ ^ s-u ^ {p + p')-q ^ (p + p') ■ q' 

where s = (p + q)'^, t = {p' —pY, and u = {p' — qY are the usual Mandelstam 
variables satisfying s + t + u = 2m^ + 2M^. From pion-crossing symmetry 
T°'''{p, q; p', q') = T^"'{p, — g'; p', —q) we obtain for the crossing behavior of the 
amplitudes 

^+(-z/, vb) = v4+(z/, z/b), v4"(-z/, z/b) = -A"(z/, ub), 
B+{-v, Vb) = -5+(z/, Vb). B~{~v, vb) = B-{v, vb). 

As in TT7C scattering one often also finds the isospin decomposition as in Eq. 
(|4l97|) , 

{I',l!,\T\I,Is)=T'6n,6j,r„ 
where the relation between the two sets is given by |[EW 88|| 

= T+ + 2T-, 
Ti = T+-T-. (5.49) 



Let us turn to the tree-level approximation to the vrA^ scattering ampli- 
tude as obtained from C^^]^ of Eq. (|5.21|) . In order to derive the relevant 

^One also finds the parameterization pL Ol] 

T^u{p') (^D-^[4',4]B^ u[p) 
with D = A + vB, where, for simplicity, we have omitted the isospin indices. 
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interaction Lagrangians from Eq. ( 5.21| ), we reconsider the connection of Eq. 
(|5.171) with the external fields set to zero and obtain 

= T^r-0x 9^0 + 0(0^). (5.50) 

The linear pion-nucleon interaction term was already derived in Eq. ( |5.33| ) 
so that we end up with the following interaction Lagrangian: 



Ant = -\^-^^l^l,T'>d^(t>'^ - ^7^^ r- X 9^0 V]/. (5.51) 



ecder'=0''(9/,0^ 

The first term is the pseudovector pion-nucleon coupling and the second the 
contact interaction with two factors of the pion field interacting with the 
nucleon at a single point. The Feynman rules for the vertices derived from 
Eq. (|3l|) read 

• for an incoming pion with four-momentum q and Cartesian isospin 
index a: 

o 

- \^4il^r\ (5.52) 

• for an incoming pion with g, a and an outgoing pion with g', h: 

' ("W) (^'"^''^i + ^''^'''i-^<l),) = (5-53) 



The latter gives the contact contribution to Ai, 

^0^ 



Meant = U{P)^^ eabcT^ u{p) = l^u{p') -[t\ T^'j-i^ +4')u{p) . (5.54) 



We emphasize that such a term is not present in a conventional calculation 
with either a pseudoscalar or a pseudovector pion-nucleon interaction. For 
the s- and w-channel nucleon-pole diagrams the pseudovector vertex appears 
twice and we obtain 

+^^tx(p')rVV75- ^-^i-i'hMp)- (5.55) 
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The s- and w-channel contributions are related to each other through pion 
crossing a ^ b and q ^ —q'. In what follows we explicitly calculate only 
the s channel and make use of pion-crossing symmetry at the end to obtain 
the M-channel result. Moreover, we perform the manipulations such that 
the result of pseudoscalar coupling may also be read off. Using the Dirac 
equation, we rewrite 

4l5u{p) = (/+/- rn-N + rriN-^hMp) = mjv)75M(p)+2 m^v iMp) 



and obtain 



o2 



1 



o2 



i' + 4- rriN) + 2mN l-,u{p) 



(-/) + (-/)75 ^2 mjv 75 

f + 4- rriN 



u{p). 



We repeat the above procedure 

u{p')i'l-, = u{p')[-2 m^75 - 75(^ + 4- ^n)], 

yielding 



Ms = ^i^u{p'yr'^[{-^') + 4m^75- ; . 



— 75+2 mjv]M(p), (5.56) 



PS coupling 

where, for the identification of the PS-coupling result, one has to make use of 
the Goldberger-Treiman relation ||G'l' 58a| , |G'l' 58b| , [Nam 60|| (see Sec. [5.3. 1| ) 

o o 
9a _ 9nN 
TP ° ' 

-^0 rriAT 



where 9-,^^ denotes the pion-nucleon coupling constant in the chiral limit. 
Using 

s - = 2mAr(z/ - z/^). 
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we find 



—lbU{p) = U{p}-f5 —l5U{p) 



niN 



{p' + g')^- '^N 



1 



-2^b')W + /)«(p) 



2 m^v (z/ - Ub) 

where we again made use of the Dirac equation. We finally obtain for the 
s-channel contribution 

2 mjv 



Ms = t^uip'^T'^ 



2 m,^ +-( 



-1 



u{p). (5.57) 



As noted above, the expression for the u channel results from the substitution 
a ^ b and q ^ —q' 

2 rriTv 



1 



2 +-{4 + 4') 1 



(5.58) 



We combine the s- and u-channel contributions using 



^ba ^ rb , ^ ib ai ^ah ^ ( b ^ \b ai 



and 



1 1 

± 



2u 
2ub 



V -Vb V \vb v'^ -v\ 
and summarize the contributions to the functions and of Eq. ( ^.461) 
in Table U [see also Eq. (A.26) of Ref. ||Gas+ 88|| ]. 

In order to extract the scattering lengths, let us consider threshold kine- 
matics 

p/^=p'/^ = (m^,0), g^ = g'^= (M,,0), z/|thr = M,, VBWr = -^. 

(5.59) 

O 

Since we only work at lowest-order tree level, we replace m^—* rriN, etc. 
Together withQ 



u{p) — > \J1mj~^ 



u{p') y/2mN {x^ O) 



^Recall that we use the normahzation uu = 2mN- 
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Table 5.1: Tree-level contributions to the functions and of Eq. ( |5.46| ). 
The second column (PS) denotes the result using pseudoscalar pion-nucleon 
coupling (using the Goldberger-Treiman relation). The sum of the second 
and third column (PS+APV) represents the result of pseudovector pion- 
nucleon coupling. The contact term is specific to the chiral approach. The 
last column, the sum of the second, third, and fourth columns, is the lowest- 
order ChPT result. 



amplitude\origin 


PS 


APV 


contact 


sum 


A+ 





9 /^rrif^ 





o 


A- 














B+ 


f A mj^u 








o'^ a 

9 A ™-Nl^ 




p'2 y2_y2 


B- 


°^ o 

9 A ruf^ug 

^0 


9a 
2F^ 


1 


^-9 A 9a mj^vg 

2p2 p2 y2_i.2 



we find for the threshold matrix element 

Tithr = 2m;vx'^ [<5"' + M^B+) - ze,,,r^ [A' + M^B')]^^^ x- (5.60) 
Using 



1 



rTT-AT 7 



we obtain 

T|thr = 2mArx'"^ 



+ M J - 



g\\m^ 1 



TT / TT -L A 



PS 



-ieabcT^M^ 



ChPT = PV 



2F2 2F2 F2 V 2 / 1 _ ifi 

TT TT TT \ / ^ 



PS 



PV 



X, (5.61) 



ChPT 

where we have indicated the results for the various coupling schemes. 
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Let us discuss the s-wave scattering lengths resulting from Eq. ( |5.61| ). 
Using the above normalization for the Dirac spinors, the differential cross 
section in the center-of-mass frame is given by ||EW 88 



da 

which, at threshold, reduces to 



87r 



ITI 



(5.62) 



da 

dn 



thr 



1 



\T\ 



The s-wave scattering lengths are defined as| 
1 1 



I thr 



47r(l + /i) 



thr 



(5.63) 



(5.64) 



The subscript 0+ refers to the fact that the vrA^ system is in an orbital s 
wave (/ = 0) with total angular momentum 1/2 = + 1/2. Inserting the 
results of Table 1^ 



^0+ 




8vr(l + /i)F2 



[1 + 0{p^ 



167r(l + /i)F2i_/il 



(5.65) 
(5.66) 



where we have also indicated the chiral order. Taking the linear combinations 



1 

02 



2aQ^ and a 2 



aQ_^ — aQ_^ [see Eq. ( |5.49| )], we see that the results 



of Eqs. (|5.65|) and ( |5.66| ) indeed satisfy the Weinberg- Tomozawa relation 
|Wei 66| , [Io5r66| :n 



^^[/(/ + 1)-^ 

87r(l + /i)F2^ ^ ^ ^ 4 



2]- 



(5.67) 



^ The threshold parameters are defined in terms of a multipole expansion of the ttN 
scattering amphtude |Che+ 57 1. The sign convention for the s-wave scattering parameters 
00+'' opposite to the convention of the effective range expansion. 

^°We do not expand the fraction because the /i dependence is not of dynamical 

origin. 

^^The result, in principle, holds for a general target of isospin T (except for the pion) 
after replacing 3/4 by T(V + 1) and by M^/Mt- 
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As in vrvr scattering, the scattering lengths vanish in the chiral hmit reflecting 
the fact that the interaction of Goldstone bosons vanishes in the zero-energy 
hmit. The pseudoscalar pion-nucleon interaction produces a scattering length 
ao+ proportional to m-Tv instead of /iM^ and is clearly in conflict with the 
requirements of chiral symmetry. Moreover, the scattering length of the 
pseudoscalar coupling is too large by a factor g\ in comparison with the two- 
pion contact term of Eq. ( |5.54|) (sometimes also referred to as the Weinberg- 
Tomozawa term) induced by the nonlinear realization of chiral symmetry. 
On the other hand, the pseudovector pion-nucleon interaction gives a totally 
wrong result for , because it misses the two-pion contact term of Eq. 

dm). 



Using the values 

c/A = 1-267, F^ = 92.4MeV, 

mN = mp = 938.3 MeV, = = 139.6 MeV, (5.68) 

the numerical results for the scattering lengths are given in Table |5.2| . We 
have included the full results of Eqs. ( |5.65| ) and ( |5.66| ) and the consistent cor- 
responding prediction at 0{p). The results of heavy-baryon chiral perturba- 
tion theory (HBChPT) (see Sec. U) are taken from Ref. [|Moj 98|| . At 0{p^) 
the calculation involves nine low-energy constants of the chiral Lagrangian 
which have been flt to the extrapolated threshold parameters of the partial 
wave analysis of Ref. ||KP 8(]|] , the pion-nucleon a term and the Goldberger- 
Treiman discrepancy. Up to and including 0{p'^) the HBChPT calculation 
contains 14 free parameters ||FM OCI|| . In Ref. |[FM 00|| the complete one-loop 



amplitude at 0{p^) was flt to the phase shifts provided by three different 
partial wave analyses ||Koc 86|| [1], ||lVlat 97|| [11], and SP98 of jgAIDI [111]. 



Table |5.2| includes the results for the s-wave scattering lengths obtained from 
those flts in combination with the empirical values of the three analyses. Fi- 
nally, the results of the recently proposed manifestly Lorentz-invariant form 
of baryon ChPT [R(elativistic)BChPT] [[BL 99|| (see Sec. |;6D are included 
up to O(p^) [pL 01|| . The flrst entries (a) refer to a dispersive representation 
of the function D = A + vB entering the threshold matrix element [see Eq. 



( 5.64 ) and recall Uthr = ^tt] whereas the second entries (b) involve only the 
one-loop approximation. Whereas for there is no difference, the value 
for differs substantially which has been interpreted as the result of an 
insufficient approximation of the one-loop representation to allow for an ex- 
trapolation from the Cheng-Dashen point [(z/ = 0, z/^ = 0)] to the physical 



region ||BL 01|| 
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The empirical results quoted have been taken from low-energy partial- 
wave analyses |[Koc 86| , [Mat 97|| and recent precision X-ray experiments on 
pionic hydrogen and deuterium |[Sch-|- 01" . 



Table 5.2: s-wave scattering lengths a^_^_. 



Scattering length 


[MeV-i] 


ao+ [MeV-i] 


Tree-level result 


-6.80 X IQ-^ 


+5.71 X 10-4 


ChPT 0{p) 





+5.66 X 10-4 


HBChPT 0{p') IIMoj 98|| 


-1.3 X lO-'^ 


+5.5 X 10-4 


HBChPT 0{p'') IIMoj 98| 


(-7 ±9) X 10-5 


(+6.7+1.0) X 10-4 


HBChPT [I] fJ^'M Oq 


-6.9 X 10-5 


+6.47 X 10-4 


HBChPT 0{p^) [II] |FM~00[ 


+3.2 X 10-5 


+5.52 X 10-4 


HBChPT Oip") [IIIJ ||FM 00 1 


+1.9 X 10-5 


+6.21 X 10-4 


RChPT 0{p'') (a) PL 01| 


-6.0 X 10-5 


+6.55 X 10-4 


RChPT C(p^) (b) pL 01| 


-9.4 X 10-5 


+6.55 X 10-4 


PS 


-1.23 X 10-^ 


+9.14 X 10-4 


PV 


-6.80 X 10-5 


+5.06 X 10-^ 


Empirical values 


Koc 8(| 


(-7+1) X 10-5 


(6.6 + 0.1) X 10-4 


Empirical values 


Mat 971 


(2.04 + 1.17) X 10-5 


(5.71 + 0.12) X 10-4 
(5.92 + 0.11) X 10-4 


Experiment [pch-|- 01] 


(-2.7 + 3.6) X 10-5 


(+6.59 + 0.30) X 10-4 



5.4 Examples of Loop Diagrams 

In Sec. |4.4| we saw that, in the purely mesonic sector, contributions of n-loop 



diagrams are at least of order C(p^"+^), i.e., they are suppressed by p^" in 
comparison with tree-level diagrams. An important ingredient in deriving 
this result was the fact that we treated the squared pion mass as a small 
quantity of order p^. Such an approach is motivated by the observation 
that the masses of the Goldstone bosons must vanish in the chiral limit. 
In the framework of ordinary chiral perturbation theory ~ rriq [see Eq. 
( |4.45| ) and the discussion at the end of Sec. [4.10.2|| which translates into 



a momentum expansion of observables at fixed ratio niq/p . On the other 
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hand, there is no reason to beheve that the masses of hadrons other than the 
Goldstone bosons should vanish or become small in the chiral limit. In other 
words, the nucleon mass entering the pion-nucleon Lagrangian of Eq. ( |5.21| ) 
should — as already anticipated in the discussion following Eq. (|5.21|) — not be 
treated small quantity of, say, order 0{p). 

Naturally the question arises how all this affects the calculation of loop 
diagrams and the setup of a consistent power counting scheme. We will 
follow Ref. ||Gas+ 88| and consider, for illustrative purposes, two examples: 
a one-loop contribution to the nucleon mass and a loop diagram contributing 
to ttN scattering. 



5.4.1 First Example: One-Loop Correction to the Nu- 
cleon Mass 

The discussion of the modification of the nucleon mass due to pion loops 
is very similar to that of Sec. 4.9.1 for the masses of the Goldstone bosons. 
The lowest-order Feynman propagator of the nucleon, corresponding to the 
free-field part of C^^l of Eq. (|^, 



iSpip) 



(5.69) 



is modified by the self energy (see for example the one-loop contribution 
of Fig. |5.3|) in a way analogous to the modification of the meson propagator 
in Eq. (liAp , 



+ 



resulting in the full (but still unrenormalized) propagator 



+ 



(5.70) 



In the absence of external fields (but including the quark mass term), the 
most general expression for the self energy can be written as 



S(p) = -f{p^)^ + g{p'^) rriN, 



(5.71) 
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where / and g are as yet undetermined functions of the invariant p"^. We 
assume that / and g may be determined in a perturbative (momentum or 
loop) expansion which, symbohcally, we denote by some indicator A, 

f{p'A)=fo{p') + Xfl{p')+\'f2{p') 



+ 



9ip'A)=9oip') + \9iip') + \'92ip') + 



(5.72) 



When switching off the interaction, we would like to recover the lowest-order 
result of Eq. (|5.69|) , i.e. S — 0, implying fo = 9o = 0. The mass of the 
nucleon is defined through the position of the pole of the full propagator, 
i.e., for |< = rrtTv we require 



from which we obtain 

rriN =m^ 



0, 



l + g{m%) 



4) 



1 + f{m] 

The perturbative result to first order in A reads 



(5.73) 



1 + Xgijm^) + 
l + A/i(mJ + 



rriN <l + \ 



9i{m 



Ni 



NJ 



+ 



(5.74) 

[Note that the argument of the functions / and g also has to be expanded 

o 2 

in powers of A, m% = + 0(A).] The wave function renormalization 
constant is defined through the residue at ^ 



Sip) 



TUN, 

for ;d — >• TTJ-Tv, 



i.e., the renormalized propagator, defined through S{p) 
pole at |1 = with residue 1. Using (p^ — m%)^ = (|i 



(5.75) 
ZnSr{p), has a 



TJlN 



and Eq. ( |5.73| ) we find that for ^ 
S{p) = ^ 



rriN 



-fip')]-m^ [1 + gip')] 
+ fimj^) + (^ -mAf)(^ 

-rriN [1 + gimjj) + - tun 

1 



+ m^)f\m%) + ■■■] 
+ mN)g'{m%) + ■ 



- mjv)[l + f{m%) + 2m%f'{m%) - 2 mNg'{m%)] 
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yielding for the wave function renormalization constant 



1 - A |/i(mjv) + 2 [/((^jv) - 9'i{^n)]\ + 



(5.76) 



With these definitions let us consider the contribution of Fig. ^.3| to the 
self energy, where, for the sake of simplicity, we perform the calculation in the 
chiral limit = 0. Using the vertex of Eq. (|5.34|) we obtain the contribution 



Figure 5.3: Example of a pion-loop contribution to the nucleon self energy. 



/ k,i \ 



p-k 



of the self energy 



- i Sloop (p) 



2Fo' 



X- 



o 

f — If — mpf +iO^ 



(5.77) 



Counting powers we see that the integral has a cubic divergence. We make 



use of (normal) dimensional regularization ||Jeg 01|| , where the integrand is 
first simplified usingQ 



{7^,74 = 2g^ 



9,' 



{7/., 75} = 0, 



1. 



(5.78) 



^For a recent discussion of the problem with 75 in dimensional regularization, see Ref. 



[ J eg 01 . Since we are neither dealing with matrix elements containing anomalies nor con- 
sidering closed fer mion loops, we can safely make use of normal dimensional regularization 
[|Gas+ 88i iJeg Ol|] . 
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In the standard fashion, we first insert 

o ' 

— ^+ rrij^ —iO+ 
simphfy the numerator using Eq. ( p. 781 ), 



and obtain, with r^Tj = 3 



o 2 



N) 



Sloop (p) 



o2 



(27r)" 



{k — pY 



o 2 



(2vr)" ^ ,^0+) [(A; - p^- +zO+] 



A—n 



d'^k 



Indeed, when discussing the contribution to the nucleon mass [see Eq. ( p.74| )] 
we only need to consider the first integral of Eq. ( |5.79|) , because the second 

o 2 

term does not contribute at p =rrt^ and the third term vanishes in dimen- 
sional regularization because the integrand is odd in k. Using Eqs. ( |C.2| ) and 
1731) of Appendix |C.1.1| with the replacement — * m^v we obtain, in the 



language of Eq. ( [5.72| ) , 



o 2 



o2 

3^ 
AF? 



o 2 



39^ 
AF? 



^-^ 

Applying Eq. ( ^.74|) we find for the nucleon mass including the one-loop 
contribution of Fig. E]^ [see Eq. (4.1) of Ref. ||Gas+ "t 



rriN =mj^ 



(5.80) 



where 



In{0) 
R 



m 



N 



167r2 
2 

n- A 



R + ln 



m 



N 



+ 0{n-A), 



[ln(47r) + r(l) + l]. 
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The pion loop of Fig. dTS generates an (infinite) contribution to tlie nu- 



cleon mass, even in the chiral limit, i.e., the parameter m^v of d"^}^ needs to 

o 

be renormalized. The same is true for the second parameter 9 a [|Cjas+ 88| . 
This situation is completely different from the mesonic sector, where the two 
parameters Fq and Bq of the lowest-order Lagrangian do not change due to 
higher-order corrections in the chiral limit. For example, in the SU(2) xSU(2) 
sector, the pion-decay constant at 0{p'^) is given by [see Eq. (12.2) of Ref. 

M2 



1 + 



167r2F2 



h + C»(M^ 



(5.81) 



where = 2BQ'mg, and the scale-independent low-energy parameter I4 is 
defined in Eq. (|D.4| ). Since —>■ Fq in the chiral limit — > 0, the pion- 
decay constant in the chiral limit is still given by Fq of £2- Similarly, in the 
chiral limit the Goldstone boson masses vanish, not only at 0{p^) but also 
at higher orders, as we have seen in Eqs. ( [4.148| ) - ( ^.150] ). 



5.4.2 Second Example: One-Loop Correction to ttN 
Scattering 

In the previous section we have seen that the parameters of the lowest-order 
Lagrangian must be renormalized in the chiral limit. As a second example, 



we will discuss the vrA^-scattering loop diagram of Fig. |5.4| , which will allow 
us to draw some further conclusions regarding the differences between the 
mesonic and baryonic sectors of ChPT. 

Given the Feynman rule of Eq. ( ^.53 ), the contribution of Fig. to the 
invariant amplitude reads 



M 



loop 



(27r)4 4F2 ^ + ^_j^_rnj^ +,o^ 



X ■ 



+ 



A;2 - M2 + lO' 



AFi 



where, counting powers, we expect the integral to have a cubic divergence. 
The isospin structure is given by 



d e 
^chd^ace' ' 



T T 



3 



isospm 
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Figure 5.4: Example of a loop diagram contributing to pion-nucleon scatter- 



ing. 



q,a 



k,c 



q',b 



1 



1 



p+q-k 



i.e., the diagram contributes to both ± isospin amplitudes. We obtain 



M 



loop 



isospm 



IQF^ J (2^C 
1 



u{p')0{k)u{p) 



1 



X 



We will outline the evaluation of the integral using dimensional regulariza- 
tion. To do this, we first combine the denominators using Feynman's trick, 
Eq. ( |U.6|) of Appendix |U.1.2| , yielding 



dz- 



o 2 



[P - 2z{p + q)-k + z{s- m^) + {z - 1)M^ + i0+]2 

where s = {p + g)^. Shifting the integration variables as k ^ k + z{p + q), 
the amplitude reads 



M 



loop 



isospm 



1 

' dz 



d'^k 



J (2vr)' 
1 



u{p')0[k + z{p + q)]u{p) 



o 2 



[F + z{s- m^) - z^s + {z- l)Ml + i0+]2 
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For the final conclusions, it is actually sufficient to consider the chiral limit, 
= 0, which simplifies the discussion of the loop integral. We define 

A{z) = sz^ + (m^ —s)z = z{sz+ —s) 

and will discuss the properties of the function A in more detail below. Note 
that y4 is a real, but not necessarily positive, number. The numerator of our 
integral is of the form 

d[k + z{p + q)] = Oo + Of A;^ + d^'k^K + d^k^k.k,, 

generating integrals of the type 

4-n f '^"^ kfj_, kf^k^, k^k^kp} (r:on\ 

^ J (27r)" (k^-A + tO+y ' ^ ' 

where the integrals with an odd power of integration momenta in the nu- 
merator vanish in dimensional regularization, because of an integration over 
a symmetric interval. (The denominator is even). Let us discuss the scalar 
integral (numerator 1) of Eq. ( |5.82|) .P| After a Wick rotation [see Eq. (p.3| )], 
one chooses n- dimensional spherical coordinates for the Euclidean integral, 
and the angular integration is carried out as in Eq. ( p.6|) . The remaining 
one-dimensional integration can be done using Eq. (p3.1(]| ), and the result is 
expanded for small e = 4 — n. 



d^'k 



(27r)" (P - yl + iO+) 



2 



[An] 



^ + ln(47r) + r (1) - In f ) + 0(n - 4) 



n — 4 \ A* 



(5.83) 



where — r'(l) = Je = 0.5772 ■ ■ ■ is Euler's constant. The infinity as n ^ 4 
must be canceled by some counter term of the effective vrA^ Lagrangian. In 
order to perform the remaining integration over the Feynman parameter z, 
we make use of Eq. ( |B.15| ) , 

\n{A-iO+) =\n{\A\)-iTTQ{-A) for A e R, (5.84) 



"'^^It is straightforward to also determine the second-rank tensor integral of Eq. ( |5.82[) 
using the methods described in Appendices ^ and Regarding the analyticity properties 
we are interested in, one does not obtain any new information. 
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i.e., we need to discuss A as a function of ^ G [0, 1] (for, in principle, arbitrary 
s). It is easy to show that A can take negative values in the interval < 2; < 1 

o 2 o 2 

only if s > rrij^ in which case A <0 for < 2; < 1— rrij^ js. In combination 
with Eq. (|5.84|) we obtain 



\ (A{z)-iQ+\ . s-m' / o2 

dz\\i\ = —iTX —Q\s—mj^ 

V / s V 




9 / ° ^ \ I 
sz^ + (m^ —s)z\ 

The remaining integral can be evaluated using elementary methods, and the 
final expression is 

\ 1 M(^)-^0+\ . s-m\ ( o2 
dzm I ^ 1 = -it: ^6 ( s- rrij^ 



V 



o2\ o2 / Q 1 



+ ln^ -2 + - ^In 



/i 



2 / e \ o 2 



(5.85) 



At this point, we refrain from presenting the final expression of A^ioop in 
detail, because Eq. ( p.85| ) suffices to point out the difference between one- 
loop diagrams in the mesonic and the baryonic sectors. To do this, we expand 

o 2 

s for small pion four- momenta in the chiral limit about Sq =m^: 
s- _ {j) + qf- _ 2p ■ q _ 

9 9 9 ^7 

s— ruj^ s— a 23 



o 2 o 2 1 -I- rT 



a-a^-t-a^ + ---. (5.86) 



[Note that a is a small quantity of chiral order 0{p).] Taking into account 
that the two extracted Dirac structures (which we have not displayed) are 
(at least) of order 0{p'^) [see Eq. (4.3) of Ref. [ pas+ 88[| ], one can draw the 
following conclusions [|Gas+ 88|| : 



The counter term needed to renormalize the contribution of Fig. |5]| 
must contain terms which are of order O(p^) and 0{p^). 
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The finite part of the loop diagram has a logarithmic singularity of the 
form ln(p). 



• Expanding the finite part of the diagram in terms of small external 
momenta one obtains an infinite series with arbitrary powers of (small) 
momenta p [see Eq. ( ^.86|) ]. 



In combination with the result of the previous section we see that a loop 
calculation with the relativistic Lagrangians and £2 using dimensional 
regularization leads to rather different properties in the mesonic and baryonic 
sectors. The example of the nucleon mass shows that loop diagrams may 
contribute at the same order as the tree diagrams which has to be contrasted 
with the mesonic sector where, according to the power counting of Eq. ( [4.52| ), 
loops are always suppressed by a factor p^^^ , with Nl denoting the number of 
independent loops. In particular, with each new order of the loop expansion 
one has to expect that the low-energy coefficients including those of the 
lowest-order Lagrangian have to be renormalized. On the other hand, 
in the mesonic sector a one-loop calculation in the even-intrinsic parity sector 
leads to a renormalization of the 0{p'^) coefficients (and possibly higher-order 
coefficients if vertices of higher order are used), a two- loop calculation to a 
renormalization of the 0{p^) and so on. 

A second difference refers to the orders produced by a loop contribution. 
In the mesonic sector, a one-loop calculation involving vertices of £2 produces 
exclusively an 0{p^) contribution. We have seen in the vrA^-scattering exam- 
ple above that in the baryonic sector all higher orders are generated, even 
though, in principle, there is nothing wrong with such a result as long as one 
can organize and predict the leading order of the corresponding contribution 
beforehand. 

In the next section we will discuss the so-called heavy-baryon formula- 
tion of ChPT | |J1V1 91| , [Ber-|- 92"5| , which provides a framework allowing for 
a power counting scheme which is very similar to the mesonic sector. One 
trades the manifestly covariant formulation for the systematic power count- 
ing. Moreover, under certain circumstances, the results obtained in HBChPT 
do not converge in all of the low-energy region. This problem has recently 
been solved in the framework of the so-called infrared regularization ||BL 99| 



which will be discussed in Sec. 5.6 



189 



5.5 The Heavy-Baryon Formulation 



We have already seen in Sec. |5.2| that the baryonic sector introduces another 
energy scale — the nucleon mass — which does not vanish in the chiral limit. 
Furthermore, the mass of the nucleon has about the same size as the scale 
AttFq which appears in the calculation of pion-loop contributions [see, for 
example, the discussion of ttN scattering, where the tree-level contributions 
of Table are ~ ^/Fq, whereas the one-loop diagram of Fig. is ~ 
l/{F^{ATTFof)]. The heavy-baryon formulation of ChPT ||JM 91| , [Ber+ 92 b| 
consists in an expansion (of matrix elements) in terms of 



P 



AirFn 



and 



P 

o : 



where p represents a small external momentum. Clearly p cannot simply be 
the four- momentum of the initial and final nucleons of Eq. (|5.1|) , because the 
energy components Ei and Ef are not small. Instead, a method has been 
devised which separates an external nucleon four-momentum into a large 
piece of the order of the nucleon mass and a small residual component. The 
approach is similar to the nonrelativistic reduction of Foldy and Wouthuy- 
sen ||FW 5 Of which provides a systematic procedure to block-diagonalize a 
relativistic Hamiltonian in 1/m and produce a decoupling of positive- and 
negative energy states to any desired order in 1/m. A criterion for the Foldy- 
Wouthuysen method to work is that the potentials in the Dirac Hamiltonian 
(corresponding to the interaction with external fields) are small in compar- 
ison with the nucleon mass. This may be considered as the analogue of 
treating external fields as small quantities of order 0{p) (r^ and /^) or C(p^) 
ifH, fjlu. X, and x^) in ChPT. 

As in the previous cases we will discuss the lowest-order Lagrangian in 
quite some detail. For a discussion of the higher-order Lagrangians, the 



reader is referred to Refs. EM 96, Ber+ 97, Fet+ 01 



5.5.1 Nonrelativistic Reduction 

Before discussing the heavy-baryon framework let us start with the more 
familiar nonrelativistic limit of the Dirac equation for a charged particle 
interacting with an external electromagnetic field. Using this example, we 
will later be able to develop a better understanding of a peculiarity inherent 
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in the heavy-baryon formulation regarding wave function (re) normalization. 
Our presentation will closely follow Refs. [ pku 54| , Pas 94\\ . 

Consider the Dirac equation of a point-particle of charge q and mass m 
interacting with an electromagnetic four-potential0 

idf^-qj = [a ■ {p- qA) + (3m + qAo]-^ = R-^, (5.87) 

where and j3 are the usual Dirac matrices 

Q,. — f ^2x2 CTi I (3 — ( "'"^^^ ^2x2 
\ CTj 02x2 / ' \ 02x2 ~l2x2 

— » 

and p = V/z is the momentum operator. For simplicity, we consider the 
interaction with a static external electric field, 

E = -VAo, A = 0. 

Since we want to describe a nonrelativistic particle-like solution, it is conve- 
nient to separate a factor exp{—imt) from the wave function]^ 

^{x,t) = e-*™*^'(f,t), 

so that the Dirac equation (after multiplication with e"*"*"**) results in 

ido^H' =[a-p+{p- l)m + gAo]^' = H'^H'. (5.88) 

Note that both H and H' are Hermitian operators. In the spirit of the 
nonrelativistic reduction, we write \E'' in terms of a pair of two-component 
spinors and "^s {L for large and S for small) 



^' = -(1 + f3)^' + -(1 - (3)^' = ) , (5.89) 



and obtain, after insertion into Eq. ( |5.88|) , a set of two coupled partial dif- 
ferential equations 

{tdo-qAo)^L = ff-p'^s, (5.90) 
(i(9o - g^o + 2m)^5 = a-p-^L- (5.91) 



-'^''in order to facilitate the comparison with the Foldy-Wouthuysen result below, we 
make use of the "non-covariant" form of the Dirac equation. 



15 



The (second) quantization of the relevant fields will be discussed in Sec. 5.5.4 
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The second equation can formally be solved for 

= (2m + ido - qAo)-^a ■ p^L = 



(5.92) 



where, for later use, we have introduced the abbreviation A for the operator 
(2m + ido — qAo)~^a ■ p. We expand Eq. ( |5.92|) in terms of 1/m up to and 
including order 1 / , 



A^, 



a ■ p ^ ido — qAf) a ■ p ^ ^ 




2m 2m 
ido - qAo 



^L-iq'^i^^L + O \\ 



4m^ 



(5.93) 



where we made use of the commutation relation [v4o,p] = z(VAo) = —iE 
and of {ido - qAo)^!L = 0{l/m)^!L [see Eqs. (|5.90|) and (|5.92| )]. Inserting 
this result into the right-hand side of Eq. ( ^.90|) and using a ■ Aa ■ B = 
A ■ B + ia ■ A X B , we obtain the Schrodinger-type equation 



{ido - g^o)^L = < j— 



p' 
2m 



4^2 



{V ■ E) + a ■ E X p + iE ■ p 



^1 



(5.94) 



As already noted by Okubo [Pku 54|| , the last term on the right-hand side 
of Eq. ( |5.94| ) is not Hermitian and, when written as \^ = —d ■ E, represents 
the interaction of an electric field with a (momentum-dependent) imaginary 
electric dipole moment d = iqp/lAm"^) ||Das 94|| .['^ As pointed out in Ref. 
Das 94|| , the non-Hermiticity of the Hamilton operator of Eq. ( p.94| ) is a 



consequence of the procedure for eliminating the small-component spinors. 
The method can be thought of as applying the transformation 



S 



l2x2 02x2 
—A l2x2 



(5.95) 



to the four- component spinor to generate a four-component spinor con- 
sisting exclusively of the upper component and then solving the cor- 
responding transformed Dirac equation. Since S is not a unitary operator, 

^^The standard textbook treatment of the nonrelativistic reduction leading to the Pauli 
equation consid ers only terms o f 1 /m and thus does not yet generate non-Hermitian terms 



(see, e.g., Refs. jBD 644 |IZ SOf ) 
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I.e., 



f l2x2 ^ _ 5"-! _ f ■'-2x2 02x2 \ 

\ 02x2 l2x2 / V ^ ■'-2x2 / ' 

the norm of the original spinor \[^' and the transformed spinor in general, 
will not be the same 

(5.96) 

Equation ( p. 961 ) suggests considering a field redefinition of the form yOku 54| , 
Pas 9411 

^l = {1 + A^A)Hl, (5.97) 

so that the new spinor \E'i has the same norm as \E''. For the specific Hamil- 
tonian of Eq. ( p.88| ) we have 



2m 



P 

8m^ 



O 



L- 



(5.98) 



so that we find|^ 

m L = {I + A^ A)-"^^> L = 1- 

When inserting Eq. (|5.98|) into Eq. (|5.94|) , we make use of 

Aop'^L = p\A^^l) - (V • E)^<L - 2iE ■ p^L 



and, as above, {idQ—qAQ)'^^ = 0(l/m)\l/i, yielding the Schrodinger equation 
for the two-component spinor \E'i, including relativistic corrections up to 
order 



{ido - gAo)^L 



p' 



;(T ■ E X p 



iV-E) 



(5.99) 



2m " sm^ 

where the second term, for a central potential, corresponds to the usual spin- 
orbit interaction and the last term is the so-called Darwin term ||BD 64a| , 



-'^^In the frame-work of plane--wave solutions, Eq. ( 5.98 ) already provides a hint that one 
may have to expect "unconventional normalization factors" when dealing with Feynman 
rules in the heavy-baryon approach. 
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IZ 80||. Note that the Hamiltonian here is Hermitian, i.e., the imaginary 



dipole moment has disappeared. Moreover, because of Eqs. (|5.96|) and ( |5.97|) , 
the spinors are normahzed conventionally. 

The result of Eq. ( |5.99| ) is identical with a nonrelativistic reduction using 
the Foldy-Wouthuysen method [[FW 5CI|| which uses a sequence of unitary 
transformations to block-diagonalize a relativistic Hamiltonian of the form 



H = (3m + + S 



(5.100) 



to any desired order in 1/m. In Eq. (|5.100| ) O and £ denote the so-called 
odd and even operators of if, respectively, where odd operators couple large 
and small components whereas even operators do not. In the present case 
we have 

O = a ■ "p, £ = gAo, 

and after three successive transformations one obtains the block-diagonal 
Hamiltonian (see, e.g., Refs. [[BP 64ai FZ~80i |Fea+ 94|] ) 

?2 



(3) 
FW 



I3\m + 



2m 



1 



^ ~^ 2m ] ~'~ ^ " 8777,2 



[a ■ [a ■ p, qAo]] + O 



where 



cr 

02x2 



02x2 



(5.101) 



(5.102) 



Restricting ourselves to the upper left block of Eq. ( ^.101| ) and noting that in 
Eq. ( |5.88|) we have already separated the time dependence exp{—imt) from 
^f, we find that Eqs. (|5.99|) and ( ^.101| ) are indeed identical. In Ref. pas 94 



the equivalence of the two approaches was explicitly shown to order 1/m^. 

We will see that the heavy-baryon approach proceeds along lines very 
similar to the nonrelativistic reduction leading from Eq. ( |5.87| ) to ( p.94| ). In 
analogy to Eqs. (|5.96| ) and ( ^.97] ) we thus have to be alert to surprises related 
to the normalization of the relevant wave functions. 



5.5.2 Light and Heavy Components 

As mentioned above, the idea of the heavy-baryon approach consists of sepa- 
rating the large nucleon mass from the external four-momenta of the nucleons 
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in the initial and final states and, in a sense to be discussed in Sec. 
low, eliminating it from the Lagrangian. 

The starting point is the relativistic Lagrangian of Eq. ( ^.21|) , 



be- 



£S = ^ {^P- ^ + y^Ts) ^, (5.103) 



where the covariant derivative and are defined in Eqs. ( 5.18 ) and 



(|5.20|), respectively. The corresponding Euler- Lagrange equation for the nu- 



cleon field reads 



5 ^ + ^= (',^_^+^^^5U = o. (5.104) 



(For notational convenience we replace rriiy^ m and 9 a in Sees. 5.5.2| 



and |5.5.3| ). For a general four- vector with the properties v"^ = 1 and 



f° > 1, we define the projection operator^ 

P„± = ^^, P,+ + P,_ = l, P^± = P.±, P,±P,^ = 0, (5.105) 

and introduce the so-called velocity-dependent fields Afy and TCy as 

A/; = e™P„+^, Hy = e™P^_^, (5.106) 



so that \& can be written as 



^(a;) = e"™ [Afy{x) + n,{x)] . (5.107) 
The fields Af^ and TCv satisfy the properties 

■^M^ = M.,, 'i)n, = -K. (5.108) 

For a particle with four-momentum p'^ = {E,p) the particular choice v'^ = 
p^/m corresponds to its world velocity which is why v is also referred to as 
a four-velocity. The fields A/y and Ti^ are often called the light and heavy 
components of the field which will become clearer below. 

"'^^It may be worthwhile to remember that Py± do not define orthogonal projectors in 
the mathematical sense, because they do not s atisfy = Pv±, with the exception of the 
special case w'' — (1, 0, 0, 0) used in Eq. (^.89|) . 
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In order to motivate the ansatz of Eq. ( |5.107| ) let us consider a positive- 
energy plane wave solution to the free Dirac equation with three-momentum 



where 



u^^\p) = ^E{p) + m ( 

E{p)+mX. 



are ordinary two-component Pauli spinors, and E{p) = ^ym'^ We can 

think of ilj^''^"\x,t) entering the calculation of, say, an ^-matrix element 
through covariant perturbation theory in terms of the matrix element of an 
in-field ^in(a;) between the vacuum and a single- nucleon state: 

mUx)\Nip,a),m) = u^-\p)e-'^-^XN, 

where xn denotes the nucleon isospinor. For the special case = (1, 0, 0, 0) = 
<, I.e. 

p _ I -'-2x2 02x2 \ p _ ( 02x2 02x2 
""^ ^2x2 02x2 / ' '^^ \ 02x2 l2x2 



the components A^^,^ and H^^ are, up to the modified time dependence, equiv- 
alent to the large and small components of the "one-particle wave function" 

/ (q) \ 



J2xl 



\ E{p)+mX J 

In other words, for this choice of v the light and heavy components of the 
positive-energy solutions are closely related to the large and small compo- 
nents of the nonrelativistic reduction discussed in Sec. ^.5.1| . Moreover, as- 
suming \p\ <^ m, exp[— ^(i? — m)t\ varies slowly with time in comparison 
with exp{—iEt) of ilj^^^°'\x,t), with the result that a time derivative id/dt 
generates a factor [E — m) which is small in comparison with m. 
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Another choice is = p^/m = fg, in which case Pv2+ and Pv2- cor- 
respond to the usual projection operators for positive- and negative-energy 
states 

+ m 



P,,± = A±(p) 



2m 



For this case we find 



Hi^\x) = 0, (5.110) 

i.e., the x dependence has completely disappeared in N^^ and, due to the 
projection property A_{p)u^°'\p) = 0, H^^ vanishes identically. 

In general, one decomposes the four-momentum of a low-energy nu- 
cleon into mv^ and a residual momentum k^]Q 

p/^ = myf" + A;^, (5.111) 

so that 

v.k = -^ ^'^^'J^'''^ ko = E-m«m. (5.112) 
2m 

For v'^ in the vicinity of (1, 0, 0, 0), a partial derivative id'^ acting on Q-v-^+^mv-x 
produces a small residual momentum k'^ and, in particular, 

iv ■ d \—>- V ■ k <^ m. 



The actual choice of v'^ is, to some extent, a matter of convenience. For 
low-energy processes involving a single nucleon in the initial and final states, 
the four-momentum transferred in the reaction is defined as q = pj — Pi, 
and is considered as a small quantity of chiral order 0{p). For pi = mv + ki 
and Pf = mv + kf, where, say, ki is a small residual momentum in the sense 
of Eq. (|5.112D , also kf = ki + q is a small four-momentum. The implications 



on a chiral power-counting scheme will be discussed in Sec. 5.5.8| below. 
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Of course, the decomposition of Eq. (5.111) alone is not a sufficient criterion for 



V ■ k <^ m. Taking, for example, p Jl v one finds v-k — v-p^'m = Ev^ — m ^ m for large 
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5.5.3 Lowest- Order Lagrangian 

In order to proceed with the construction of the lowest-order heavy-baryon 
Lagrangian we insert Eq. { f7[Ul\ ) into the EOM of Eq. (|]TU|),Q 



make use of Eq. ( [5.108| ), multiply by e^'^^'^, and obtain 

(tp+ ^^75) K + [ip- 2m + ^^75) = 0. (5.113) 

In the next step we would like to separate the P„+ and the Py^ part of the 
EOM of Eq. ( |5.113| ). To that end we make use of the algebra of the gamma 
matrices to derive 







Pv+^^v- 




Pv- ^ Pv- 


= -v-APy^, 


Pv- ^ Pv+ 


= ^±Pv+ = Pv-^±y 


P,+^75P.+ 


= ^±75^.+ , 


P,+ ^75P._ 


= V B 75P^_ =vB P„+75, 


P,_^75i'.- 


= ^x75n-, 


P,_^75P.+ 





(5.114) 



where 



P,± = i^, v' = l, Al = A^-vAv^, vA^ = 0, 4± = ^±7m- 
As an example, let us explicitly show the first relation of Eq. (|5.114| ) 

Pv+APv+ = ^{i + mPv+ = l{4+U)Pv+ = l{4-4^ + '^v-A)Py+ 

= (4P„_ + V ■ A)Py+ = V ■APy+. 
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For a derivation in the framework of the path-integral approach, see Ref. [Man+ 92 



and Appendix A of Ref. [|Ber+ 92b 
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The remaining results of Eq. ( 5.114| ) follow analogously. Using Eqs. ( 5.105| ) 
and ( ^.114| ) we are now in the position to project onto the P^,^ and P^- parts 
of the EOM of Eq. (|5TT3| ), 



(^iv D + y^_l75) J\fv + (ip± + ■ M75) 'Hv 



2 



-iv ■ D 



2m + y^-l75 ) T-Cv 



0,(5.115) 
0,(5.116) 



which corresponds to Eqs. ( |5.90| ) and ( |5.91| ) of the nonrelativistic reduction 
of Sec. |5.5.1| . We formally solve Eq. ( ^.116| ) for 7i„, 



2m + iv ■ D — 



9A 



^±75 



(5.117) 



which, similar to the discussion of Sec. |5.5.1| , shows that the heavy com- 
ponent Tiv is formally suppressed by powers of 1/m relative to the light 
component A/'^.Q Inserting Eq. ( p.ll7| ) into Eq. ( 5.115 ), the EOM for the 
light component reads 



{tv-D + Y^±75) ^fv + {tp± + 



9A 



-V ■ M75 



X ( 2m + iv ■ D 



2 ' 



-75 



-1 



^P± 



9a 
2 



v-u-i^My = 0, (5.118) 



which represents the analogue of Eq. ( |5.94| ). This EOM may be obtained 
from applying the variational principle to the effective LagrangianQ 



eff 



IV 



D + ^i^^,)K + K{tp± + Y 



X 



9a 



2m + iv ■ D ^"^±75 



V ■ M75 



^vuj,)K- (5.119) 



Note that the second term is suppressed by 1/m relative to the first term. 
Equation (|5.119| ) corresponds to the leading-order result for Eq. (A. 10) of 

^""^In fact, setting all external fields to zero and dropping the interaction term propor- 
tional to gA, it is easy to verify that the one-particle wave functions indeed satisfy the 
relation implied by Eq. ( 5.117 ). 

Replacing A/'« — > h^~^^ and Tiv h^~\ omitting all terms containing the chira l vielb ein 
Ufj,, and interpreting the covariant derivative as that of QCD, the result of Eq. ( ^.119 ) is 
identical with Eq. (7) of the discussion of heavy quark effective theory in Sec. 2 of Ref. 
[|Bal+ 94|. 
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Ref. [ Ber+ which was obtained in the framework of the path-integral ap- 
proach, but does not yet represent the final form commonly used in HBChPT.0 
Having the discussion following Eq. ( |5.95| ) in mind, in order for the two La- 
grangians of Eqs. (|5.103|) and (|5.119|) to describe the same observables, we 
cannot expect both fields and f/^ to be normalized in the same way. We 



will come back to this question in Sec. 5.5.4 



To obtain the heavy-baryon Lagrangian we define the spin matrix S'^f a^ 



(5.120) 



which, in four dimensions, has the properties 

1 



9 



VpSl. (5.121) 



Using the properties of Eq. ( ^.108| ) together with Eq. (|5.121|) , the 16 combi- 
nations jVvTAfv may be written as [see Eqs. (9) - (12) of Ref. | |J1V1 91|| ] 



0, 



V 



^^In order to be able to invert the operator C of Ref. [ Bcr+ 92b |, strictly speaking the 
projection operators Pv- should not be included in the definition of C. 

^■^For the classification of the irreducible representations of the Poincare group, one 
makes use of the so-called Pauli-Lubanski vector 

1 



where t^^pa is the completely antisymmetric tensor in four indices, 60123 = 1, J'^'^ denotes 
the general ized a n gular m omentum operator, and is the four-momentum operator (see, 
e.g, Refs. [ IZ 80 , Jon 9C |). Both W'^ and P^ are Lorentz invariant and translationally 
invariant and are thus used as Casimir operators, where the eigenvalues are denoted by 
m? and — m^s(s + 1), s = 0, 1/2, 1, • • •. For the massive spin-1/2 case one obtains 



1 



a^PP^. 



Using (in four dimensions) 



750-p,. = --e 



2 -pvpa^ 



together with the special choice = P^ jm, one easily finds that the spin matrix is, for 
this special case, proportional to the Pauli-Lubanski vector, — mS^. 
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Ka'^'^^M, = 2i{v^'M,SlU,-v^M,S^;;M,). (5.122) 

For example, 

= Ki5i'K = -Ki'i5K = = 0, 



where we made use of Eq. ( ^.108| ). The remaining relations are shown anal- 



ogously. Eqs. ( |5.122[ ) result in a nice simplification of the Dirac structures 
in the heavy-baryon approach, because one ultimately only deals with two 
groups of 4 X 4 matrices, the unit matrix and S^, instead of the original six 
groups on the left-hand side of Eq. ( p.l22| ). 



Expanding Eq. (|5.119| ) formally into a series in 1/m, 

Aff =KUv-D + ^^±75) K + y2 77^^^s,n, (5.123) 

n=l ^ ' 



and applying Eq. ( |5.122| ), the lowest-order term reads 



L^ll =M,\ivD^ qaS, ■ u] K, (5.124) 

where we made use of the fourth relation of Eq. ( [5.122| ) and the first rela- 
tion of Eq. ( ^.121| ). (Recall that the second term of Eq. ( 5.119 ) is of order 



1/m.) Equation ( p.l24| ) represents the lowest-order Lagrangian of heavy- 
baryon chiral perturbation theory (HBChPT), indicated by the symbol ^. 
When comparing with the relativistic Lagrangian of Eq. ( |5.103| ), we see that 
the nucleon mass has disappeared from the leading-order Lagrangian. It 
only shows up in higher orders as powers of 1/m, as will be discussed in 
Sec. p.5.7| . In the power counting scheme counts as 0{p), because the 
covariant derivative and the chiral vielbein both count as 0{p). 

When calculating loop diagrams with the Lagrangian of Eq. ( p.l24| ) one 
will encounter divergences which are treated in the framework of (normal) 
dimensional regularization [see Eq. ( |5.78| )]. Since the definition of the spin 
matrix 5^ contains 75 and the commutator of two such spin matrices, in four 
dimensions, involves the epsilon tensor, one needs some convention for dealing 
with products of spin matrices when evaluating integrals in n dimensions. To 
be on the safe side, we always reduce the gamma matrices using only the rules 
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of Eq. ( |5.78| ). Let us consider the following example, which appears in the 
calculation of the pion-nucleon form factor at the one-loop level:[^ 

1 T7 — S 

= -^in-3)j,M-v,) = ^S:, (5.125) 

where we consistently made use of the anticommutation relations of Eq. 
( |5.78|) . In contrast, using the anticommutator and commutator of Eq. ( 5.121 



one ends up with 5^/4 which only coincides with Eq. (|5.125| ) for n = A. How- 



ever, the factor (n — 3) needs to be written as 1 + (n — 4) when it is multiplied 
with a singularity of the form C/(n — 4) in order to produce the constant 
non-divergent term C in the product. Similarly, using the conventions of Eq. 
(|5.78|) , the squared spin operator in n dimensions reads 

S'. = (5.126) 



5.5.4 Normalization of Fields and States 



So far we have calculated matrix elements of the relativistic Lagrangian C^^j^ 
of Eq. (|5.21|) in the framework of covariant perturbation theory based on the 
formula of Gell-Mann and Low [pL 51|| in combination with Wick's theo- 
rem ||Wic 50|| . Let us recall that, for a generic field $(x) described by the 
Lagrangian 

the "magic formula of covariant perturbation theory" |piaa 92|| allows one to 
calculate the Green functions 



r„(xi,---,x„) = (^]|^[<l>(a;l)•••$(a;„)]|^]) 
in terms of the generating functional 
N[f] 



m 

m 



N[oy 

{Qq\T exp 



d'x [<|.°(x)/(x)+C, 



X 



(5.127) 

(5.128) 
\VLq). (5.129) 



25t 



^In evaluating Eq. (|5.125|) , we made use of 
in n dimensions. 
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While the Green functions of Eq. ( |5.127| ) involve the interacting field 
and the vacuum Q of the corresponding interacting theory, the formula of 
Gell-Mann and Low, in principle, provides an explicit expression for the 
generating functional in terms of the quantities and Qq defined in the 

free theory. Note that the Green functions of Eq. (|5.127|) are expressed in 



terms of the bare fields and, in the end, still have to be renormalized (see, 
e.g. Sec. |4XT1) . 



Here we want to address the question of how to establish contact between 
matrix elements evaluated perturbatively using the relativistic Lagrangian 
of Eq. ( |5.21| ), on the one hand, and the heavy-baryon Lagrangian of Eq. 



(|5.119| ) on the other hand. The presentation will make use of the ideas 
developed in Refs. | |Dug+ 9!^ , |Bal+ 94|| , where this issue was discussed for 



the case of a heavy-quark effective theory. A different route was taken in 
Refs. ||EM 97| , |Ste+ 98| , [KM 99|| , where the path-integral approach to the 



generating functional was used to define the wave function renormalization 
constant (including interaction). Later on we will explicitly see that the two 
approaches yield identical results at 0{p^). 

For later comparison with the heavy-baryon approach, we first need to 
collect a few properties of the free Dirac field operator \&°(x) which we de- 
compose in the standard fashion in terms of the solutions of the free Dirac 
equation^ 

(5.130) 

where Pq = E{p) = a/ + p^. The Dirac spinors have the following prop- 



erties 



u 



- m)u^°'\p) = 0, 

i:^ + m)v^"\p) = 0, 

u(''\p)u^^\p) = -v^''\p)v^f^\p) = 2m5af3, 

u^-^)\p)u^P\p) = i;(°)t(p)t;(/3)(p') = 2E{p)6^p, 

i")\p)v^^)(-p) = u^^\p)v^^\p) = 0. (5.131) 



The creation operators b]^ and (annihilation operators ba and da) of par- 



26 



For the sake of simplicity, we consider one generic fermion field. 
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tides and antiparticles, respectively, satisfy the anticommutation relations 

{Up), blip')} = {27Tf2E{p)6'{p-p')6^p, 
{d^ip),4{p')} = i2nf2Eip)S'ip-p')5^p, 

where all remaining anticommutators such as, e.g., {ba{p),bi3{p')} vanish. 
With this convention, single-particle states \p,a,+) = bl^{p)\0) are normal- 
ized as 

{p',P,+\p,a,+) = {2T:f2E{p)5\p' - p)5^p. (5.132) 

Let us now turn to the heavy-baryon formulation and consider the leading- 
order term of Eq. (|5.124| ) which we write as 

3^1 = J\f,lV ■ dK + Ant = Co + Ant (5.133) 

for later use in the formula of Gell-Mann and Low. We decompose the 
solution to the free equation of motion 

tv ■ dM^{x) = 0, i) AC = Ar°, (5.134) 

as 

where /cq, at leading order, is defined through f ■ = in order to satisfy Eq. 
(15331) , i.e., 

, v-k - ^xq\ 

Kq = , k ■ X = —k ■ \ X — V — . 

^0 V ^0 / 

The spinors are given by 

= \I^P.^ ( f ) , uiM'' = 2m6^,, (5.136) 

with x^"^ ordinary two-component Pauli spinors. Note that, at lowest order in 
1/m, the spinors do not depend on the residual momentum k. Moreover, for 
an arbitrary choice of v, the ui"^ are four-component objects which only for 
the special case v'^ = (1, 0, 0, 0) effectively reduce to two-component spinors. 
As will be shown below, the operators ba,v{k) and bl^^{k) destroy and create 
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a nucleoli (isospin index suppressed) with residual three-momentum k. They 
satisfy the anticommutation relations 

{baAk),bl^{k')} = 2mv^{27:f6\k-k')6^p, (5.137) 

where, as usual, the anticommutator of two annihilation or two creation 
operators vanishes. Accordingly, the single-particle states are normalized as 

{v,k',f3\v,k,a) = 2mvQ{2Txf5^(k'-k)5o,p. (5.138) 

Note that the normalization of the states of Eqs. (|5.132|) and (|5.138 ) coincide 
only at leading order in 1/m (or as m — ^ oo). 

Using Eq. ( |5.137| ) it is straightforward to verify that the (free) theory has 
been quantized "canonically" |Pug+ 92| , i.e. 

{n°(f,t),AC^y,t)} =^t;o{ACO(x,t),AC°(y,t)} = ^5=^(^-y)P.+, 

where 11° = dC^/ d{doN'v) = ivoAfy is the momentum conjugate to A/"° and 
we made use of the completeness relation 

2 

^ = 2mP,+ . (5.139) 

Q = l 

Constructing the energy-momentum tensor corresponding to jCq, 

d{d^Mv) d{d^Afy) 

(we made use of the equation of motion) we obtain for the four-momentum 
operator 

d'xX^ivod'^X, = J2j (^^^3^^^^ fe^fei,.(fc)&»..(fc)- (5.140) 



Using [ab, c] = a{b, c} — {a, c}b it is then straightforward to verify the com- 
mutation relations 

[K^Mk)] = -k'-b^Ak), [K^,blM = k^bl^k). (5.141) 

Eq. ( |5.141| ) implies that ba,v{k) and &a„(fc) destroy and create quanta with 
(residual) four- momentum fc^ and total four- momentum p'^ = mf^ + k^^. 
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This can be seen by comparing with the four-momentum operator of the free 
relativistic theory 

P^'= [ d^x^^j^id'^'if", (5.142) 



which, to leading order in 1/m, is related to Eq. ( |5.140| ) by = K^+mv^N, 
where N = J is the number operator [ Pug+ 92 . 



Using the orthogonality relations of Eq. (|5.136|) we may express the cre- 
ation and annihilation operators in terms of the fields in the standard way 



(5.143) 



Eqs. ( |5.143| ) are the starting point for the LSZ reduction ||Leh-|- 55| , [BP 64 b| , 
[IZ 80|| in the framework of the heavy-baryon approach. We consider the 
matrix element of Eq. ( |5.1|) for the transition in the presence of external 
fields V, a, s, and p (we omit spin and isospin labels) 

J^{p',p;v,a,s,p) = {p';out\p;m)l^^^^p 



(p"; outlet (fc)|n)^. 



a,s,p 



E 

mvo 

mvo 

^ hm Vo [ rf3x(p';out|-^''^''^'^^^ - --'''^ 



Vo / OUt|A4,in(x)|fi)^ ,, gpM^ 



-ik-x 



mvo t^-oo 

2 



NN' / d^xd^y 



xe'^'-yu^iv dy {n\T[^^,iy)^^,ix)]\n)l^^^,A-^v■ d^)u,t 



-ik-x 



(5.144) 



The intermediate steps indicated by • ■ ■ proceed in complete analogy to the 
usual reduction formula as described in, e.g., Refs. PP 64b| , P^Z 80|| . In Eq. 
( |5.144] ), the factors of the type N = \JE/ (mvo) are related to the relative 
normalization of the states [see Eq. ( |5.132| ) vs. (|5.138|) ], whereas \/Z refers 



206 



to the wave function renormalization in the framework of the heavy-baryon 
Lagrangian. 

The Green function entering Eq. ( p.l44[ ) will be calculated perturbatively 



using the formula of Gell-Mann and Low [ pL 51 



(5.145) 

where, on the right-hand side, \Qo) denotes the vacuum of the free theory, 
and the external fields are part of the Lagrangian >C°nt(-2)-E] 

5.5.5 Propagator at Lowest Order 

We will now discuss the propagator of the lowest-order Lagrangian both on 
the "classical level" as well as in the quantized theory of the last section. 
The lowest-order equation of motion corresponding to Eq. ( [5.124| ) reads 



{ivD + gAS,-u)K = 0, P,+K=K, (5.146) 



where the second relation implies Pv-Afv = [see Eq. ( p. 1081 )]. We define the 
propagator corresponding to Eq. (|5.146|) through 

{iv-D + qaS^ ■ u)G^{x, x') = P^+5^{x - x'), Pv-G^{x, x') = 0. (5.147) 

In order to solve Eq. ( |5.146| ) perturbatively, we re-write the equation of mo- 
tion in the standard form as 



■dK{x) = V{x)K{x) 



where V denotes the interaction term, and search for the unperturbed Green 
function (^^(a;, x') satisfying the properties 

tv-dC^^ix^x') = 6\x-x')P^+, (5.148) 

P,_G°(x,x') = 0, (5.149) 

G'i{x,x') = Oforx'o>xo. (5.150) 

In terms of G° the propagator is then given by 

a(x,x') = G°(x,x')+ / d^yG'iix,y)Viy)G,iy,x'). 



27 



Strictly speaking we should also include the mesonic Lagrangian. 
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Inserting the standard ansatz in terms of a Fourier decomposition 



(5.151) 



into Eq. (|5l48|) , 



we obtain by comparing both sides 



V ■ k 



for V ■ k ^ 0. 



The boundary condition of Eq. ( [5. 1501 ) may be incorporated by introducing 
an infinitesimally small imaginary part into the denominator: 



(5.152) 



v-k + iO+' 

That this is indeed the correct choice is easily seen by evaluating the integral 



°° rlL- 



1 



ko-^ + iO+ 



-iQ{xo — x'q) exp 



DO 



{xq - Xo)v- k 



as a contour integral in the complex kg plane (see Fig. |5.5| ). For xq > x'q the 
contour is closed in the lower half plane and one makes use of the residue 
theorem. On the other hand, for xq < x'q the contour is closed in the up- 
per half plane and, since the contour does not contain a pole, the integral 
vanishes. We then obtain 



G°(x,x') 



.©(xq — x'o) f (Pk 



exp 



. 6(xo - x'q) 
Vq 



6^ i X — x' 



ik ■ { X — x' 



. Xq- Xq 
Vq 



, Xq Xq 
Vq 



(5.153) 



For the special choice = (1, 0, 0, 0) = the propagator reduces to that of 
a static source 

G°(x, x') = -iQ{xo - x'q)6^{x - x') ( l^"""^ JJ^""^ ) . 

\ U2x2 U2x2 / 
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Figure 5.5: Contour integration in the complex ko plane. 




Finally, it is easy to show that a definition of the propagator in terms of 
the field operators A/"" and J\f^ [Pug+ 92|| , 



(5.154) 



yields the same result as Eq. (|5.153|) . To that end, one inserts for each of the 
two operators a sum according to Eq. (|5.135|) , commutes the creation and 
annihilation operators using Eq. ( |5.137| ), applies the completeness relation of 
Eq. ( 5.139 ), and makes use of f ■ A; = for the individual Fourier components. 
Performing the remaining integration over k one ends up with Eq. ( |5.153| ), 
i.e., as expected the two methods yield the same result. 
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5.5.6 Example: tiN Scattering at Lowest Order 

As a simple example, let us return to tiN scattering, but now in the frame- 
work of the heavy-baryon Lagrangian of Eq. ( ^■124| ). The four-momenta of 

the initial and final nucleons are written asp=m^t> + A; and p' =m^ v + k', 
respectively, with v ■ k = = v ■ k' to leading order in 1/ rrij^. The relevant 
interaction Lagrangian is obtained in complete analogy to Eq. ( 5.51| ), 

o 

£[2 = -^-^KSi^T ■ djK - -;^v^Kr-$xdjK, (5.155) 
-TO 4i^o 

and the corresponding Feynman rules for the vertices derived from Eq. ( |5.155| ) 
read 

• for a single incoming pion with four-momentum q and Cartesian isospin 
index a: 

o 

- ■ gr^ (5.156) 

• for an incoming pion with q, a and an outgoing pion with q', b: 

v-{q + q') 



-ta^cT". (5.157) 



As in the case of the relativistic calculation of Sec. |5.3.2| the latter gives rise 
to a contact contribution to 

Ml,^, = N'NuC-^^^e.,,T%,, (5.158) 

where the spinors are given in Eq. ( p.l36| ) and and A^' are the normalization 
factors appearing in the reduction formula of Eq. ( p.l44| ). The result for the 
direct-channel nucleon pole term reads 

Ml = -z^N'Nt't^u'^S, ■ q' . S, ■ qu,, (5.159) 

-Fq V ■ {k + q) 

where, at leading order, we can make use of v ■ k = 0. The crossed channel 
is obtained from Eq. ( |5.159|) by the replacement a ^ b and q — g' (pion 
crossing) . 
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The evaluation of the total matrix element A^" = -Mcont + -^d + -^c is 
particularly simple for the special choice = (1, 0, 0, 0) = v'^, for which we 
have 

l2x2 02x2 
02x2 02x2 



-fVi-i 



In that case, the calculation effectively reduces to that of a two-component 
theory as in the Foldy-Wouthuysen transformation, because the 4x4 ma- 
trices of the vertices are multiplied both from the left and the right by P^^ 
originating from either the propagator of Eq. ( |5.152| ) or the spinors of Eq. 
(|5.136| ). To be specific, for a 4 x 4 matrix F of the type 



A B 
C D 



where each block A, B, C, and D is a 2 x 2 matrix, one has 



A 02x2 
02x2 02x2 



and 



A1A2 02x2 
02x2 02x2 



Pv+'^lPv+'^2Pv+ - 

Moreover, the spin matrix of Eq. ( p.l2(J| ) is very simple for v, 



— 0, — — S, 



(5.160) 



where S has been defined in Eq. ( p.l02| ). With this special choice of v the T 
matrix in the center-of-mass frame reads 



T=2mNX 



't 



o2 



o2 



2F2 2E^ 



P2 
-^0 



2E^ 



(5.161) 

Performing a nonrelativistic reduction of Eq. ( ^.46| ) in the center-of-mass 
frame. 



2 mN x'^ 



A+\E^ + 



q'^ + q' ■ q 

2 m^r 



B + r'-^B + 
2 rriM 



X, (5.162) 
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and using 



V 



+ 



1 



1 

1 



1 
1 



2 - 



g ^ + q - q' 



O 



E-K , q- q' 



N ' 



N ' 



in the expansion of A and i? of Table one verifies that, at leading order 
in 1/ m^v, the relativistic Lagrangian of Eq. ( ^.211) and the heavy-baryon 
Lagrangian of Eq. ( |5.124| ) indeed generate the same ttN scattering amplitude. 
We emphasize that in order to obtain this equivalence of the two approaches 
an expansion of Eq. (|5.162|) to l/m^ is mandatory, because the functions 
A^~^^ and B^^^ contain terms of leading order m^. These terms disappear 
through a cancellation in the final result .0 

5.5.7 Corrections at First Order in 1/m 

So far we have concentrated on the leading-order, m- independent, heavy- 
baryon Lagrangian of Eq. (|5.124|) . In comparison with Eq. ( ^.23| ), the chi- 
ral counting scheme of HBChPT is different, because an ordinary partial 
derivative acting on a heavy-baryon field ATt, produces a small residual four- 
momentum [see also Eq. ( [4. 621) for the mesonic sector]: 



K,K = o{p'), D,K = o{p), v„ s;, u^, = o{p' 



(5.163) 



In the heavy-baryon approach four-momenta are considered small if their 
components are small in comparison with either the nucleon mass ttin or the 
chiral symmetry breaking scale 47rF7r, both of which we denote by a common 
scale A ~ 1 GeV.0 It is clear that the Lagrangian of Eq. ( |5.123| ) also gen- 
erates terms of higher order in 1/m and, in analogy to the mesonic sector, 
we also expect additional new chiral structures from the most general chiral 
Lagrangian at higher orders. Recall that in the baryonic sector the chiral or- 
ders increase in units of one, because of the additional possibility of forming 



The over all factor 2 tojv in Eq. ( 5.162 ) is a result of our normalization of the spinors 
[see Eq. (^M)]- 



^^In reality, the excitation energy of the A(1232) resonance very often provides the limit 
of convergence of the expansion. 
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Lorentz invariants by contracting (covariant) derivatives with gamma matri- 
ces (see Sec. |5.2|) . (The relativistic vrA^ Lagrangian at 0(j9^) has (partially) 
been given in Ref. |pas+ 88 | 



Let us first consider the 1/m correction resulting from Eq. ( |5.123|) 



2m ^ 



2 

P±P± - i^-pi.v ■ wy^ + i^-v ■ wy^p^ - ^{v ■ uf 



We make use of Eqs. ( |5.122 ) to identify the relevant replacements in the 
heavy-baryon bilinears: 



Pi.1^ 

1^P± 
P±P± 



p-1^ - V ■ Din^ ^ 2D ■ S^, - 2v Dv = 2D ■ 



-2D ■ S^, 

{D^-vDv^){D,-vDv,) 

g^" - ia'"' 

{D^-vDvD)-t ^ {D^-v Dv^){D^ - v ■ Dv^) 

^ 2e^"'P''VpSl 
D^ - {v Df - ieP^P''[D,,D,]v,Sl 



D^-{vDf--eP''p'^[u,,u,]vpSl 



)2 
1 



where the expression for the commutator [D^, D^^] of the covariant derivative 
of Eq. ( |5.18| ) is obtained after straightforward algebra. The field-strength 
tensors are defined as 

/i = <v±«v>, vi:^ = d,vi^^ - d,vi:\ (5.164) 

where and /^^ are given in Eqs. ( [4.59| ) and ( |4.6CI| ), respectively. 

Collecting all terms, we finally obtain as the contribution of Eq. (|5.123|) 
of order 1/m (returning to the notation in terms of expressions in the chiral 
limit) 



C 



■(2) 

TV N, 1/m 



2 m^v 



o2 

{v -Df-D^-i 9a {S, -D.vu}- ^{v ■ 
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1 

— ( 

2 



(5.165) 



Applying the counting rules of Eqs. ( [4.62| ) and ( |5.163| ), we see that Eq. ( |5.165| ) 
is indeed of 0{p'^)^ where the suppression relative to ( ^.124| ) is of the form 

At 0{p'^) the heavy-baryon Lagrangian contains another contribution 



which, in analogy to C^^jf in Sec. p.5.3| , may be obtained as the projection 



of the relativistic Lagrangian of ||Gas+ 88| onto the light components. 



Here we quote the result in the convention of Ref . |Per+ 97[| (except for the 
cq and C7 terms, where, following Ref. ||EM 96|| , we explicitly separate the 
traceless and isoscalar terms)[^ 



+C5 



ciTr(x+) + C2{v ■ uf + C3U ■ M + Ci[S^, S'^]Uf,u^ 
1. 



:Tr(xH 



(5.166) 



where 



X± = u^X^'^ i ux^u. (5.167) 

In the parameterization of Eq. ( ^.166| ) the constants Cj carry the dimension 
of an inverse mass and should be of the order of 1/A in order to produce a 
reasonable convergence of the chiral expansion. (The details of convergence 
generally depend on the observable in question) . The complete heavy-baryon 
Lagrangian at O(p^) is then given by the sum of Eqs. (|5.165 ) and ( 5.166|) , 



■(2) 
■kN 



(2) 

7rAf,l/m 



(5.168) 



It is worthwhile mentioning that the contribution of Eq. ( |5.165| ) to C 



(2) 

contains chirally invariant structures that are not part of Eq. ( ^.1661) . Unless 
such terms can be transformed away by a field transformation (see below) 
their coefficients are fixed in terms of the parameters of the lowest-order 
Lagrangian. As stressed by Ecker |[Eck 95||, these fixed coefficients are a 



30 r 



The nomenclature of Re fs. [|Gas+ 88 and [Bcr+ 92b | differs from the (more or less) 



standard convention of Eq. ( 5.166| ). The constants Ci of Ecker and Mojzis |EM 96| differ 



by a factor 1/ from those of Eq. (5.166) 



214 



consequence of the Lorentz covariance of the whole approach. A related 
issue is the so-called reparameterization invariance, i.e., if a heavy particle 
of physical four-momentum p is described by, say, p = mv + k with p"^ = 
and f ^ = 1 implying 2mv ■ k + k"^ = 0, physical observables should not change 
under the replacement (t>, k) — > {v + q/m, k — q) giving rise to an equivalent 
parameterization p = mv' + k', if q satisfies {v + q/rnf' = 1 [|LM 92|| . As 
a result, some coefficients of terms in the effective Lagrangian which are of 
different order in the 1/m expansion are related. For a detailed discussion, 
the reader is referred to Refs. [[LM 92| , |Che 93| , |Fin+ 97] . 



The seven low-energy constants Cj are determined by comparison with 
experimental information. For example, if we consider the interaction with 
an external electromagnetic field [see Eq. 



/ =-e^A 



-A 
2 



we obtain 



(''^ = --T T =dA-dA 



SO that the interaction with the field-strength tensor is given by 



(2) 
int 




+ ce 



K- (5.169) 



[We made use of Eq. ( ^.121| ).] For the special choice v^^ = (1, 0, 0, 0) = we 
find [see Eq. (|OBq )] 



and the interaction term reduces toQ 



2 



1 + 2 m^v C7 



^3 



1 + 4 m^v ce 



(5.170) 



which describes the interaction Lagrangian of a magnetic field with the mag- 
netic moment of the nucleon. We define the isospin decomposition of the 
magnetic moment (in units of the nuclear magneton e/2mp) as 



1 ra 1 



^ 2 2 2^ ^2^ ' 



'^"'^ Recall that A/5 are two-component fields. 
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where k*^**^ and n^'"'^ denote the isoscalar and isovector anomalous magnetic 
moments of the nucleon, respectively, with empirical values k^^^ = —0.120 
and k(^) = 3.706. A comparison with Eq. ( |5.170| ) shows that the constants 
cg and cy are related to the anomalous magnetic moments of the nucleon in 
the chiral limit 

o{s) o o(f) o 

K =2 mjv Cj, K = A rriisi cq. 
The results for k^'^^ and k^'"^ up to and including 0{p^) ||Ber+ 95b| , |Fea 



97 



K 



K 



K 



(v) 



K 



are used to express the parameters cq and cy in terms of physical quantities. 
Note that the numerical correction of —1.96 [parameters of Eq. (|5.68| )] to the 
isovector anomalous magnetic moment is substantial. Differences by factors 
of about 1.5 were generally observed for the determination of the q at 0{p'^) 
and to one-loop accuracy 0{p^) ||Ber+ 95'5| , [Ber+ 97| . 

The numerical values of the low-energy constants Ci,---,C4 have been 
determined in Ref. [[Ber+ 97|| by performing a best fit to a set of nine pion- 
nucleon scattering observables at 0{p^) which do not contain any new low- 
energy constants from the 0{p^) Lagrangian. Finally, C5 was determined in 
terms of the strong contribution to the neutron-proton mass difference. The 
results in units of GeV~^ are given by (see also Ref. pM 00|| ) 



ci = -0.93 ±0.10, C2 
C4 = 3.63 ±0.10, C5 = 



3.34 ±0.20, 
-0.09 ±0.01. 



C3 



-5.29 ±0.25, 



(5.171) 



For a phenomenological interpretation of the low-energy constants in terms 
of (meson and A) resonance exchanges see Ref. ||Ber± 97[] . 

We will see in the next section that the constants q are not required to 
compensate divergences of one-loop integrals. Such infinities first appear at 
C(p3). 

The Lagrangian of Eq. ( [5. 1651 ) still contains terms of the type v ■ D which 
appears in the lowest-order equation of motion of Eq. ( [5.146| ). As discussed 
in detail for the mesonic sector in Sec. [4.7| and Appendix p.l| , such terms 
can be eliminated by appropriate field redefinitions. For example, the field 
transformation eliminating in Eq. (|5.165|) the term 

2 
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is given by 



IIEM 9611 



1 + 



iv ■ D Qa ■ u 



(5.172) 



4 m^v 4 itln 

Inserting Eq. (|5.172D into the lowest-order Lagrangian of Eq. ( |5.124| ) yields 

1 

2 r/iAT 2 rriN 



My{iv ■ D+ Qa ■ u)Mv 



o2 

J\r,{v ■ DfK - -^^S, ■ uS, ■ uK 



+ total derivative + O 



1 



o 2 



(5.173) 



AT' 



The second term cancels the equation-of-motion term, whereas rewriting the 
last term by using Eq. ( |5.121|) , 

Sy ■ uS., ■ u = ^[{v ■ uf - u ■ u] + ^ie^'^P'^VpSy^u^, 

we find that some of the coefficients at 0{p'^) (and at higher orders) are 
modified. As in the case of the SU(2) xSU(2) mesonic Lagrangian at 0{p'^) 
(see Appendix p.l| ) one finds equivalent parameterizations of (and also 
of the higher-order Lagrangians) in the baryonic sector. For the sake of 
completeness we quote the result of Ecker and Mojzis pM 96|| , 



;^2) 

'-■kN 



1 



+ igA{Sy- D,vu}] + ^Tr(M ■ u 



2 ni^ 

Ci2 ^ Y/ \21 , '^3 m / \ '^4 



ai 



-f^Tr[(..«)^]+^Tr(x+) + ^ 
rriM 



(5.174) 



where the relation to the coefficients q of Eq. ( |5.166| ) is given by 

o o2 Q o2 

niNCz , Qa niNC2 9a 

ai = — h — , ^2 = — a3=m^ci, aA=mNC^, 

Z io Z o 

o2 



ag =m7vC4 + 



a6=mArC6 + -, aj=mNC-j + -. 



(5.175) 
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Of course, the Lagrangians of Eq. ( 5.168| ) and ( p. 174 ) yield the same re- 



sults for physical observables, provided their parameters are related by Eq. 



( |5.175| ). However, they will differ for intermediate mathematical quantities 
such as vertices or wave function renormalization constants as observed in 
Ref. [|Fea+ 91\] for the case of the nucleon wave function renormalization con- 



stant. We repeat that the coefficients of the first two terms of Eq. (5.174) are 



fixed in terms of and 9 a, whereas the constants are free parameters 
which have to be determined by comparison with experimental information. 

5.5.8 The Power Counting Scheme 

The power counting scheme of HBChPT may be formulated in close analogy 
to the mesonic sector (see Sec. |4.4| ). On the scale of either the nucleon mass 
tun or ^ttFt^ we consider as small external momenta the four- momenta of 
pions, the four-momenta transferred by external sources, and the residual 

O 

momenta k^^ of the nucleon appearing in the separation p'^ =m]\[v'^ + k^. For 
a given Feynman diagram we introduce 

• the number of independent loop momenta N^, 

• the number of internal pion lines Jm, 

• the number of pion vertices N^^ originating from C2n-, 



the total number of pion vertices Nm = Yl^=i 



M 
2n y 



• the number of internal nucleon lines Ib, 

• the number of baryonic vertices originating from 

• and the total number of baryonic vertices A''^ = Yl'^=i ■ 

As in the mesonic sector, the internal momenta appearing in the loop integra- 
tion are not necessarily small. However, via the four-momentum conserving 
delta functions at the vertices and a substitution of integration variables, 
the rescaling of the external momenta is transferred to the internal momenta 
(see Sec. [4.4|) . The chiral dimension D of a given diagram is then given by 

II Wei 9i| , p^n 



D = ANl- 2Im -Ib + J2 2^^2n + J2 "^^n- (5-176) 



n=l 71=1 
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We make use of the topological relation [see, e.g., Eq. (2.130) of Ref. ||(JL 84|| ] 

Nl = hi + Ib-Nm-Nb + 1 (5. 177) 

to eliminate Im from Eq. ( p. 176] ) 



n=l 



n=l 



(5.178) 



Figure 5.6: Two-loop contribution to the nucleon self energy. 



For processes containing exactly one nucleon in the initial and final states 
we haveQ A''^ = Ib + I and we thus obtain 



D = 2NL + 1 + J2'^in- l)N^^ + Y.{n - l)iV^ 



(5.179) 



n=l 



n=l 



The power counting is very similar to the mesonic sector. We first ob- 
serve that D >1. Moreover, as already mentioned in Sec. 15.5.71, loops start 
contributing at D = 3. In other words, the low-energy coefficients Cj of C)^{^ 
are not needed to renormalize infinities from one-loop calculations. Again, 
we have a connection between the number of loops and the chiral dimension 
D: Nl < {D — l)/2. Each additional loop adds two units to the chiral 
dimension. 

As an example, let us consider the two-loop contribution to the nucleon 
self energy of Fig. |5.6| . First of all, the number of independent loops is Nl = 2 
in agreement with Eq. (|5.177|) for /m = 2, = 3, Nm = 0, and A''^ = 4. 



■^^In the heavy-baryon formulation one has no closed fcrmion loops. In other words, in 
the single-nucleon sector exactly one fermion line runs through the diagram connecting 
the initial and final states. 
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The counting of the chiral dimension is most intuitively performed in the 
framework of Eq. (|5.176|) , because it associates with each building block a 



unique term which is easy to remember (+4 for each independent loop, —2 
for each internal meson propagator, etc). For A^^^ = 0, = 2, and A^"^ = 2 
we obtain £1 = 8- 4- 3 + + 2 + 4 = 7. 

5.5.9 Application at 0{p^): One-Loop Correction to 
the Nucleon Mass 

As a simple example, we will return to the modification of the nucleon mass 
through higher-order terms in the heayy-baryon approach. The calculation 
will proceed along the lines of Ref. |[t'ea+ 97| , where use was made of the 



Lagrangian of Ecker and Mojzis [[EM 96|| [see Eq. (|5.174| )] 



The determination of the physical nucleon mass and the discussion of the 
wave function renormalization factor will be very similar to Sees. [4.9. 1| for 



the masses of the Goldstone bosons and [5.4. 1[ for the nucleon mass in the 



relativistic approach. Let us denote the four-momentum of the nucleon by 

O 

p =mj^ f + r, where, since we are interested in the propagator, we must 
allow the four-momentum to be off the mass shell. The on-shell case is, of 
course, given by = with m^v denoting the physical nucleon mass. Let 
us stress that, due to the interaction, we must expect the physical mass to 

o 

be different from the mass m^v in the chiral limit. 

We start from the lowest-order propagator of Eq. ([5.152[) , 



(5.180) 

V ■ p — rriiy 

and first determine its modification in terms of the tree-level contribution of 
Eq. ( ^.174[) to the self energy.0 Neglecting isospin-symmetry breaking effects 
proportional to — m^, we obtain at C(p^) 

^^'\P) = -o (5.181) 

2 mjsi 

where = 2BQmq denotes the squared pion mass at 0(j5^). The term 

comes from the term in £^^]^ proportional to —d'^/2 which involves no 

■^^In the remaining part of this section, we adopt the common practice of leaving out the 
projector P^^ in the propagator and (possibly) in vertices with the understanding that all 
operators act only in the projected subspace. 
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pions. In the spirit of the reduction formula of Eq. ( |5.144 ), in combination 
with the formula of Gell-Mann and Low of Eq. (|5.145|) , we choose to include 
this as part of the interaction rather than part of the free Lagrangian and 
reserve for the free Lagrangian the iv ■ d term from C^^J^. The term involving 

as is a contact term coming ultimately from Eq. ( p.l66| ), where 03 =mp^ci. 



m 



Figure 5.7: One-loop contribution to the nucleon self energy at 0{p^ 
the heavy-baryon approach. The diagram (b) vanishes because of its isospin 
structure. 



/ k,i \ 



' k,i ^ 



r-k 



(a) 



(b) 



The heavy-baryon Lagrangian at 0{p^) ||EM 96|| does not produce a con- 
tact contribution to the self energy, because all the structures contain at 
least one pion or an external field. Moreover, given the Feynman rule of 
Eq. ( ^.157| ), the second one-loop diagram of Fig. (b) vanishes, because 
eujTj = 0. In other words, the only contribution at 0{p^) results from the 
one-loop diagram of Fig. p.7| (a). Using the vertex of Eq. ( [5. 1561 ) and the 
propagator of Eq. (|5.152|) we obtain for the one-loop contribution at 0{p^) 



9a 



X 



A;2 - M2 + iO+ 



V ■ {r — k) + iO^ 



— 9 -kr- 

-TO 



(5.182) 



As in the relativistic case of Eq. ( |5.77| ), counting powers, we expect the 
integral to have a cubic divergence. Extending the integral to n dimensions. 
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using TjTj = 3, performing the substitution k —k, and applying Eq. ( |(J.31| ) 
of Appendix |C.2.2| , we obtain the intermediate result 



o2 



^0 



)/4 [see Eq. ( [5. 1261 )], we obtain, applying 



Since Sy ■ v = and = (1 — n 
the first equality of Eq. ( |C.35|) , 

^looM = -ilf {[^' - ■ ^)VMO; v-r) + v r/.(0)} , (5.183) 

where the integrals J^tat and 1,^ are given in Eqs. ( |C.27| ) and ( |C.2| ), respec- 
tively. 

Combining with Eq. ( |5.181| ) and using Eq. ( |(J.27D we thus obtain for the 
(unrenormalized) nucleon self energy at 0{p^) |[Fea+ 97 



E(p) 



2 m^v 

o2 



rriN 



^9, 



(47rFo) 



V ■ r 



+ [M^ -{v-r) 



[3M2 -2{vr 
V ■ r 



R + ln 



M2 



arccos 



M 



(5.184) 



for (f ■ r)^ < M^. Clearly, the self-energy contribution generated by the loop 
diagram of Fig. |5.7| (a) contains a divergent piece proportional to R of Eq. 

We have chosen to express the self energy as a function of the four- 
momentum p. In the relativistic case of Eq. ( |5.71| ) we needed two scalar 
functions depending on to parameterize the self energy. In contrast to the 
relativistic case, the heavy-baryon self energy of Eq. ( |5.184|) is given by one 
function depending on two scalar variables for which one can take, say, 
and f ■ r or 

ri = v-p — mj^, ^={p — m]^vY. (5.185) 
Making use of r = {mj^— miq)v + {p — m^v), the two sets are related by 

= {niN- m^)'^ + 2{mN- mN)r] + ^, (5.186) 



V ■ r 



niN- +1]. 



(5.187) 
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The choice of Eq. ( 5.185 ) is convenient for the determination of the physical 
nucleon mass m^r and renormahzation constant Z^r, because, in view of Eq. 
( |5.18CI| ), we want the full (but yet unrenormalized) propagator to have a pole 
at p = itlnv which includes both the mass-shell condition = m\ and 
V ■ p = rriN. In the vicinity of the pole at p = rriNV the second choice of 
variables corresponds to terms which are, respectively, first and second order 
in the (small) distance from the pole. Thus in the following discussion we 
will use both notations S(p) and S(?7,^) for the self energy, where it should 
be clear from the context which expression applies. 

In analogy to the mesonic case discussed in Sec. [4.9. 1| the full heavy- 
baryon propagator is written as [see Eq. (|4.138|) ] 



V ■ p — rrijsi — S(p) 



vp-ruN- S(0, 0) - r7S'(0, 0) - S(r/, i) 
i 



[1-S'(0,0)] jr^ 

7] - ZNtiji.iy 



[1-S'(0,0)] 



(5.188) 



where 



rriN 



+S(0,0), 
1 

1 - S'(0,0)' 



(5.189) 
(5.190) 



In these equations S'(0,0) denotes the first partial derivative of S(?7,,^) with 
respect to t] evaluated at (?7, = (0,0), 



E'(0,0) 



9S(r7,0 



dr] 



and S(?7,^) is at least of second order in the distance from the pole. 

For the evaluation of S(0, 0), S'(0, 0), and S(?7, "^^ need to expand Eq. 
( |5.184| ). To the order we are working the term contributes only to S(0, 0) 
whereas the loop piece contributes to all three. In contrast to the mesonic 



223 



sector at O(p^), S is not zero in this case. Using Eq. ( |5.18(j| ), we obtain for 
the term 



2 m^v 



"I" O ^ 



2 m^r 



2 mjv 



(5.191) 



The first term on the right-hand side contributes to S(0, 0) but is (9(l/m^), 
since, as we will see, the difference {mj^j— rrij^) is 0(1/171^). The second 
term is (9(l/m^) and will contribute to S'(0,0). Finally the third term 
contributes only to S. 

Applying Eq. ( |5.189| ) we obtain for the physical mass 



rriN = m-Tv 



+ sLl(o,o), 



2 



''loop 



(5.192) 



which implies rriN— rnN= 0(l/mAr).Q We can thus neglect the second term 
on the right-hand side of Eq. (|5.192|) . The loop contribution is only a function 
oi V ■ r and thus a function only of rj, and, neglecting terms of higher order 
in l/rriTv, we may replace f ■ r by 0, yielding 



^(3) 
''loop 



(0,0) 



(47rFo)2 



arccos(O). 



We finally obtain for the physical nucleon mass 



rriN ^mjy 



1 - 



m 



N 



2mjv(47rF^) 



(5.193) 



where, in the expression between the brackets, we have replaced all quantities 
in terms of the physical quantities, because the difference is of higher order in 
the chiral expansion. In the chiral limit, both the counter-term contribution 



M2 



rUq and the pion-loop correction ~ ~ rn^J"^ disappear. In 
other words, in the heavy-baryon framework the situation is again as in the 
mesonic sector, where the parameters of the lowest-order Lagrangian do not 
get modified due to higher-order corrections in the chiral limit. The same 

o 

is actually true for the second parameter Qa of Eq. ( |5.124| ) [see, e.g., Eq. 

■^^ Strictly speaking we should say rriN— m^— 0[A'P / tojv, -M^/(47ri^o)^], where the 
second result originates from the loop contribution. 
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(50) of Ref. ||.b'ea+ 97| ]. Using the parameters of Eqs. ( p.68| ) and ( p.l71| ) one 
finds that the counter term and the pion loop generate contributions to the 

o 

physical nucleon mass of 0.0733 and —0.0163 in units of m^v, respectively. 

The wave function renormalization constant Z^- is obtained from Eq. 
(|5J90| ) as 



1 - S'(0,0) 



1 + S'(0, 0) = 1 - + sUp(0, 0). (5.194) 

rriN 



To the order we are considering, we have from Eqs. ( |5.193|) and ( |5.184| ) 
respectively, 



171^— rrif^ 
S;oop(0,0) 



4asM2 



m 



N 



9 9^ 



Finally, expressing all quantities in terms of physical quantities, the wave 
function renormalization constant Z^ reads 



1 + 



m 



N 



4(47rF^)2 



(5.195) 



As in the pion case (see Table p.2| of Appendix p.2| ) Zj^ contains the in- 
finite constant R entering through dimensional regularization, i.e., Z^r is not 
a finite quantity. However, this is not a problem, because the wave function 
renormalization constant is not a physical observable. Moreover, as we have 
seen explicitly for the pion case, and as discussed in Ref. ||b'ea+ 97 ] for the 
heavy-baryon Lagrangian, Zjv will also depend on the specific parameteriza- 
tion of the Lagrangian. 
In Ref. 



EM 97 



it was shown that the wave function renormalization 
"constant" Zn is in fact a non-trivial differential operator and should, in 
momentum space, depend on the momentum of the initial or final nucleon. 
Here we argue that the findings of Ref. |pM 97| | and the method used above 
do not seem to be in conflict with each other. To that end, we first note 
that Ref. ||EM 97|| made use of the external spinor u+(p) = P„+m(p). Using 
relativistic spinors normalized as in Eq. ( [5. 1311 ) this corresponds to a nor- 
malization of the heavy baryon spinors io u^{'p)uj^{'p) = {p ■ v + tjI]^). To 
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facilitate the comparison, let us consider the special choice = (1,0,0,0). 
In the framework of the reduction formula of Eq. ( ^.1441) , we work with a 
factor Nu'^/y/Z]^ for an external nucleon in the initial state, where Ecker 
and Mojzis would have u+{p)/ \/ Z™. It is now straightforward to show 
that the normalization factor iV exactly produces the additional term which, 
in the approach of Ref. [ EM 97|| , results from the additional term in the wave 
function renormalization. This explains why the two approaches, at least 
up to order 0{jT'\ generate the same result. For further discussion on this 
topic, the reader is referred to ||Fea+ 97], |EM 97|, tSte+ 98|, [KM 99| . 



5.6 The Method of Infrared Regular izat ion 

In the discussion of the one-loop corrections to the nucleon self energy and 
pion-nucleon scattering of Sec. ^.4| , we saw that the relativistic framework 
for baryons did not naturally provide a simple power counting scheme as 
for mesons. One major difference in comparison with the mesonic sector is 
related to the fact that the nucleon remains massive in the chiral limit which 
also introduces another mass scale into the problem. Thus, because of the 
zeroth component one can no longer argue that a derivative acting on the 
baryon field results in a small four-momentum. This problem is avoided in 
the heavy-baryon approach discussed in Sec. where, through a field re- 



definition, the mass dependence has been shifted into an (infinite) string of 
vertices which are suppressed by powers of 1/m. Since the derivatives in the 
heavy-baryon Lagrangian produce small residual four-momenta in the low- 
energy regime, a power counting scheme analogous to the mesonic sector can 
be formulated [see Eqs. ( |5.176D and ( p.l79| )]. A vast majority of applications 
of chiral perturbation theory in the baryonic sector were performed in the 
framework of the heavy-baryon approach. However, it was realized some time 
ago that the heavy-baryon approach, under certain circumstances, may gen- 
erate Green functions which do not satisfy the analytic properties resulting 
from a (fully) relativistic field theory [Per+ 96T[ . 



Clearly, it would be desirable to have a method which combines the advan- 
tages of the relativistic and the heavy-baryon approaches and, at the same 
time, avoids their shortcomings — absence of a power counting scheme on 
the one hand and failure of convergence on the other hand. Such approaches 
have been proposed and developed by various authors [|'lan 96| , [E'l' 98| , [BL 99| , 



Geg+ 99" , Lut 00| , Bee 02 , LK 02|[ and here we will briefly outline the ideas 
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of the so-called infrared regularization | BL 99 . Our presentation will closely 
follow Refs. |[BL 99| , |Bec 02|| to which we refer the reader for technical details. 
Some recent applications of the new approach deal with the electromagnetic 
form factors of the nucleon [[KM 01a|| and the baryon octet ||KM 01b[| , irN 
scattering [|BL 01|| , axial- vector current matrix elements [[Zhu+ 01|] , and the 



generalized Gerasimov-Drell-Hearn sum rule [ Ber-|- 02E[| . 

In order to understand the problems of the heavy-baryon approach re- 
garding the analytic behavior of invariant functions let us start with a sim- 
ple example ||Bec 02|| . To that end we consider the s channel of pion-nucleon 
scattering (see Sec. p.3.2| ). The invariant amplitudes of Table develop 
poles for u = iz/^ (the upper and lower signs correspond to s 



m 



N 



U 



m 



AT; 



and 

respectively). For example, the singularity due to the nucleon pole 



in the s channel is understood in terms of the relativistic propagator 



(5.196) 



[p + qY - m% 2p ■ g + M2 ' 

which, of course, has a pole at 2p ■ g = — or, equivalently, s 
(Analogously, a second pole results from the u channel at m = mj^.) We 



m 



N- 



also note that the propagator of Eq. (|5.196D counts as 0{p~^), because it 
is part of a tree-level diagram so that the four-momentum q is assumed to 
be small, i.e., of 0{p). Although both poles are not in the physical region 
of pion-nucleon scattering, analyticity of the invariant amplitudes requires 
these poles to be present in the amplitudes. Let us compare the situation 
with a heavy-baryon type of expansion, where, for simplicity, we choose as 
the four- velocity p'^ = rrif^v'^, 



2p-q + Ml 2m 



N V ■ q + 



2mjv 



2m7v V ■ q 



1 



Ml 



2mNV ■ q 



+ 



(5.197) 

Clearly, to any finite order the heavy-baryon expansion produces poles at 
V ■ q = instead of a simple pole at v ■ q = — M^/(2m7v) and will thus not 
generate the (nucleon) pole structures of the functions B^. 

As a second example, we consider the so-called triangle diagram of Fig. 
0| which will serve to illustrate the different analytic properties of invariant 



functions obtained from loop diagrams in the relativistic and heavy-baryon 
approaches. A diagram of this type appears in many calculations such as 
the scalar or electromagnetic form factors of the nucleon, where • represents 
an external scalar or electromagnetic field, or vrA^ or Compton scattering. 
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where • stands for two pion or electromagnetic fields. In all of these cases a 
four-momentum q is transferred to the nucleon and the analytic properties 
of the Feynman diagram as a function oi t = are determined by the pole 
structure of the propagators. 

Figure 5.8: Triangle diagram. The symbol • denotes an interaction which 
transfers the momentum q to the virtual pion. 




P P-k P+q 



Thus we need to discuss some properties of the integral 

d^k I 1 1 



(27r)4 P - M2 + iO+ {k + g)2 - + iO+ {j> - kf - m]^ + iO+ ' 

(5.198) 

where t = q^. We assume the initial and final nucleons to be on the mass 
shell, = m\i = (p + qY which implies 2p - q = —t. Counting powers we see 
that the integral converges. The function 7(t) is analytic in t except for a cut 
along the positive real axis starting at t = AM'^ which expresses the fact that 
two on-shell pions can be produced for t > 4M^. In the following discussion 
of the analytic properties of Eq. ( p.l98| ) we will concentrate on the imaginary 
part of 7 (if:) which we will derive applying the Cutkosky (or cutting) rules 
Cut 601 , [LeB 91| , |PS 95|| . The rules, as summarized in ||PS 95|| , read: In 



order to obtain 2ilm{7(t)} first cut through the diagram in all possible ways 
such that the cut propagators can simultaneously be put on shell. Next, 
for each cut one need to replace each cut propagator 1 / (p^ — rn^ _)_ ^0+) by 
—2ni5{jP' — m?). Finally, sum the contributions of all possible cuts. In the 
present case, the two terms where the nucleon propagator is simultaneously 
cut with either the first or the second pion propagator do not contribute. 
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The result from cutting the two pion propagators reads 

d^k 6{e - M^)6{{k + qf - Ml) 



2ilm{7(t)} = {-2Tiifi j 



(5.199) 



In order to evaluate Eq. ( p.l99| ), we choose a frame where = {qo,0) with 
Qo = Vt > 0, and = (—qo/2,p). Using 



6{k' - Ml)5{{k + qf - Ml) = 6{e - Ml 



2v^ 



we find, as an intermediate result 
1 



Im{7(t)} 



167r2v^ 



t 



(Tkd k' + M:-- 



4/ -| + 2p-k + M^ + iO+ 

(5.200) 

For t < 4:Ml, the delta function in Eq. (|5.200| ) always vanishes, showing that 
the cut starts, as anticipated, at t = 4M^. Applying the mass-shell condition 



p"^ = mlf, we write 



p = I 
p = 



e, for AMI < t < 4m^, 



^e, for Am\ < t. 



Performing the integration using spherical coordinates, the result for the first 
case reads 



Im{7(t)} 



where 



dz 



1 



IQuVt^Am]^ - t \l + iy 
arctan(,). 



t - 2MI - i^Am^-t^t-AMlz - i0+ 
:ln' '-^^^ 



87r^t(4m^ - t) 



(5.201) 



y{t-AMl){Ami,-t) 
t - 2M2 



AMI < i < 4m^. 
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The second case, t > 4m^, is obtained analogously by the replacement 



(5.202) 

Equations (|5.201| ) and ( |5.202|) agree with the results given in Eq. (B.43) of 
Ref. [pas+ 88|] . In the low-energy region t -C and Eq. (|5.201|) becomes 



Im{7(t)}^- ^arctan(x), x= \ (5.203) 

Taking the factors resulting from the vertices and the relevant tensor struc- 
tures of the loop integral into account, the contribution of Fig. to the 
imaginary part of the scalar form factor of the nucleon reads [pas+ 88| , PL 99| 



Im{a(t)} = ^-^^§p^{t - 2M,^)Im{7(t)}, 

where a{t) is defined in terms of the u- and (i-quark scalar densities uu and 
dd as 

{N{p')\m[u{Qi)u{Q) + J(0)d(0)]|A^(p)) = u{p')u{p)a{t), (5.204) 

where m = rriu = rud and t = = {p' — p^. 

We will now investigate two limiting procedures. First, we consider a 
fixed value t > 4M^ and let — >• oo. In that case a; 1, and one would 
use the expansion 

. , TT 1 1 

arctan(x) = h 7-^ - ■ ■ ■ , x > 1. 

2 X Sx-^ 

Keeping only the leading order term, we find 

Ma(t)}^M4^, (5.205) 



which corresponds exactly to the result of HBChPT at 0{p^) [Per-|- 92b 



This result corresponds to the standard chiral expansion which treats the 
quantity x of Eq. (|5^203|) as 0{p~^), because rriN = 0{p^) and t. Ml = 0{p'^). 
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However, for a fixed mj^ we may also consider a small enough t close to 
the threshold value tthr = 4M^ so that x < 1. In that case the expansion of 
the arctan reads 



X 



yielding 



lm{a{t)} 



arctan(x) 



327rF2 



(5.206) 



where we have neglected higher powers of x. The critical value of t corre- 
sponding to X = 1 is given by 



tr 



4:Ml 



where (i = MT^/rrif^. Clearly the behavior of Eq. ( p.206D is very different 
from the chiral expansion of Eq. ( ^.205| ) and, similar to the discussion of 
Eq. ( p. 197 ), a finite sum of terms in HBChPT cannot reproduce such a 
threshold behavior 



BL99I 



The rapid variation of the imaginary part can 
be understood in terms of the analytic properties of the arctan which, as a 
function of the complex variable z, is analytic in the entire complex plane save 
for cuts along the positive and negative imaginary axis starting at ±i. These 
branch points corresponding to x = ±i are obtained for t = 4M^(1 — /i^/4) 
which is just below the physical threshold tthr = 4M^. For that reason an 
expansion around x = corresponding to t = 4M^ has a small radius of 
convergence. 

Clearly, the heavy-baryon approach does not produce the correct analytic 
structure as generated by the relativistic loop diagram. Moreover the low- 
energy behavior of Eq. ( |5.203| ) cannot be accounted for in the standard chiral 
analysis because the argument x is of order 0{p~^). What is needed is a 
method which produces both the relevant analytic structure and a consistent 
power counting. 

Here we will illustrate the method of Ref. | |BL 99| | by means of the nucleon 

-at this stage- 



self energy diagram of Fig. |5.3| . For a- 
of its properties we focus on the scalar loop integral 



-qualitative discussion 



n] 



1 



{2tiY k"^ - MI + iO+ A;2 - 2p ■ A; + (p2 _ m 



(5.207) 
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where, as usual, the right-hand side is thought of as a Feynman integral which 
has to be analytically continued as a function of the space-time dimension 
n. Counting powers, we see that, for n = 4, the integrand behaves for 
large values of the integration variable k as k^/k^, producing a logarithmic 
ultraviolet divergence while, on the other hand, the integral converges for 
n < 4. Let us now consider the limit —>■ 0. In this case, for both 



m 



and 7^ m^, the integral is infrared regular for n = 4 because, for 
small momenta, the integrand behaves as k^/k^ and k^/k'^, respectively. For 



N 



but singular for p 



m 



N- 



n = 3 the integral is infrared regular for p"^ ^ m\ 
For any smaller value of n it is infrared singular for arbitrary p^ . The infrared 
singularity as originates in the region, where the integration variable 

k is small, i.e., of the order Counting powers of momenta, we (naively) 

expect this part to be of order (9(p"'~^). On the other hand, for loop momenta 
of the order of and larger than the nucleon mass we expect power counting 
to fail, because the momentum of the nucleon propagating in loop integral 
is not constrained to be small in contrast to the case of tree-level diagrams 
[see Eq. ( ^1961) ]. 

In order to explain these qualitative statements let us discuss the integral 
in more detail. We first introduce the Feynman parameterization^ 



E{p\n) 



d"k 
(27r)" 



dz 



1 



[az + b{l- z)]^'- 



(5.208) 



with a = k"^ — 2k ■ p + p^ — m\ + iQ^ and b = k"^ — + iO~^ , perform the 
shift k ^ k + pz, and obtain 



H{p',n) 



-I j dz 
'o 



d'^k 



(27r)" [P - A{z) + iO 



+12^ 



where 



A{z) = zV - zip'' -m% + Ml) + Ml 
We then apply Eq. ( [B.14|) of Appendix |B], 



H{p\n) 



r (2 - f ) 

(47r)t 



dz[A{z) -z0+]2 



$-2 



(5.209) 



■^^In order to make it easier for the interested reader to follow Ref. BL 99 | we have 
used the notation there, omitting a factor and choosing the opposite overall sign in 

comparison with previous sections. 
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The relevant properties can nicely be displayed at the threshold p^^^^ = (m^r + 
Mtt)^, where A{z) = [z{mN- + M^^) — M^^]"^ is particularly simple. The small 
imaginary part can be dropped in this case, because A{z) is never negative. 
Splitting the integration interval into [0, zq] and [zq, 1] with zq = Mt,/ {niN + 
Mtt), we have, for > 3, 

/•I rzo 

/ dz[A{zp-^ = / dz[M^ - z{mN + M^)]""-* 
Jo Jo 



+ 



J ZQ 



yielding, through analytic continuation, for arbitrary n 



r(2-f) / M 



-3 mr^ 



' ' (47r)2(n-3) V"^7v + M^ ruN + M^J ^ ' 

The first term, proportional to M"~^, is defined as the so-called infrared 
singular part / which, as 0, behaves as in the qualitative discussion 

above. Since — >■ implies p1^^ — m?^ this term is singular for n < 3. The 
second term, proportional to is defined as the infrared regular part R 

and can be thought of as originating from an integration region where k is 
of order m^r so that the tree- level counting rules no longer apply [see Eq. 
(|5.196|)]. Note that for non-integer n the infrared singular part contains non- 



integer powers of M^^, while an expansion of the regular part always contains 
non-negative integer powers of only. 

Let us now turn to a formal definition of the infrared singular and regu- 



lar parts [|BL 99|| which makes use of the Feynman parameterization of Eq. 



|5.209|). Introducing the dimensionless variables 



„ = ^. n = (5.211) 

niN 2mArM^ 

counting as 0{p) and OijP) [p^ — m\ = 0{p)], respectively, we rewrite A{z) 
as 

A{z) = m%[z^ - 2anz{l - z) + 0^(1 - zf] = m%C{z), 
so that H is now given by 

H{p^,n) = K{n) [ dz[C{z) -iO+]^"\ (5.212) 
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where 



Kin) 



r (2 - 1) 

(47r)5 



m 



,71 — 4 

N ■ 



(5.213) 



The infrared singularity originates from small values of z, where the function 
C{z) goes to zero as —>■ 0. In order to isolate the divergent part one 
scales the integration variable z = ax so that the upper limit z = 1 in Eq. 
(|5.212| ) corresponds tox = l/a;^ooas —>■ 0. An integral I having the 
same infrared singularity as H is then defined which is identical to H except 
that the upper limit is replaced by oo: 



/ = K{n) 
where 



dz[Ciz) - lO^ 



K[n)a 



n—3 



[D(x) -iO+]^"^ (5.214) 



D{x) = 1 - 2nx + x'^ + 2ax{nx - 1) + aV. 

(The pion mass is not sent to zero.) Accordingly, the regular part of H 
is defined as 



R = —Kin) 



dz[C{z) - iO^ 



(5.215) 



so that 

H = I + R. (5.216) 

Let us verify that the definitions of Eqs. ( |5.214|) and ( p.215| ) indeed reproduce 
the behavior of Eq. ( |5.210D . To that end we make use of Qthr = 1 , yielding 

POD 

I^^, = K{n)a''-^ I rfx{[(l + a)x-l]^-iO+}^"\ (5.217) 



which converges for n < 3. In order to continue the integral to n > 3, we 
write |[BL 99|| 

-2 



{[{I + a)x - If - ii}^Y 
(1 + a)x — 1 d 



(1 + a){n- 4) dx 
and make use of a partial integration 

dx {[{I + a)x - If - 

(1 + a)x-l 



{[{I + a)x - if - iQ-^Y 



_(l + a)(n-4) 
1 



{[{l + a)x- l]2-i0+} 



-2 



J 



n 



dx {[{I + a)x - If - iQ^] 
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For n < 3, the first expression vanishes at the upper hmit and, at the lower 
hmit, yields l/[(l+a)(n— 4)]. Bringing the second expression to the left-hand 
side, we may then continue the integral analytically as 



dx{[{l + a)x-l]'^ -iO^^y 



(n-3)(l + a) 



so that we obtain for /, 



thr 



'thr 



K[n)a 



71 — 3 



r(2-f) 



n— 3 



(n-3)(l + a) (47r) 2 (n- 3) mAT + M^^ 
which agrees with the infrared singular part / of Eq. ( |5.210| ). 



(5.218) 



(5.219) 



The threshold value of the regular part of Eq. (|5.215|) is obtained by 
analytic continuation from < 3 to n > 3: 



thr 



r (2 - 1) 

(47r)t 

r(2-f) 



\n-i 



(47r)t (n-3)(m^ + M^) 



oo 



n.-3 



m 



n-?,\ 
N ) 



n 



<3 r(2-f) 



n— 3 
N 



(47r)2(n-3) + 



(5.220) 



which is indeed the regular part R of Eq. ( p. 210 ) . 

What distinguishes I from R is that, for non-integer values of n, the chiral 
expansion of / gives rise to non-integer powers of 0{p), whereas the regular 
part R may be expanded in an ordinary Taylor series. For the threshold 
integral, this can nicely be seen by expanding Jthr and i?thr in the pion mass 
counting as 0{p). On the other hand, it is the regular part which does not 
satisfy the counting rules valid at tree level. The basic idea of the infrared 
regularization consists of replacing the general integral H of Eq. ( p.207| ) by its 
infrared singular part J, defined in Eq. ( ^.214| ), and dropping the regular part 
i?, defined in Eq. (|5.215|). In the low-energy region H and / have the same 



analytic properties whereas the contribution of R, which is of the type of an 
infinite series in the momenta, can be included by adjusting the coefficients 
of the most general effective Lagrangian. 

As discussed in detail in Ref. [PL 99|| , the method can be generalized to 
an arbitrary one-loop graph. Using techniques similar to those of Appendices 
C.1.2| and |C.2.2|, it is first argued that tensor integrals involving an expression 
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of the type k'^^ ■ ■ ■ k^'^ in the numerator may always be reduced to scalar loop 
integrals of the form 



dJ'k 1 1 
(27r)" ai - ■ -arahi - ■ ■})„ 



where = (gj + fc)^ — M^+iO"'" and 6, = (pj — A;)^— m^+iO^ are inverse meson 
and nucleon propagators, respectively. Here, the refer to four-momenta of 
0{p) and the pi are four-momenta which are not far off the nucleon mass 
shell, i.e., pf = + 0{p). Using the Feynman parameterization, all pion 
propagators and all nucleon propagators are separately combined, and the 
result is written in such a way that it is obtained by applying (m — 1) and 
[n — 1) partial derivatives with respect to and m^, respectively, to a 
master formula. A simple illustration is given by 

dZ- ; -T-r = -r^-— / dz- 



a-idi Jo [aiz + a2{l - z)]'^ dM^ Jq aiz + a2{l - z)' 

where = (g, + A;)^ — + iO^. Of course, the expressions become more 
complicated for larger numbers of propagators. The relevant property of the 
above procedure is that the result of combining the meson propagators is of 
the type 1/A with A = {k + g)^ — + iO~^, where g is a linear combination 
of the m momenta g^, with an analogous expression 1/B for the nucleon 
propagators. Finally, the expression 

d^'k 1 



(27r)" AB 



may then be treated in complete analogy to H of Eq. ( p.207| ), i.e., the de- 
nominators are combined as in Eq. ( [5.208[ ), and the infrared singular and 



regular pieces are identified by writing dz ■ ■ ■ = dz ■ ■ ■ — dz ■ 

A crucial question is whether the infrared regularization respects the con- 
straints of chiral symmetry as expressed through the chiral Ward identities. 
The argument given in Ref. |[BL 99|| that this is indeed the case is as follows. 



The total nucleon-to-nucleon transition amplitude of Eq. ( |5.1|) is chirally 
symmetric, i.e., invariant under a simultaneous local transformation of the 
quark fields and the external fields (see Appendix ^ for an illustration). In 
terms of the effective theory, the contribution from all the tree-level diagrams 
is chirally symmetric so that the loop contribution must also be chirally sym- 
metric. Since we work in dimensional regularization this statement holds for 
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an arbitrary n. However, as we have seen in the example of Eq. ( ^.21U ), the 



separation into infrared singular and regular parts amounts to distinguishing 
between contributions of non-integer and non-negative integer powers in the 
momentum expansion. Since these powers do not mix for arbitrary n, the 
infrared singular and regular parts must be separately chirally symmetric. 
Finally, the regular part can be expanded in powers of either momenta or 
quark masses, and thus may as well be absorbed in the (modified) tree-level 
contribution. 

Let us finally establish the connection between the infrared singular part 
/ and the corresponding result in HBChPT. To that end, we first consider 
the relativistic propagator by expressing the (off-shell) four-momentum as 

p = mj^v + r, 



— rrifyf + iO+ — mj^ + iO+ 2mfyfV ■ r + + zO+ 

+ mjsf 1 

= t ; 

2miyv ■ r + zO+ 1 + 



2mN V ■ r + iO+ 



1 



■ 2 • / • 2 

tr I I ir 



2raM V ■ r + iO+ \2mN v ■ r + zO+ 



(5.221) 



In the last step, we have assumed that r is small enough to allow for an ex- 
pansion in terms of a geometric series. The result of Eq. ( ^.221|) is displayed 



in Fig. p.9| and may be interpreted as an infinite series in terms of the heavy- 
baryon propagator i/ {y-r+i{]^) and the self-energy insertion — = zr^/2m7v 
which has the form of a non-relativistic kinetic energy. (Note that the expres- 
sion still involves the operator +m]^)/2m]^.) Let us apply Eq. ( |5.221| ) to 



Figure 5.9: Expansion of the relativistic propagator (single line) in terms of 
heavy-baryon propagators (double line) and self-energy insertions (cross). 



( - + - X 

2 mjsj 



the loop integral H of Eq. ( ^.207| ) by first expanding the integrand and then 
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performing the summation. This corresponds to the prescription proposed in 
Refs. [[Tan 96| , f^T 98|| for identifying the low-energy or, in the nomenclature 
of Ref. |[lan 96| ], soft contribution to a Feynman graph. In the case at hand 
we obtain 



H(p-,n) 



j=0 



(5.222) 



where 



2m 



N 



-(r - kf 



(27r)" /c2 - M2 + iO+ v{r-k)+ iO+ [2mNV ■ {r - k) + iO+ 

(5.223) 

which is somewhat easier to handle if we perform the shift k ^ k + r and 
then the substitution k — > —k. 



{k 



2V 



(5.224) 



{2mNy+^ J (27r)" {k - rf - + iO+ {v ■ k + iO+)J'+i ' 

As above, we explicitly discuss the threshold p^^^ = {niM + M^-)^ by inserting 
r = M^v into Eq. (|5^221 ). Defining X = k'^-2M^vk+iO+ and Y = v-k+iO+, 
we have 



'j,thr 



(2m^)^+ii (27r) 



The different L thr are related by a simple recursion relation 



-^j+l,thr 



implying 



rriN 



J>0, 



-^0,thr, j > 0. 



(5.225) 



(5.226) 



(5.227) 



Equation (p.226|) is easily verified: 



'j+l,thr 



(2mAr)^'+2 

r-V+2 



(T'k {X + 2M^F)^' X + 2M^F 



(27r)" 



(A;2)^- 



(2mjv)^+2 7 (27r)" (v • + ^0+)J+2 



ruN (2m7v)^+^ 7 (27r)' 
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where we made use of the fact that the first term in the second line vanishes 
in dimensional regularization [see Eq. ( p.37|) ]. We then obtain for the series, 
evaluated at threshold, 



TUN + 



j=0 j=0 

What remains to be determined is the threshold integral 

rf"A; 1 1 



'0,thr 



2mjv J (27r)" - 2M^v ■ k + iO+ v ■ k + iO^ 



Performing a shift k ^ k + M^^v, combining the denominators as in Eq. 
( C.17|) , performing another shift k —>■ k — yv, and making use of Eq. ( B.14 ), 
one finds 



niN {An) 2 Jq 



Finally, performing a substitution y = Mt^x and using the analytic continu- 
ation of Eq. (|5.218|) with a = 0, we obtain 



r(2-f) Mr 3 

-'O.thr / . \ " / o\ 

(47r)2(n — 3) tun 
Inserting Eq. (|5.228|) into the series, the final result reads 



(5.228) 



^ ^■'*'^"(47r)?(n-3)m^ + M.' ^^'''^^ 

which is the same as /thr of Eq. ( ^.219 ). This example shows that the infrared 
regularized amplitude is related to an infinite sum of heavy-baryon ampli- 
tudes with self-energy insertions in the heavy-baryon propagator, as depicted 
in Fig. |5.9| . The advantage of the relativistic approach is obvious, because 
for a general one-loop amplitude it may be very difficult, if not impossible, 
to obtain a closed expression for the sum of all insertions. To conclude this 
section, the method of infrared regularization provides a fully relativistic 
framework producing amplitudes having the relevant analytic properties and 
satisfying the chiral power-counting rules. At the moment, it is not yet clear, 
whether it can be generalized beyond the one-loop level. 
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Chapter 6 

Summary and Concluding 
Remarks 



As we have discussed in great detail, the chiral SU(3)^ x SU(3)^ x U(l)y 
symmetry of QCD in the hmit of vanishing u-, d-, and s-quark masses 
(Sec. |2.3.4| ), together with the assumption of its spontaneous breakdown 
to SU(3)y X U(l)y in the ground state (Sec. |41|) , is one of the keys to un- 
derstanding the phenomenology of the strong interactions in the low-energy 
regime. The importance of chiral symmetry was realized long before the for- 
mulation of QCD and led to a host of predictions within the current-algebra 
and PCAC approaches of the 1960's |[AD 68|| . Some of the consequences of 
an explicit symmetry breaking, yielding non-analytic terms in the perturba- 
tion, were worked out in the early 1970's, but the development came to a 
halt I Pag 75 1 because it was not clear how to systematically organize a per- 
turbative expansion. From the present point of view, the explicit symmetry 
breaking is due to the finite u-, d-, and s-quark masses, leading to divergences 
of the symmetry currents (Sec. p.3.6|) . 

In 1979 Weinberg fWei 79|| laid the foundations for further progress with 
his observation that the constraints due to (chiral) symmetry may pertur- 
batively be analyzed in terms of the most general effective field theory. A 
very important ingredient was the formulation of a consistent power-counting 
scheme (Sees. |4.4] and p. 5. 81 ) which allowed for a systematic perturbative 
analysis in contrast to various commonly used ad hoc phenomenological ap- 
proaches to the strong interactions at low energies. In particular, the in- 
clusion of loop diagrams allowed for a perturbative restoration of unitarity 
which would be violated if only tree-level diagrams were used. Subsequently 
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Gasser and Leutwyler ||GL 84|, |GL 85a|| combined the ideas of Weinberg with 



other modern techniques of quantum field theory to analyze the Ward iden- 
tities of QCD Green functions in terms of a local invariance of the generating 
functional under the chiral group (Sec. and App. 0). These papers were 
the starting point of what is nowadays called chiral perturbation theory. 

The mesonic sector has generated a host of successful applications, some 
of which have reached two-loop accuracy. Here, we have concentrated on a 
few elementary observables and processes, namely: masses of the Goldstone 
bosons (Sees. and |4.9.l| ), weak and electromagnetic vr decays (Sees. ^4.6.1 
and [4.8| ), vrvr scattering (Sees. ^4.6.2| and ^.10.2| ), and electromagnetic form 



factors (Sec. [4.9.2|) . Moreover, we have discussed in quite some detail how to 
construct the mesonic effective Lagrangian (Sees. and |4.1Ul] ). 

At first sight, it might appear that the large number of low-energy pa- 
rameters at 0{p'^) would make any quantitative prediction at the two-loop 
level impossible. However, there are several reasons why this is not the case. 
To start with, there exist observables which do not depend on any new pa- 
rameters at 0{p^), i.e., which can be predicted in terms of the 0{p'^) and 
(9(p'^) low-energy constants only. An example is given by the correction to 
Sirlin's theorem discussed in Ref. ||PS 97|] . Clearly, such cases provide a nat- 
ural testing ground for the convergence of the approach. Secondly, only a 
limited set of low-energy parameters contribute to any given process. It fol- 
lows from the nature of the Ward identities that different physical processes 
are interrelated due to the underlying symmetries so that coefficients which 
have been fixed using one reaction can be used to predict another observ- 
able. In view of the ordinary implementation of symmetries, such as in the 
Wigner-Eckart theorem, this is not a surprise, because it is well-known that 
symmetries imply relations among ^-matrix elements. However, the Ward 
identities provide additional constraints among Green functions of a different 
type and allow one to also include an explicit symmetry breaking (Sec. p.4|) . 
It is this second case which can systematically be studied in the framework 
of ChPT and which provides interesting new insights into our understanding 
of both spontaneous and explicit symmetry breaking within QCD. Finally, 
different methods exist which allow one to estimate the value of the parame- 
ters and thus, in combination with the ChPT result, test our physical picture 
of the strong interactions. 

In this work we have only considered elementary processes at an intro- 
ductory level, not the extensions to and combinations with other methods. 
We omitted, for example, the weak interactions of kaons which are mediated 
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by the exchange of W bosons between the quark currents [ hick 95| , Rat 95 , 
pic 95|| . We also did not discuss the breaking of isospin symmetry which re- 
quires the inclusion of the electromagnetic interaction in terms of dynamical 
(virtual) photons jUre 95| , |NR 96| , |AM 02 |. 

Chiral symmetry also dictates the interaction of the Goldstone bosons 
with other hadrons (Sees. |5.1| and p.2| ). By studying the axial- vector cur- 
rent matrix element (Sec. |5.3.1|) and ttN scattering (Sec. |5.3.2| ) we verified 
that a tree-level calculation using the lowest-order Lagrangian reproduces 
the Goldberger-Treiman relation and the Weinberg- Tomozawa result for the 
s-wave scattering lengths, respectively. As we have seen, the first systematic 
study in the pion-nucleon sector ||Gas+ 8$] raised the question of a consis- 
tent power counting (Sec. p.4| ). This problem was subsequently overcome in 
the framework of the heavy-baryon approach ||JM 91|| (Sec. |5.5|) and most of 
the numerous applications in this sector have been performed in HBChPT 
Ber+ 95b|| . 



In the baryonic sector the chiral orders increase in units of one, because 
of the additional possibility of forming Lorentz invariants by contracting 
(covariant) derivatives with gamma matrices (Sec. |5.2|) . As a result 



m 



the SU(2)xSU(2) baryonic sector at the one-loop level, up to and includ- 
ing O(p^), one has in total 2 + 7 + 23 + 118 = 150 |[Fet+ 01|| low-energy 
constants as opposed to the 2 + 7 = 9 free parameters of the corresponding 
mesonic sector ||GL 84|| . Nevertheless, numerous results have been obtained 
in the baryonic sector because, at the same time, a large amount of very pre- 
cise experimental data are available due to the existence of a stable proton 
target. (Neutron data can also be extracted, e.g, from experiments on the 
deuteron.) The availability of new high-precision data in combination with 
the techniques of chiral perturbation theory have led to a considerable im- 
provement of our understanding of the strong interactions at low energies, in 
particular since systematic corrections to the old current-algebra predictions 
could be worked out and (successfully) tested. 

We have not discussed the approach of the so-called small scale ex- 
pansion to include the A(1232) resonance as an explicit degree of freedom 
H.em+ 97c I . Clearly this is an important issue in the baryonic sector because 
the first nucleon excitation is such a prominent feature of the low-energy 
spectrum as seen, e.g., in the total pion-nucleon scattering or the total photo 
absorption cross sections. 

Most recently, the method of infrared regularization ||BL 99|| has opened 
the possibility of reconciling the relativistic approach with a consistent chi- 
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ral power counting scheme (Sec. |5.6| ). One may expect that this method 
will have a large impact insofar as many of the results obtained within the 
heavy-baryon framework will have to be checked with respect to relativistic 
corrections. The question regarding the radius of convergence in the bary- 
onic sector remains a big challenge because, ultimately, a calculation at the 
two-loop level 0{p^) is, in general, required to quantitatively assess higher- 
order corrections ||MB 99|| . In comparison to two-loop calculations in the 
SU(2) xSU(2) mesonic sector such an investigation in the (relativistic) nu- 
cleon sector is even more complicated for two reasons. First, due to the spin 
of the nucleon, the structure of vertices is richer than for spin-0 particles. 
Second, the nucleon mass introduces another mass in the propagators mak- 
ing the evaluation of the two-loop integrals more difficult than for a single 
mass. 

Finally, we would like to mention that a description of the nucleon-nucleon 
interaction within the framework of effective field theory has made tremen- 
dous progress and that a rigorous treatment of nuclei within field theory is no 
longer out of reach ||Wei 91| , |Ord+ 96| , |Kai+ 97| , |Kol 99| , |Epe+ Oq , |Bea+ 02| , 
Fin+ 0211. 



In conclusion, chiral perturbation theory has added a new and unprece- 
dented level of systematics to the description of strong-interaction processes 
at low energies and continues to be a very fruitful and rich field with promis- 
ing perspectives. If this introductory review encourages students and new- 
comers to chiral perturbation theory to participate in this field of research, 
it has served its purpose. 
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Appendix A 

Green Functions and Ward 
Identities 



In this appendix we will show how to derive Ward identities for Green func- 
tions in the framework of canonical quantization on the one hand, and quan- 
tization via the Feynman path integral on the other hand, by means of an 
explicit example. In order to keep the discussion transparent, we will con- 
centrate on a simple scalar field theory with a global 0(2) or U(l) invariance. 
To that end, let us consider the Lagrangian 

= 9^$"^^''$ - m^*"^* - A($^$)^ (A.l) 

where 

with real scalar fields $i and $2- Furthermore, we assume > and 
A > 0, so there is no spontaneous symmetry breaking and the energy is 
bounded from below. Equation ( |A.1| ) is invariant under the global (or rigid) 



transformations 

$'l = $1 - £$2, $2 = $2 + e$i, (A.2) 

or, equivalently, 

$' = (l + ie)<l>, = (1 -ie)$t, (A.3) 
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where e is an infinitesimal real parameter. Applying the method of Gell- 
Mann and Levy ||GL 6CI|| , we obtain for a local parameter e{x), 

6C = df,e{x){id^'<^^<^ - i^ta'^*), (A.4) 

from which, via Eqs. ( |2.42| ) and ( |2.43| ), we derive for the current correspond- 
ing to the global symmetry, 

dd^e 



Recall that the identification of Eq. ( p. 431) as the divergence of the current 
is only true for fields satisfying the Euler-Lagrange equations of motion. 

We now extend the analysis to a quantum field theory. In the framework 
of canonical quantization, we first define conjugate momenta, 

and interpret the fields and their conjugate momenta as operators which, in 
the Heisenberg picture, are subject to the equal-time commutation relations 

t), Iljiy, t)] = t6ij6\x - y), (A.8) 

and 

[$(f,t),n(y,t)] = [<!>\x,t),U\y,t)] = z6\x-y). (A.9) 

The remaining equal-time commutation relations, involving fields or mo- 
menta only, vanish. For the quantized theory, the current operator then 
reads 

J^(a;) =: {id''^^(!> - ^$^9^$) :, (A.IO) 

where : : denotes normal or Wick ordering, i.e., annihilation operators ap- 
pear to the right of creation operators. For a conserved current, the charge 
operator, i.e., the space integral of the charge density, is time independent 
and serves as the generator of infinitesimal transformations of the Hilbert 
space states, 

Q = [ d^xJ%x,t). (A. 11) 
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Applying Eq. ( |A.9| ), it is straightforward to calculate the equal-time commu- 
tation relations^ 

[J°(f,t),$(y,t)] = 6%x-y)<l>{x,t), 

[J0(x,t),$t(y,t)] = -5%x-y)^^ix,t), 
[J\x,t),n\y,t)] = 5'{x-mH^,t)- (A.12) 
In particular, performing the space integrals in Eqs. (|A.12|) , one obtains 

[Q,Hx)] = 

[g,n(a;)] = -n(x), 

[Q,^\x)] = -$t(x), 

[Q,nt(x)] = nt(x). (A.13) 

In order to illustrate the implications of Eqs. (|A.13|) , let us take an eigenstate 
\a) of Q with eigenvalue and consider, for example, the action of ^(x) on 
that state, 

Q ($(x)|«)) = ([g, ^x)] + <I>(x)g) \a) = (1 + qa) mx)\a)) . 

We conclude that the operators ^{x) and n"l'(a;) [$"''(0;) and n(a;)] increase 
(decrease) the Noether charge of a system by one unit. 

We are now in the position to discuss the consequences of the U(l) sym- 
metry of Eq. (|A.1| ) for the Green functions of the theory. To that end, let us 
consider as our prototype the Green function 

G^{x,y,z) = {0\Tmx)J^{y)<^^{zm, (A.14) 

which describes the transition amplitude for the creation of a quantum of 
Noether charge at x, propagation to y, interaction at y via the current 
operator, propagation to z with annihilation at z. First of all we observe 
that under the global infinitesimal transformations of Eq. (^]3), J^{x) t— > 
J'^{x) = J^{x), or in other words [Q, J^{x)] = 0. We thus obtain 

G''{x,y,z)^G'^{x,y,z) = {0\T[{1 + teMx)J'^iy)il - te)^\z)]\0) 

= {0\Tmx)J^{y)<^^{z)]\0) 
= G>'ix,y,z), (A.15) 



^The transition to normal ordering involves an (infinite) constant which does not con- 
tribute to the commutator. 
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the Green function remaining invariant under the U(l) transformation. (In 
general, the transformation behavior of a Green function depends on the ir- 
reducible representations under which the fields transform. In particular, for 
more complicated groups such as SU(A^), standard tensor methods of group 
theory may be applied to reduce the product representations into irreducible 
components ||BT 84 , O'Ra 86 , Jon 90 |. We also note that for U(l), the sym- 
metry current is charge neutral, i.e. invariant, which for more complicated 
groups, in general, is not the case.) 

Moreover, since J^{x) is the Noether current of the underlying U(l) there 
are further restrictions on the Green function beyond its transformation be- 
havior under the group. In order to see this, we consider the divergence of 
Eq. ( |A.14| ) and apply the equal-time commutation relations of Eqs. ([A.12| ) 
to obtain (see Sec. |2.4.1|) 

dlG>^{x,y,z) = [6\x~y)-6\z-y)mTmx)^Hz)m, (A.16) 



where we made use of (9^ 



0. Equation ( |A.l(j| ) is the analogue of the Ward 
identity of QED [see Eq. (glSSQ ] jWar 5q , |l^ra 55| , [lak 57|| . In other words, 
the underlying symmetry not only determines the transformation behavior 
of Green functions under the group, but also relates n-point Green functions 
containing a symmetry current to {n — l)-point Green functions [see Eq. 
( |2.89| )]. In principle, calculations similar to those leading to Eqs. ( |A.15| ) and 
( |A.16|) , can be performed for any Green function of the theory. However, we 
will now show that the symmetry constraints can be compactly summarized 
in terms of an invariance property of a generating functional. 

The generating functional is defined as the vacuum-to- vacuum transition 
amplitude in the presence of external fields. 



W[j,f,j^] = (0,+oo|0,-oo),, 
= exp{iZ[j,j*,jf,]) 

= {0\T (^exp |z j rf^x[j(x)<ft(x) + j*(x)$(x) + j;.(x)J^(x)]|^ |0), 

(A.17) 

where $ and $^ are the field operators and J^{x) is the Noether current. 
Note that the field operators and the conjugate momenta are subject to the 
equal-time commutation relations and, in addition, must satisfy the Heisen- 
berg equations of motion. Via this second condition and implicitly through 
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the ground state, the generating functional depends on the dynamics of the 
system which is determined by the Lagrangian of Eq. ([A.l|) . The Green func- 
tions of the theory involving $, ^\ and J'^ are obtained through functional 
derivatives of Eq. ( |A.17|) . For example, the Green function of Eq. ([A.14|) is 
given by 



Sj*{x)Sjf,{y)6j{z) 



(A.18) 



j=0,i*=Ojp=0 



In order to discuss the constraints imposed on the generating functional 
via the underlying symmetry of the theory, let us consider its path integral 
representation |[Zin 89| , |Das 93|| ,P1 



(A.19) 



where 



(A.20) 

denotes the action corresponding to the Lagrangian of Eq. ( [A.lD in com- 
bination with a coupling to the external sources. Let us now consider a 
local infinitesimal transformation of the fields [see Eqs. ( |A.3| )] together with 
a simultaneous transformation of the external sources, 

j'{x) = [1 + ie{x)]j{x), f*{x) = [1 - ie{x)]j*{x), f^{x) = j^{x) - d^e{x). 

(A.21) 

The action of Eq. ( |A.2CI| ) remains invariant under such a transformation. 



(A.22) 



We stress that the transformation of the external current is necessary to 
cancel a term resulting from the kinetic term in the Lagrangian. We can now 
verify the invariance of the generating functional as follows. 



[rf$i][rf$2]e 



iS[^,<S>*,j,j'',j^] 



^Up to an irrelevant constant the measure [(i'i>i][d$2] is equivalent to [(i<i>] with 
$ and <&* considered as independent variables of integration. 
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iS['S>','S>"-,j',j'*,j'] 



iS[^',^'*,j',j'*,j'] 



(A.23) 



We made use of the fact that the Jacobi determinant is one and renamed 
the integration variables. In other words, given the global U(l) symmetry 
of the Lagrangian, Eq. ( [A.l[ ), the generating functional is invariant under 
the local transformations of Eq. ([A.21| ). It is this observation which, for the 
more general case of the chiral group SU(A^) xSU(A^), was used by Gasser 
and Leutwyler as the starting point of chiral perturbation theory. 

We still have to discuss, how this invariance allows us to collect the Ward 
identities in a compact formula. We start from Eq. ( [A.23| ), 







JS[^,^*,j',j'*,j',,] _ gi5[4.,<I>*,j,j*,j„] 



Observe that 



S 



6j* (x) 



JS[^,^*,j,j*,jf,] 



and similarly for the other terms, resulting in 
= y [d$i][rf$2] j rf^x|e(x 



6j*{x) 



Sj{x) 



-d„e(x 



6 



Finally we interchange the order of integration, make use of partial integra- 
tion, and apply the divergence theorem: 



= / d^xe(x) 



6j{x) 



6j*{x) ^5j^{x)_ 



W[j,j*,j,]. (A.24) 
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Since Eq. ( |A.24 ) must hold for any e(x) we obtain as the master equation 
for deriving Ward identities, 



6j{x) 



3 W 



6j*{x) 



id' 



W[j,f,j,] = 0. 



(A.25) 



We note that Eqs. ( |A.23|) and (|A.25|) are equivalent. 

As a final illustration let us re-derive the Ward identity of Eq. ( [A.16| ) 
using Eq. ( |A.25| ). For that purpose we start from Eq. ([A.18|) , 



dlG>'{x,y,z) 
apply Eq. (^^, 
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j=0,j*=0,j^=0 



Sj*{x)6j{z) 



fiy) 



6j*{y) 



j{y) 



w 



j=0,j*=0,j^=0 



make use of Sj*{y)/6j*{x) = S^{y — x) and Sj{y)/Sj{z) = S'^iy — z) for the 
functional derivatives, 



{-rf{5\x~y)- 



5\z-y) 



5j*(x)5j(l/)J,=oj*=o,i,=o' 



and, finally, use the definition of Eq. ( |A.17| ), 

dlG>^{x, y, z) = [5\x -y)- 5\z - y)](0|T[$(x)$t(^)]|o) 

which is the same as Eq. ( [A. 161 ). In principle, any Ward identity can be 
obtained by taking appropriate higher functional derivatives of W and then 
using Eq. 
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Appendix B 

Dimensional Regularization: 
Basics 



For the sake of completeness we provide a simple illustration of the method 
of dimensional regularization. For a detailed account the interested reader is 



HV 72 


1 


Lei 75, HV 79 


, CL 84 


, Col 84 




Vel 94 



Let us consider the integral 



(27r)4 P - A/P + iO^ 



fB.r 



which appears in the calculation of the masses of the Goldstone bosons [see 
Eq. ( |1.144| )]. We introduce 



so that 



and define 



f{ko) 



A;2 + M2 > 

[A;o + (a-zO+)][A;o-(a-zO+)], 
1 



[ko + (a - iO+)] [ko - (a - iO+)] ' 

In order to determine dkof{ko) as part of the calculation of /, we consider 
/ in the complex ko plane and make use of Cauchy's theorem 



dzf{z) = 



(B.2) 



c 
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Im(ko), 



-(a-iO+) 



Tl 



a-iO+ 



Re(ko) 



1 



74 \, 



Figure B.l: Path of integration in the complex ko plane. 



for functions which are differentiable in every point inside the closed contour 



C. We choose the contour as shown in Fig. |B.l 



and make use of 



4 r 

= J2 dzf{z), 
I f{z)dz= f f[^{t)]i{t)dt 

J ^ J a 



to obtain for the individual integrals 



f{z)dz 



71 



72 



f{z)dz 



73 



f{z)dz 



74 



f{t)dt, 



R^oo 



f{z)dz = lim / f{Re'')iRe''dt = 0, since lim Rf{Re'') = 



R 



f{it)idt, 



lim / f{Re'')iRe''dt = 0. 

R^oo J 3^ 
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In combination with Eq. (B?^) we obtain the so-called Wick rotation 



/oo p~oo poo 

f{t)dt = -i dtf{it) = i / dtf{it). (B.3) 
-OO J oo J ~oo 



As an intermediate result the integral of Eq. ( |B.1|) reads 
dko / d^k- 



where = If + I2 + + denotes a Euclidian scalar product. In this 
special case, the integrand does not have a pole and we can thus omit the 
— iO+ which gave the positions of the poles in the original integral consistent 
with the boundary conditions. The degree of divergence can be estimated 
by simply counting the powers of momenta ||Vel 94 ] . If the integral behaves 



asymptotically as / dH/P, J dH/P, J dH/P the integral is said to diverge 
quadratically, linearly, and logarithmically, respectively. Thus, our example 
/ diverges quadratically. Various methods have been devised to regularize 
divergent integrals. We will make use of dimensional regularization, because 
it preserves algebraic relations between Green functions (Ward identities) if 
the underlying symmetries do not depend on the number of dimensions of 
space-time. 

In dimensional regularization, we generalize the integral from 4 to n di- 
mensions and introduce polar coordinates 

11 = /cos(6'i), 

12 = Zsin(6'i) cos(^2), 



I3 = Z sin(6'i) sin(6'2) cos( 



'3. 



In-i = /sin(6'i) sin(6'2) ■ ■ ■cos(6'„_i). 

In = /sin(^i)sin(^2)---sin(^„_i), (B.4) 

where < I, 9i E [0, vr], z = 1, ■ ■ ■ , n — 2, 9n-i G [0, 2n]. A general integral is 
then symbolically of the form 

00 i'2tt 



d''l...= I r^'dl dOn-i rfe„_2sin(^„_2)--- / rf^isin"-'(^i) 
Jo Jo 



(B.5) 
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If the integrand does not depend on the angles, the angular integration can 
explicitly be carried out. To that end one makes use of 

sin^r^)^^ = ^ , ^j^ ' 

r (^) 

which can be shown by induction. We then obtain for the angular integration 

v/?r (I) v?r (^) 



2lT 

n-2/ 







dOn-i--- / rf^isin""^(0i) = 27r 



r (I) r(2) r (f) 



{n — 2) factors 



TT 2 

= 2^^. (B.6) 

r(f) 

We define the integral for n dimensions (n integer) as 

where for convenience we have introduced the renormalization scale /i so 
that the integral has the same dimension for arbitrary n. (The integral of 
Eq. (|B.7| ) is convergent only for n = 1.) After the Wick rotation of Eq. ( [B.3| ) 
and the angular integration of Eq. (p.6|) the integral formally reads 



J„(M^/.^)=/-"2-^-i- / dl- 



'r(f) (27r)"yo P + M'^' 
For later use, we investigate the (more general) integral 



(M'12 



/o (/2 + M2)" (M2)"yo (I. + 1)" 2^ ^ J, (t + 1)"' 

(B.8) 

where we made use of the substitution t = P/M'^. We then make use of the 
Beta function 

where the integral converges for x > 0, y > and diverges if a; < or y < 0. 
For non-positive values of x or ?/ we make use of the analytic continuation 
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in terms of the Gamma function to define the Beta function and thus the 
integral of Eq. (p.8| ).P| Putting x = n/2, x + y = a and y = a — n/2 our 
(intermediate) integral reads 



which, for a = 1, yields for our original integral 

angular integration 1 

Since T{z) is an analjd;ic function in the complex plane except for poles of first 
order in 0, —1, —2, • ■ •, and = exp[ln(a)z], a G i?^ is an analytic function 
in C, the right-hand side of Eq. ( B.ll|) can be thought of as a function of a 
complex variable n which is analytic in C except for poles of first order for 
n = 2, 4, 6, ■ ■ ■. Making use of 

= (/i2)2-t, (M2)t-i = M2(M2)t-2, (47r)t = (47r)2(47r)t-2^ 
we define (for complex n) 

i(M^, i?, n) = - — - —V r 1 

^ ' ^ (47r)2 V M2 y V 2 

Of course, for n —* A the Gamma function has a pole and we want to investi- 
gate how this pole is approached. The property T{z + 1) = zT{z) allows one 
to rewrite 

^/ _n^_r(i-f + i) _ r(2-t + i) _ r(i + |) 



2J l-f (l-f)(2-f) (-i)(i-f)^' 



^ Recall that T{z) is single valued and analytic over the entire complex plane, save for 
the poi nts z = —n, rt = 0, 1, 2, • • •, where it possesses simple poles with residue (— l)"/rt! 
[|AS 721 . 



256 



where we defined e = 4 — n. Making use use of = exp[ln(a)a;] 
ln(a)x + O(x^) we expand tlie integral for small e 



1 + 



I{M\^\n) 



16^ 



e , / 47r/i2 
1 + - n — V 
2 V M2 



16^ 




r(i)+^r'(i) + o(e2) 



-1 - ln(47r) + In ( — ) + 0(e) 



where 7^; is Euler's constant. We finally obtain 



where 



R 



2 



i? + ln 



M 
"7 



2\ n 



+ 0(n-4), 



n - 4 



- [ln(47r) + r'(l) + l]. 



(B.12) 



(B.13) 



Using the same techniques one can easily derive a very useful expression 
for the more general integral 



{k 



2\p 



(27r)" (P - M^ + iO+)i 



\p-i. 



(47r) 



-(M 



2\P+ 



^-. r(p+f)r(g-p-t) 
r (!) r(g) 



(B.14) 



We first assume > 0, 



P 



0,1, 



1, 2, ■ ■ and p < q. The last 



condition is used in the Wick rotation to guarantee that the quarter circles 
at infinity do not contribute to the integral. The transition to the Euclidian 
metric produces the factor The angular integral in n dimensions is 

then performed as in Eq. ([B.6| ). The remaining radial integration is done 
using Eq. ( |B.8D with the substitution n — 1^2p + n — 1 and a — > g. The 
analytic continuation of the right-hand side of Eq. ( |B.14| ) is used to also 
define expressions with (integer) q < p m dimensional regularization. 

In the context of combining propagators by using Feynman's trick one 
encounters integrals of the type of Eq. ( p.l4|) with replaced by A — ■iO"'", 
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where A is a real number. In this context it is important to consistently deal 
with the boundary condition —iO~^ [|Vel 94|| . For example, let us consider a 
term of the type \n{A — iO^). To that end one expresses a complex number 
z in its polar form z = \z\exp{i(p), where the argument of 2 is uniquely 
determined if, in addition, we demand — tt < ip < tc. For A > one simply 
has ln{A — iO^) = ln(y4). For A < the infinitesimal imaginary part indicates 
that —\A\ is reached in the third quadrant from below the real axis so that 
we have to use the — vr. We then make use of ln(a6) = ln(a) + ln(6) and 
obtain 

\n{A - iO+) = H\A\) + \n{e-'^) = \n{\A\) -m, A< 0. 

Both cases can be summarized in a single expression 

ln(A-iO+) =ln(|A|) -27re(-A) ioi A e R. (B.15) 

The preceding discussion is of importance for consistently determining imag- 
inary parts of loop integrals. 

Let us conclude with the general observation that (ultraviolet) divergences 
of one-loop integrals in dimensional regularization always show up as single 
poles in e = 4 — n. 
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Appendix C 
Loop Integrals 



In Appendix ^ we discussed the basic ideas of the method of dimensional 
regularization. Here we outhne the calculation of more complicated one-loop 
integrals of mesonic as well as heavy-baryon chiral perturbation theory. We 
restrict ourselves to the cases needed to reproduce the examples discussed in 
the main text and refer the interested reader to Refs. ||HV 72[ |Lei 75[ piV 79| , 
CL83, |Col 841, |Vel 94|| for more details. 



C.l One-Loop Integrals of the Mesonic Sec- 
tor 

In the mesonic sector we will use the following definition and nomenclature for 
the scalar loop integrals (i.e., no Lorentz indices) extended to n dimensions: 

^ J (27r)" {k + - M2 + zO+ {k + q^Y - + zO+ ' ' 

where we omit an explicit reference to the scale /i and the "number of di- 
mensions" n.[| In the SU(3)xSU(3) case one also needs loop integrals with 
different masses such as, e.g.. 



d'^k 



(27r)" {k + gi)2 - M2 + iO+ {k + ga)^ - M|. + zO" 



^If m > 3, the integral converges for n = 4. 
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C.1.1 L 



We define 



h{q) = ifi 



4-n 



(C.2) 



Using a shift k —>■ k — q [in the regularized integral) we obtain 

/.(g) = W). 

However, tliis is just tlie basic integral / we discussed in detail in App. 



where 



R 



Ml 
167r2 

2 



n - 4 



/M2\1 
R + \ni-^\ +0(n-4), 

- [ln(47r) + r'(l) + l]. 



(C.3) 



(C.4) 



Later on we will also use the common notation Ao{M^) for the integral /,r(0). 
In the calculation of the one-loop contribution of Fig. [4.12| to the electromag- 



netic form factor of the pion, Eq. ( [4.163|) , we encounter an integral of the 
type 



4— n 



d'^k 



1 



1 



(27r)" {k + qif - M2 + iO+ {k + gs)^ - ^2 + iO^ 



Using a shift k k — q2 we obtain 

InTriqi, = I-nMl " ^2, 0). 



(C.5) 



It is thus sufficient to consider /^^(g, 0). To that end, we first combine the 
denominators using Feynman's trick: 



1 

ah 



dz- 



1 



,0 [az + h(l-z)Y' 
with a={k + qY - Ml+ iO+ and h = k"^ - Ml + zO+ to obtain 

1 



(C.6) 



[P + 2k-qz- (M2 - V) + «0+]2 ' 
260 



and perform the shift k ^ k — zq, resulting in 



/7r7r(g, 0) 



dz I ifi 



dJ'k 



{2tiY {fc2 - [M2 + z{z - l)g2] + my 



Performing the Wick rotation, applying the results of Eqs. ( p.6| ) and ( |B.10|) , 
expanding the result in (n — 4), and finally performing the z integration, we 
obtain 



h-n{q, 0) 



where f[Unk+ 0011 
/°)(a;) 



i? + ln(^)+l + j(°) 



+ 0(72-4) 



(C.7) 



j dz\Yi[l + x{z^ - z) - i^^ 

-2-^ln(^), 
-2 + 2./^ - larccot 



X < 0, 
< X < 4, 
4 < X, 



with 



0" X 



4 

1--, 

X 



X 



[0,4]. 



Note that Eq. ( |C.71 ) represents where the iO^ boundary condition has 

to be treated consistently, as discussed at the end of App. 0. For later use 
we introduce the notation 

B,{q\Ml)=hM,Q), 

where the subscript refers to the scalar character of the integral. 

Next we want to determine the tensor integrals appearing in Eq. (|4.163|) 
by reducing them to already known integrals. The general idea consists 
of parameterizing the tensor structure in terms of the metric tensor and 
products of external four-vectors and multiplying the results by invariant 
functions of Lorentz scalars. We first consider 



III 



4—n 



d'^k 



k^ 



1 



(27r)" {k + qf -MI + iO+ F - + iO+ 
which must have the form 

q^B,{q\Ml), 



(C.8) 
(C.9) 
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where the subscript 1 refers to one four-vector k in the numerator of the 
integral. We contract Eq. ( p.9|) with and make use of q ■ k = [{k + qY — 
g^]/2 to obtain 



Ml - - Ml) 
q^B,{q\Ml) - 



4— n 



d^'k 



1 



4-n 



(27r)" P - M2 + iO+ 
(T^k 1 
(27r)« {k + g)2 - M2 + iO+ 
1 



(27r)'^ (A; + g)2 - + iO+ k^ - M^ + iO+ 



= -^q^B,{q^Ml), 

where we used the argument in Appendix to show that the first two 

integrals cancel. We have thus reduced the determination of Eq. (|C.8| ) to an 
already known integral: 



I TT / 



(C.IO) 



Finally, we also need 



q^q'^B^.iq^ Ml) + g^y^B,,{q\ Ml) 
(T'k kf^k" 



4-n 



(27r)" (A; + q)^ - M^ + iO+ k^ - M^ + iO+ ' 



(C.ll) 



where the first subscript 2 refers to two four-vectors k in the numerator of 
the integral and the second subscripts and 1 refer to the number of metric 
tensors in the parameterization, respectively. 

Contracting with g^^i, and making use of g^vQ^'^ = n m n dimensions we 
obtain 



q^B^o + nq^B^i = + M^Eq. 
Similarly, contracting with we obtain 

1 

g^^so + q^B^i = -Aq + ^Bq. 
By subtracting Eq. ( |aT3| ) from ( |Cl^) we find 



(C.12) 



(C.13) 



n 



Ao + {Ml - UBo 
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327r2 



Ml - 'L 



Ml 



+ 0(n-4), (C.14) 



where we made use of 
1 



n 



1 / n-4 
3^- — + 



1 3 + - 4) 
and Eqs. (|C3) and (jC^). From Eq. ( |Cn3| ) we obtain 



1 



20 



q'^{n — 1) 
1 



3g2 
1 

487r2 



An 



6M2 - g2 



MlB^ 



i? + ln 



967r2 



+ (g2 - M2)So 



+ ^+ 1- 



Ml 



+ 0(n - 4) 

2 



J(0) 



M2 



+ 0(n-4). 
(C.15) 



In working out Eqs. ( |C14 ) or ( C.15 ) it must be remembered that R contains 
a term 2/(?2 — 4) which, when multiphed by (n — 4), gives a term of order 
(n — 4)*^. This must be done carefully to obtain, e.g., the — g^/lS term in Eq. 
and the 5/6 term in Eq. (|CT5D . 



C.2 One-Loop Integrals of the Heavy-Baryon 
Sector 

C.2.1 Basic Loop Integral 

The structure of the one-loop integrals in the heavy-baryon approach is 
slightly different from the integrals of the mesonic sector discussed in Sec. 
U.l|. Here we will outline the calculation of a basic loop integral which serves 



as a starting point for more complicated calculations. 
Consider an integral of the type 



1 ' (C.16) 



(27r)4 t, . /c + a + iO+ P - A + iO- 
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where a and A are arbitrary real numbers and v is the four-velocity of the 
heavy-baryon approach. Counting powers of the momenta, the integral is 
linearly divergent. An integral of this type appears in the calculation of the 
nucleon self energy in Sec. p.5.9| . We combine the denominators using the 
following Feynman trick: 



1 _ 2 

ah 



dy 



1 



{2ya + by' 



(C.17) 



Below, this choice will allow us most easily to combine the y integration 
with the "radial" integration of the loop momentum after the Wick rotation. 
Inserting a = v ■ k + a + iO"*" and h = k"^ — A + iO"*", we obtain 



d^k 



dy 



1 



(27r)4 

We now generalize to n dimensions: 

d'^k 



+ 2yvk + 2ya- A + my 



2/i 



4-71 



dy 



(27r)" (P J^2yvk + 2ya- A + z0+)2 



(C.18) 



(C.19) 



and perform a shift of integration variables k ^ k — yv so that there remain 
no terms linear in k in the denominator: 



2/i' 



4— n 



dy 



d^'k 



1 



(C.20) 



J (27r)"(P-y2_^ + 2?/a + iO+)2' 

where we made use of f ^ = 1. Finally, we shift the integration variable 
y y + a in order to eliminate terms linear in y in the denominator: 

d'^k 1 



2/i 



4— n 



dy 



(27r)" (P - 1/2 _ A + ^2 + ^0+)^ 



(C.21) 



The y integration is split into [— a, 0] and [0,oo[. Making use of a Wick 
rotation and Eqs. ( [B.(j| ), ( [B.IOD , and ( [B.15| ) we obtain for the first integral 



2/i 



4-n 



dy 



d^'k 



(27r)" {k^ ~y^-A + a^ + iO+y 



dy 



i? + 1 + In 



\A + y^ 



a 



- inQ^a'^ - A - y^ 



+0{n-A), 



(C.22) 
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where 



R 



n 



[ln(47r) + r'(l) + l]. 



Performing a Wick rotation and using Eq. ( p.6|) , the second integral reads 

d'^k 1 



4-n 



dy 



(27r)" - 7/2 - A + a2 + i0+)2 

.n-l 



(47r)tr(f)7o Jo {x^ + y^ + A 



(C.23) 



Using polar coordinates x = rcos{ip) and y = rsin{(p) together with 



sm 



2a+l 



(if) COS^^+\ip)dip 



2T{a + p + 2) 
we rewrite the second integral as (r(l/2) = ^/^T) 



2i/i' 



4-n 



dr- 



(4vr)tr(n±i) J, 

Finally, applying again Eq. ( p.lO|) for the radial integral we obtain for the 
second integral (in four dimensions) 

d^k 1 



dy 



—I 
8^ 



- a2 - iO+, (C.24) 



(27r)4 (p _ y2 _ ^ + ^2 + ^o+)2 

where we made use of r(2) = 1 and r(— 1/2) = —2^. 

The remaining y integration of the first integral is elementary and we 
obtain as the final expression 

d'^k 1 1 



4-n 



(27r)4 t; ■ + a + zO+ P - A + iO+ 



—I 



a 



i? + ln( 



2\/ — Aarccosh i^^^ 



+ < 



-27riVa2 - A, 
2^fA 



arccos 



—2\/a^ — Aarccosh 

2\/ ~ Aarcsinh ^- 
— ZTT {oL^ \J — A^ 



a 



A> Aa> \fA, 
A > o?, 

) , A > A a < -\fA, 



A < 0, 
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+0(n-4) 



with = ^ - [ln(47r) + r'(l) + 1]. 



(C.25) 



0.2.2 JttN 

In analogy to the mesonic case we define 

d^k 1 



4-n 



1 



(27r)" (fc + g)2 - M2 + 20+ ■ A; + u; + iO+ ' 
Using a shift k —>■ k — q we obtain 



(C.26) 



It is thus sufficient to consider J,rAr(0; uj) which, using the result of Eq. (|C.25D , 
is given by0 



J^Ar(0;u;) 



- 1 



1\ Up' — M'i arccosh 



87r2 



tu^ arccos — 



-2A/t<;2 - Ml arccosh i , , 



+0(n-4). 



a; < 

(C.27) 



In the calculation of the nucleon self energy we also need tensor integrals 
which, as in the mesonic case, one may reduce to already known integrals. 
Let us introduce the notation 

Co(cu,M2) = J,^(0;cu), 

where the subscript refers to the scalar character of the integral. Once 
again, the general idea in the determination of tensor integrals consists of 



^Our JT^pf{0;uj) corresponds to ~fi "Jo((^) of Ref. |Ber+ 95b | 
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parameterizing the tensor structure in terms of the metric tensor and prod- 
ucts of the four-velocity v. We first consider 

• 4-n [ ^"^ ^ \ fp r,o\ 

^ J {27T)^k^-M^ + iO+vk + uj + iO+' ^ ' 

which must have the form 

v^Ci{uj,M^), (C.29) 

where the subscript 1 refers to one four-vector k in the numerator of the 
integral. We contract Eq. ( |C.29| ) with v^, make use of f ^ = 1, and add and 
subtract u in the numerator of the integral, obtaining 



4-71 



c/"fc 1 
(27r)" k^ - + iO+ 
d^'k 1 



(27r)" k^- M^ + iO+vk + uj + iO+ 
h{0)-ujJMO;uj), (C.30) 



where /,r(0) is defined in Eq. ( |(J.3| ). We have thus reduced the determina- 
tion of Eq. ( |C.28|) to the already known integrals and Jt^n- As our final 
example, let us discuss 



d^'k k^'k" 1 



(27r)" A;2 - M2 + zO+ ■ A; + + iO+ ' 

which must be of the form 

t;W2o(^,M2) + ^7'^-C2i(^,M2), (C.31) 

where the first subscript 2 refers to two four-vectors k in the numerator of 
the integral and the second subscripts and 1 refer to the number of metric 
tensors in the parameterization, respectively. Contracting with and adding 
and subtracting uj in the numerator, we obtain 

v''C2o + v''C2i = -ujv'Ci = -cov'^lhiO) - ujJMO; ^)], (C.32) 
where we made use of Eq. ( p. 3 Op and 

. 4-n / k- 

J (27r)" P - M2 + zO+ 
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Finally, contracting with ^f^^, and making use of g^vd'^'^ = n'ln n dimensions 
we obtain 

C20 + nC2i = M^Co, (C.33) 

where we made use of 

7^4 ^ = (C.34) 

in dimensional regularization. In order to verify Eq. ( |C.34|) , one writes 
^ ^ f d k X , ^ ^ f d k 1) ' k 



' {27r)^ V k + u + iO+ ~ J {271)" (v - (iu + iO+y 

(P^k 1 
{2tiY {v kf - {uj + i^+y 

The first term vanishes, because the integrand is odd in k. For the evalua- 
tion of the second term we choose = (1, 0, ■ ■ ■ , 0). Applying the residue 
theorem, we obtain for the integral 

ni 



—00 



so that we may define for arbitrary u 



A-n I 1 _ ^. f rk uj 



(27r)" v-k + uj + iQ+ J {2'kY kl - {uj + iQ+f 



(27r)" 

However, the last term vanishes in dimensional regularization. 
From Eqs. (2]3|) and ( |a33|) we obtain 

C21 = -^[{Ml-uj^)J^M{Q-uj)+uh{{])\ 
n — 1 



(C.35) 



and 

C20 = MlJ^^iQ.u) - C21 



(C.36) 
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where, as in the mesonic case, it is important to identify the finite terms 
resulting from the product of 0{n — 4) terms and R. 

Finally, when discussing the relation between the infrared regularization 



method of Ref. PL 99|| and the heavy-baryon approach in Sec. |5.6| , we made 
use of the fact that an integral of the type 



2\p 



V ■ k + iO+)i 



(C.37) 



vanishes in dimensional regularization. 
k = \k' and relabeling k' = k 

= A^+^p-*? / rk 



This can be seen by substituting 



{k 



2\p 



{v ■ k + iO+)'J' 

Since A > is arbitrary and, for fixed p and q, the result is to hold for arbi- 
trary n, Eq. ( |C.37|) is set to zero in dimensional regularization. We emphasize 
that the vanishing of Eq. (|C.37| ) has the character of a prescription [[IZ 80| . 
The integral does not depend on any scale and its analytic continuation is 
ill defined in the sense that there is no dimension n where it is meaning- 
ful. It is ultraviolet divergent for n + 2p — q > and infrared divergent for 
n + 2p — q < 0. 
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Appendix D 



Different Forms of £4 in 
SU(2) X SU(2) 



D.l GL Versus GSS 

The purpose of this appendix is to exphcitly relate the two commonly used 
SU(2)xSU(2) Lagrangiansof Refs. \\QL 84|| (GL) and [ |Gas+ 88|| (GSS). 
In their pioneering work on mesonic SU(2) x SU(2) chiral perturbation 
theory |pL 84|| , Gasser and Leutwyler used a notation adopted from the 
0(4) nonlinear a model, because the two Lie groups SU(2) x SU(2) and 0(4) 
are locally isomorphic, i.e., their Lie algebras are isomorphic. The effective 
Lagrangian was written in terms of invariant scalar products of real four- 
vectors in contrast to the nowadays standard trace form. The dynamical pion 
degrees of freedom were expressed in terms of a four-component real vector 



field of unit length with components 



A = 0, 1, 2, 3. The connection 



to the SU(2) matrix U{x) of Sec. [4.2.2| can be expressed as 



U{x) 
U\x) 

U\x) 



U\x)+tT-U{x), 
Itt[U{x)], 

-'-TT[nU{x)], t = 1,2,3, 



(D.l) 



with 



A=0 
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so that U is unitary. The lowest-order Lagrangian in the trace notation is 
given by the SU(2) x SU(2) version of Eq. ([4.70|) , and the transcription of 
the C»(/) SU(2) X SU(2) Lagrangian [see Eq. (5.5) of Ref. ||GL 84|| ] readsQ 

C^'^ = j{Tr[D^UiD^Uy]}'+^jTr[D^UiDMymD^UiD''Uy] 



+k 



r 

h 



--L[Tr{xU^ -Ux^ 
lb 



4 ' ' 16 



+ [Tr(xf/t - Ux^ 



[TrixU^ + Ux^ 
2TTixU^xU^ + Ux^Ux^ 



-2/^2Tr(/^,/r + CfT) 



(D.2) 



When comparing with the SU(3) xSU(3) version of Eq. ( ^.1041 ) we first note 
that Eq. ( |D.2| ) contains fewer independent terms which resuhs from the ap- 
phcation of the trace relations, as discussed in Sec. [4.10.1| . The bare and the 
renormalized low-energy constants U and /[ are related by 



R 



327r2' 



(D.3) 



where R = 2/{n - 4) - [ln(47r) + r'(l) + 1] and 
12 1 „ 



71 = 3, 72=3, 



73 



■2' 



75 



1 1 

76 = --, 77 = 0. 
3 



In the SU(2) xSU(2) sector one often uses the scale-independent parameters 
li which are defined by 



327r2 



/. + ln^- 



6, 



(D.4) 



^Note that Gasser and Leutwyler called the 0{p'^) and 0{p'^) Lagrangians Ci and £2, 
respectively. 
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where = BQ^rriu + m^). Since ln(l) = 0, the li are proportional to the 
renormahzed couphng constant at the scale = M. Table p.l| contains 
numerical values for the scale-independent low-energy coupling constants U 
as obtained in Ref. [pL 84|| together with more recent determinations. 



Table D.l: Scale-independent low-energy coupling constants li 



Value 



Obtained from 



-2.3 ± 3.7 IIGL84 
-1.7± 1.0 ||Bij+ 94|| 



1.5 [|Bi.i+ 97 1 



-1.8 ||Col+ Olbll 
-0.4 ±0.6 ||Col+ 01b | 



TTTT D-wave scattering lengths 0{p^) 
7171 and 

TTTT D-wave scattering lengths 0{p^) 
TTTT scattering 0{p^) + Roy equations 
TTTT scattering 0{p^) + Roy equations 



6.0±1.3 [pT78l 
6.1 ±0.5 [|Bii± 94 1 
4.5 ||Bij± 97|| 



5.4 [ |Col± Olbll 
4.3 ±0.1 |Col± Olbll 



TTTT D-wave scattering lengths 
TTTT and Ki4 

TTTT D-wave scattering lengths 0{p^) 
TTTT scattering 0{p'^) + Roy equations 
TTTT scattering 0{p^) + Roy equations 



A. 

h 



2.9 ± 2.4 



Ola 



SU(3) mass formulae 
Ki4^ decay 



4.3 ±0.9 ||GL 84 | 



4.4 ± 0.3 |pi.i± 98 



4.4 ±0.2 |C;ol+ Olbll 



scalar form factor 0{p^) 
TTTT scattering 0{p^) + Roy equations 



I, 



13.9 ± 1.3 [CT 



13.0 ± 0.9 Pi.i± 98 



TT 



ez/7 0(/) |BT97| 



16.5 ± 1.1 IIGL 8411 
16.0 ±0.5 ±0.7 



vector form factor 0{p^ 



[|Bii± 98 



7r'^-?7 mixing 



h 



0(5 X 10' 



Secondly, the expression proportional to {hi — h^) can be rewritten so 
that the f/'s completely drop out, i.e., it contains only external fields. The 
trick is to use 

[Tr(xf/t ± Ux^)f ± [Tr(xt/t - Ux^)f 

±[Tr(r,x)]^ ± [Tr(r,xt)]2 - [Tr(x)]^ - [Mx^)f ■ (D.5) 
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The terms proportional to the /j agree with Eq. (4.2) of Ref. |[Bel+ 94|] but 
the I4 term is not yet in the form of the SU(3) xSU(3) version of Eq. ([4.104|) . 

By means of a total-derivative argument in combination with a field trans- 
formation as discussed in Sec. |4.7| we will transform of Eq. ( |D.2| ) into 
another form which is often used in the literature. To that end let us make 
use of 

TT[D,xiD'^Uy + D^UiD,xy] = 
rewrite the D^U and [D'^UY terms by using 

2U{D'^Uy = U{D'^Uy - D'^UU^ - 2D^U{D^'U)\ 



to obtain 



T,[D,x{D^Uy + D>^U{D,xy] = 

tot. der. + Tr[D^?7(D^f/)"f(xf/'^ + Ux^)] 

-iTr{(xt/t - Ux^)[U{D^Uy - D^UU^]], 



(D.6) 



where "tot. der." refers to a total-derivative term which has no dynamical 
significance. We make use of a trace relation for arbitrary 2x2 matrices Ai 
[see Eqs. (|l9|) and (^l9l ], 

Tr(AiA2A3 + - Tr(Ai)Tr(A2A3) - i:i{A2)Ti{A^A{) 

-Tr(A3)Tr(AiA2) + Tr(Ai)Tr(A2)Tr(A3) = 0, (D.7) 

and 1t{D^UU'^) = [see Eq. ( ^.67| )] to rewrite the first term of ( |D.6D as the 
product of two trace terms, 

Tr[D,,[/(Z}^f/)t(xf/t + Ux^)] = ^Tr[D,,f/(D^'f/)t]Tr(xf/t + Ux^). 



By adding and subtracting appropriate x terms to generate an expression 
proportional to the lowest-order equation of motion which, for SU(2)xSU(2), 
reads [see Eq. ( [4. 771) ] 



0(2) 



EOM 



(f/) = D^UU^ - U{D^Uy - xU^ + Ux^ + ^Tr(xt/t - Ux^) = 0, (D.8) 
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we re-express the last term of Eq. ( p.6| ) as 



+ ^Tr[(xf/t - Ux^)0^il^m 

+ \tx[{xU^ - Ux^)ixU^ - Ux^)] - \[Tt{xU^ - Ux^)f. (D.9) 

The I4 term can thus be written as 

TT[D,xiD'^Uy + D'^UiD,xy] = 

tot. der. + iTr[D^f/(D^f/)t]Tr(xf/t + Ux^) + ^Tt{xU\U^ + Ux^Ux^) 



-Tr(xx^) - -[TrixU^ - Ux^)]' + -Tr[{xU^ - Ux^)0^^omI 



(D.IO) 

which, except for the total derivative and the equation-of-motion term, is the 



same as Eq. (5.9) of Gasser, Sainio, and Svarc (GSS) ||Gas+ 88 

The difference between the Lagrangians of |G 
reads 



||Gas+ 88 




4| and 


Gas+ 88 



fGL _ n 
•'-4 *-'4 



GSS 



— I tot. der. H — Tr 
4 1 2 



which agrees with Eq. (26) of Ecker and Mojzis |[EM 96|| once their expressions 
are rewritten in the above notation. Let us also specify the field transforma- 
tion required to connect the two Lagrangians. For that purpose we rewrite 
Eq. ( [IITTD in accord with Eq. (2.11) of ||S1^' 95|| , 



Lf\U) = C^\U) + tot. der. - ^Tr[(xf/^ - UxWeLI (D-12) 



According to Eqs. ( [4.118| ) and ( [4.119| ) we need to insert ai = and 02 = 
— Z4/(2Fq^) in Eq. ( 4.116|) in order to relate the two Lagrangians. 

Finally, making use of Eqs. ( p.lOD and (p.5|) and dropping the total 
derivative as well as the equation-of-motion term let us explicitly write out 
the GSS Lagrangian: 



/-GSS 



I {Tr[D^f/(Z}^f/)t]}' + ^jTT[D,U{DMy]TT[D'^U{D''U)^] 
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16 



[Tr(xf/t-f/X^)] + 



-Tr(xx"^ 



hi-hs- k 
16 



[Tr(xf/^ + f/X^)]'+ [Tr(xf/t-t/x1 



-2Tr(xt/W + f/x^f/X^)} 



D.2 Different Parameterizations 



In App. |D.1| we saw that two versions of the SU(2) x SU(2) mesonic 

Lagrangian, Eqs. ( |D.2|) and ( p.lSj) , are used in the hterature. Since they 
are related by a field transformation, they must yield the same results for 
physical observables [ Uhi 61 , Kam+ 61[| . Furthermore, in SU(2)xSU(2) two 
different parameterizations of the SU(2) matrix U{x) [see Eqs. ([4.87|) and 
(|4.88|)] are popular. 



U{x) 



exp 



r 



[X 



(D.14) 



U{x) = —[a{x)+tT-n{x)], a{x) = J - tt^x), (D.15) 

where the pion fields of the two parameterizations are non-linearly related 
[see Eq. (|^]. 

In this appendix we collect the pion wave function renormalization con- 
stants entering a calculation at 0{p^) depending on which Lagrangian and 



parameterization is used. The actual calculation parallels that of Sec. |4.9.1 
and will not be repeated here. The self energies up to 0{p^) can be written 

as 

The renormalized mass and the wave function renormalization constant are, 
respectively to 0{p^) and given by 



7r,4 

z 



M'il+B) + A, 



1 + B, 



(D.17) 
(D.18) 
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where = '^B^m is the prediction at 0{p'^). The different values for A, 
B, and Z are given in Table |D.2| . Note that the result for the pion mass is, 
as expected, independent of the Lagrangian and parameterization used: 



ML 

7r,4 



2 / 

3Fl 



1 

+ 2/3^ 



(D.19) 



where 



2Bom and 



647r2 



/3 + ln 



M2 

7^ 



[see Eqs. (|D.3|) and (|D.4| )]. On the other hand, the constants A, B, and Z 
are auxiliary mathematical quantities and thus depend on both Lagrangian 
and parameterization. 



Table D.2: Self-energy coefficients and wave function renormalization con- 
stants for the Lagrangians of Eqs. ( p.2|) (GL) and (P.13|) (GSS) and the field 
parameterizations of Eqs. ( p. 141 ) and ( p.l5| ). / denotes the dimensionally 

regularized integral of Eq. (pl^ ), / = /(M^, ij,^^n) = ^ R + In (^^) 

0(n-4), i?=-^-[ln(47r) + r(l) 



1], M2 = 2Bom. 



A 



B 



GL, Eq. (p7[^) 



1 A/2 T I r,; M-* 



2 / 



1 + 



2 / 



GL, Eq. (plSl) 



2-^^+2/3:^ 



GSS, Eq. (pll 



6 Fa 



-I + 2{h + U) 



2 I 



21 



1 + 



2 / 
3:^ 



21 



M2 



GSS, Eq. ( IIXT3D 



2 F- 



-/ + 2(/3 + ^4) 



21 



Af2 



2/, 



Af2 
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